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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
34 ]. This is test number [ 16 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 13.3.1 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

1.1. Listing of CAS systems tested
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of

elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (34) | 0.00 (0)
Mathematica | 100.00 ( 34 ) | 0.00 (0)
Maple 82.35 (28) | 17.65 (6)
Fricas 82.35(28) | 1765 (6)
Giac 82.35 (28) | 17.65(6)
Sympy | 55.88 (19) |44.12 (15)
Maxima | 47.06 (16) | 52.94 (18)
Mupad 1176 (4) | 88.24 (30 )

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

1.2. Results
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.000 0.000 0.000 0.000
Mathematica 100.000 0.000 0.000 0.000
Maple 70.588 11.765 0.000 17.647
Giac 44.118 38.235 0.000 17.647
Fricas 38.235 44.118 0.000 17.647
Maxima, 38.235 8.824 0.000 52.941
Sympy 38.235 17.647 0.000 44.118
Mupad 0.000 11.765 0.000 88.235

Table 1.3: Antiderivative Grade distribution of each CAS

1.2. Results
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates

1.2. Results



CHAPTER 1. INTRODUCTION 7

an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in the CAS itself. This type of
error requires more investigation to determine the cause.

System Number failed Percentage nor-| Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00

Fricas 6 100.00 0.00 0.00

Maple 6 100.00 0.00 0.00

Giac 6 100.00 0.00 0.00

Sympy 15 13.33 60.00 26.67

Maxima 18 33.33 0.00 66.67

Mupad 30 0.00 100.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

1.3. Time and leaf size Performance
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System Mean time (sec)
Maxima 0.21

Giac 0.31

Fricas 0.32

Rubi 0.62
Mathematica 0.68

Maple 1.78

Mupad 3.99

Sympy 14.25

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Mathematica | 282.68 0.94 242.50 0.95
Rubi 301.85 1.03 297.50 1.00
Mupad 426.50 1.50 432.50 1.61
Maxima 483.62 1.59 390.00 1.22
Maple 503.21 1.56 288.50 0.99
Giac 1084.11 3.27 587.50 1.76
Fricas 1349.57 4.07 777.50 3.75
Sympy 6431.84 18.78 476.00 1.66

Table 1.6: Leaf size performance for each CAS

1.3. Time and leaf size Performance
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to

solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage

of solving decreases which indicates the integral is becoming more complicated to solve.
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.

1.5. Performance based on number of steps Rubi used
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals

Figure 1.3: Solved integrals based on leaf size distribution
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1.6. Solved integrals histogram based on leaf size of result
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used

1.7. Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following gives the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time.
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1.8. Leaf size vs. CPU time used
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {}

Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.

Sympy Verification phase not currently implemented.

1.9. list of integrals with no known antiderivative
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Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

1.14.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

1.12. Timing
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The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]"')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are-dif]
fFerent-from—using-maxima/] for reference.

1.14.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.14. Important notes about some of the results
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1.14.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was
determined using the following function, thanks to user slelievre at https://ask.sage]
math.org/question/or123/could-we—-have-a-leat count-function-in-base-sagen

BEh7

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

1.14. Important notes about some of the results
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1.14.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
Lanti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.14. Important notes about some of the results
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1.15

The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert " Maple script + grading+ verification | — ’. »
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

l Mathematica script + grading +verification ‘_>
l Rubi script + grading + verification POST

PROCESSOR
PROGRAM

l Python script to run sympy + grading ‘
> Generate Program that
l Matlab script for Mupad/SymboIictooIbox}—> : sQL generates the

database Latex reports

and analysis
| using input
from the SQL
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grading

SageMath/Python &
scrip.t to tesft SageMath Fricas -
Maxima, Fricas +

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

DLoONOWLAWNE

W~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx i

Designvsdx

S o

©

1.15. Design of the test system
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2.1 List of integrals sorted by grade for each

CAS
2.1.1 Rubi. . ... .. e e e 211
2.1.2 Mma. . . . . . e e 211
2.1.3 Maple . . . . o 22]
2.1.4 Fricas . . . . . . . e e e 22]
2.1.5 Maxima . . . . . .. e e e e e e e e 22
2.1.6 Giac . . . . .. e e e 23]
2.1.7 Mupad ... 23]
2.1.8 SYympy . . . . oo e 23

2.1.1 Rubi

A grade { 125,756,785, 10) 1) 2 13,14 5, 16) 7 5} 19} 20,21 22 23,2 25,26, 27
25)20,0,51, 82 53,54 )

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.2 Mma

A grade { (1251706} PV} ) 2 3 4[5 167 5 0, 20121 22 23,2, 25 26,27
25) 20,50, 81,52, 53134 }

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.3 Maple

A grade { 125,056,155, 10,113 3 4 05/10/ 11 3 D20 B E2 B3 )
B grade {[25][26][27,[28] }

C grade { }

F normal fail {[29,[30}[31}32},[33][34 }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1.4 Fricas

A grade { 1,258 510 112 (13,18 9,20,21 )

B grade { )55\ [5,16)([7, 23 23, 24 25, 262728 )
C grade { }

F normal fail {[29,[30}[31}[32,[33[34 }
F(-1) timedout fail { }

F(-2) exception fail { }

2.1.5 Maxima

A grade { [128,/10, 11} 123,18, 9 20,2125 )
B grade { [25[26l[27 }

C grade { }

F normal fail {[29,[30[31}[32,[33}[34 }

F(-1) timedout fail { }

F(-2) exception fail { 5,6, BB I4[15, 6122, 23,24 }

2.1. List of integrals sorted by grade for each CAS
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2.1.6 Giac

A grade {BBAB0EHMEHEOMEIE3EHE)
B grade {[178/5/10[1{7 5 23252765}

C grade { }

F normal fail {[29,[30}[31}32},[33][34 }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1.7 Mupad
A grade { }

B grade {[12Bl[4}
C grade { }

F normal fail { }

F(-1) timedout fail {[5}6,[7}8[9}[10}[L1}[12}[L3}[14} [15} 16} [L7} 18} [19}[20}[21} [22} 23} 24} 25, 26
[27,[28,29},30,31}32}[33,34 }

F(-2) exception fail { }

2.1.8 Sympy

A grade (BBAEDIEEHBEHEHE)
B grade { (12125202708

C grade { }

F normal fail {[29,[31] }

F(-1) timedout fail { BB M)
F(-2) exception fail {[30,[32,[33/34 }

2.1. List of integrals sorted by grade for each CAS
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time
is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate a
bug in the system. If the failure was due to integral not being evaluated within the time
limit, then it is given as F.

antiderivative leaf size
optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 436 436 495 440 621 668 1027 854 713
N.S. 1 1.00 1.14 1.01 1.42 1.53 2.36 1.96 1.64
time (sec) N/A 0.701 0.452 2.304 0.198  0.257 1.795 0.313 4.908
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 324 324 323 285 387 410 639 558 514
N.S. 1 1.00 1.00 0.88 1.19 1.27 1.97 1.72 1.59
time (sec) N/A 0.535 0.255 1.703 0.204 0.271 1.505 0.346 4.087
Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 212 212 184 162 198 204 320 309 351
N.S. 1 1.00 0.87 0.76 0.93 0.96 1.51 1.46 1.66
time (sec) N/A 0.405 0.135 1.646 0.205  0.257 1.248 0.287  3.706

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 4 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 115 115 82 72 128 90 163 128 128
N.S. 1 1.00 0.71 0.63 1.11 0.78 1.42 1.11 1.11
time (sec) N/A 0.264 0.058 1.633 0.191  0.249 0.618 0.300 3.244

Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F(-2) A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 188 188 161 157 0 565 275 248 0

N.S. 1 1.00 0.86 0.84 0.00 3.01 1.46 1.32 0.00
time (sec) N/A 0.414 0.250 1.720 0.000 0.267 3.942 0.322 0.000

Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F(-2) B F(-1) A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 201 229 231 226 0 1004 0 271 0

N.S. 1 1.14 1.15 1.12 0.00 5.00 0.00 1.35 0.00

time (sec) N/A 0.710 0.585 1.768 0.000  0.277 0.000 0.349 0.000

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F(-1) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 279 334 298 289 0 1661 0 529 0
N.S. 1 1.20 1.07 1.04 0.00 5.95 0.00 1.90 0.00
time (sec) N/A 0.836 0.862 1.842 0.000 0.316 0.000 0.304 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F(-1) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 375 431 409 382 0 2446 0 976 0
N.S. 1 1.15  1.09 1.02 0.00 6.52 0.00 2.60 0.00
time (sec) N/A 0.857 1.229 1.828 0.000 0371 0.000 0.306 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F(-1) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 495 497 602 540 0 3624 0 1512 0
N.S. 1 1.00 1.22 1.09 0.00 7.32 0.00 3.05 0.00
time (sec) N/A 0.964 3.203 1.916 0.000  0.488 0.000 0.325 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 434 434 500 440 629 677 853 1067 0
N.S. 1 1.00 1.15 1.01 1.45 1.56 1.97  2.46 0.00
time (sec) N/A 0.693 0472 1.771 0.203  0.279 70.974 0.313 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 322 322 326 289 395 419 534 651 0
N.S. 1 1.00 1.01 0.90 1.23 1.30 1.66 2.02 0.00
time (sec) N/A 0.557 0.321 1.738 0.199  0.308 27.760 0.297 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 210 210 188 173 206 213 280 323 0
N.S. 1 1.00 0.90 0.82 0.98 1.01 1.33 1.54 0.00
time (sec) N/A 0.403 0.164 1.685 0.208 0.268 7.845 0.289 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 113 113 82 74 102 100 144 127 0
N.S. 1 1.00 0.73 0.65 0.90 0.88 1.27 1.12 0.00
time (sec) N/A 0.272 0.059 1.611 0.188 0.265 1.995 0.301 0.000
Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 193 193 191 161 0 866 262 200 0
N.S. 1 1.00 0.99 0.83 0.00 4.49 1.36 1.04 0.00
time (sec) N/A 0.452 0.352 1.722 0.000 0.333 8481 0.285 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F(-1) A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 253 273 259 228 0 1583 0 388 0
N.S. 1 1.08  1.02 0.90 0.00 6.26 0.00 1.53 0.00
time (sec) N/A 0.780 0.649 1.826 0.000 0329 0.000 0.291 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F(-1) A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 350 381 387 379 0 2594 0 617 0
N.S. 1 1.09 1.11 1.08 0.00 7.41 0.00 1.76 0.00
time (sec) N/A 0.868 1.381 1.956 0.000  0.387 0.000 0.295 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F(-1) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 463 518 561 511 0 3834 0 1085 0
N.S. 1 1.12 1.21 1.10 0.00 8.28 0.00 2.34 0.00
time (sec) N/A 1.070 2.307 1.946 0.000 0.564 0.000 0.318 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 434 434 485 439 627 689 729 1030 0
N.S. 1 1.00 1.12 1.01 1.44 1.59 1.68 2.37 0.00
time (sec) N/A 0.683 0.526 1.766 0.205  0.297 73.782 0.322 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 322 322 317 288 393 431 476 622 0
N.S. 1 1.00 0.98 0.89 1.22 1.34 1.48 1.93 0.00
time (sec) N/A 0.552 0.355 1.727  0.206  0.293 29.349 0.301 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 210 210 177 168 204 225 282 302 0
N.S. 1 1.00 0.84 0.80 0.97 1.07 1.34 1.44 0.00
time (sec) N/A 0.403 0.171 1.675 0.204 0.264 8266 0.316 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 113 113 75 72 98 110 425 115 0
N.S. 1 1.00 0.66 0.64 0.87 0.97 3.76 1.02 0.00
time (sec) N/A 0.271 0.068 1.637  0.190 0.280 0.363 0.294 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 210 210 230 202 0 1287 306 281 0
N.S. 1 1.00 1.10 0.96 0.00 6.13 1.46 1.34 0.00
time (sec) N/A 0.509 0.470 1.817  0.000  0.299 10.433 0.300 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F(-1) A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 336 348 354 275 0 2444 0 439 0
N.S. 1 1.04 1.05 0.82 0.00 7.27 0.00 1.31 0.00
time (sec) N/A 0.893 0.902 2.005 0.000 0371 0.000 0.302 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F(-1) A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 438 471 554 459 0 3889 0 767 0
N.S. 1 1.08 1.26 1.05 0.00 8.88 0.00 1.75 0.00
time (sec) N/A 1.258 1.537 1.955 0.000  0.513 0.000 0.326 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 455 455 418 3932 1802 4115 65321 9032 0
N.S. 1 1.00 0.92 8.64 3.96 9.04 143.56 19.85 0.00
time (sec) N/A 0.750 2.034 1.769 0.267  0.357 11.925 0.350 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 338 338 308 2175 1118 2258 32849 4972 0
N.S. 1 1.00 091 6.43 3.31 6.68 97.19 14.71  0.00
time (sec) N/A 0.580 0.771 1.694 0.238 0323 6.732 0.335 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 226 226 199 964 596 988 13522 2224 0
N.S. 1 1.00 0.88 4.27 2.64 437 59.83 9.84 0.00
time (sec) N/A 0.435 0.441 1.656 0.218 0.273 2.682 0.312 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B A B B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 126 126 108 308 234 394 3798 728 0

N.S. 1 1.00 0.86 2.44 1.86 3.13  30.14 5.78 0.00
time (sec) N/A 0.293 0.139 1.613 0217 0272 1.146 0.279 0.000

Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 203 203 181 0 0 0 0 0 0

N.S. 1 1.00 0.89 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.417 0.361 0.000 0.000 0.000  0.000 0.000 0.000

Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 220 252 180 0 0 0 0 0 0

N.S. 1 1.15 0.82  0.00 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 0.640 0.691 0.000 0.000  0.000 0.000 0.000 0.000

Problem 31 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 329 360 188 0 0 0 0 0 0

N.S. 1 1.09  0.57 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.756 1.310 0.000 0.000 0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 141 137 117 0 0 0 0 0 0
N.S. 1 097 0.83 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.264 0.105 0.000 0.000  0.000 0.000 0.000 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 268 257 187 0 0 0 0 0 0
N.S. 1 0.96 0.70 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.423 0.187  0.000 0.000  0.000 0.000 0.000 0.000
Problem 34 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 610 591 254 0 0 0 0 0 0
N.S. 1 097  0.42 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.044 0.241 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

size of the integrand. Finally the ratio Iﬁ%{é@?gﬁfl g?zlgs is also given. The larger this ratio

is, the harder the integral is to solve. In this test file, problem number [9] had the largest
ratio of [.312500000000000000]

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma.blize.d integrand ummber of rules
# | grade ic:é)j uzi:e antlfaicr;;’::ve leaf size integrand leaf size
| A 2 2 1.00 32 0.062
2 A 2 2 1.00 32 0.062
3 A 2 2 1.00 30 0.067
4 A 2 2 1.00 25 0.080
o A 2 2 1.00 32 0.062
6 A 6 5 1.14 32 0.156
7 A 10 9 1.20 32 0.281
3 A 8 7 1.15 32 0.219
9 A 11 10 1.00 32 0.312
10j A 2 2 1.00 32 0.062
11 A 2 2 1.00 32 0.062
12] A 2 2 1.00 30 0.067
13] A 2 2 1.00 25 0.080
14] A 2 2 1.00 32 0.062
15) A 6 ) 1.08 32 0.156
16} A 9 8 1.09 32 0.250
17] A 10 9 1.12 32 0.281
18] A 2 2 1.00 32 0.062
19 A 2 2 1.00 32 0.062
20) A 2 2 1.00 30 0.067
21 A 2 2 1.00 25 0.080
22] A 2 2 1.00 32 0.062
Continued on next page

2.3. Detailed conclusion table specific for Rubi results
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Table 2.1 — continued from previous page

number of numjber of no.rma?lize.d integrand umber of rules
# | grade ?::5; u;ﬂﬁ:;e antll(:laefr:iszlve leaf size integrand leaf size
23] A 6 5 1.04 32 0.156
24] A 9 8 1.08 32 0.250
5| A 2 2 1.00 30 0.067
% A 2 2 1.00 30 0.067
2_7 A 2 2 1.00 28 0.071
2| A 2 2 1.00 23 0.087
9| A 2 2 1.00 30 0.067
30) A 3 3 1.15 30 0.100
31 A 7 7 1.09 30 0.233
32] A 3 3 0.97 20 0.150
33] A ) 5 0.96 25 0.200
34 A 6 6 0.97 30 0.200

2.3. Detailed conclusion table specific for Rubi results
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3.24 % dr ... 209
325  [(a+bz)*(c+dz)"(A+Bzx+Cz>+Dz®)dx . ... ... .. ... ... 218
326 [(a+bz)*(c+dz)"(A+Br+Cz>+Dz®)dz . ... ... ... ... 226
327  [(a+bz)(c+dr)*(A+Bx+Cz>+Dz)dx . . ... .. ... .. ... 234
328 [(c+ dz) (A+Bzx+Cz*+Dz®)dx .. ... ... ... .. ... ... .. 242
R PpE
3.30 [ CHIAESIDT) Gr 753
331 [ CHUEEOTIDT) Gy 758
332  [(a+bz)™(A+Bz)(cH+dz)"dx . . . .. .. 2651
333  [(a+bz)™(c+dz)"(A+Bz+Cxz*)dx . .. ... .. ......... ... 270)
334  [(a+bx)™(c+dzx)"(A+Br+Cz®+Dx)dx . . ... ........... 276




CHAPTER 3. LISTING OF INTEGRALS 37

3 2 3
3.1 f (a+bz)° (A+Bz+Cz“+Dz?) du
Vetdr

3.1.1 Optimal result . . . .. ... .. ... 37
3.1.2 Mathematica [A] (verified) . . . . . . .. .. ...
3.1.3 Rubi [A] (verified) . . . . . ... ..
3.14 Maple [A] (verified) . . . ... ... ... 40]
3.1.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. A0
3.1.6 Sympy [B] (verification not implemented) . . . . ... ... ... ... .... 41l
3.1.7 Maxima [A] (verification not implemented) . ... ... ... ... ... .. 42
3.1.8 Giac [B] (verification not implemented) . . . ... ... ... ........ 43l
3.1.9 Mupad [B] (verification not implemented) . . ... ... ... ........ 405

3.1.1 Optimal result

Integrand size = 32, antiderivative size = 436

/(a+bx (A+ Bz + Cz? + Dz? )dx
Ve+dx
(be — ad)? (c>*Cd — Bed? + Ad® — 3D) Ve + dx
S -
_ 2(bc — ad)? (ad(2cCd — Bd® — 3¢*D) — b(5¢*°Cd — 4Bcd® 4+ 3Ad°® — 6¢*D)) (c + dx)*/?
3d"
_ 2(bc — ad) (a*d*(Cd — 3¢D) — abd(8cCd — 3Bd? — 15¢°D) + b*(10c*Cd — 6Bcd? + 3Ad® — 15¢°D)) (.
5d”
N 2(a3d®D + 3a*bd?(Cd — 4¢cD) — 3ab*d(4cCd — Bd? — 10¢2D) + b*(10c*Cd — 4Bced? + Ad® — 20¢3D))
Td7
N 2b(3a%d?D + 3abd(Cd — 5¢D) — b*(5¢Cd — Bd? — 15¢2D)) (c + dx)?/?
9d"
N 2b%(bCd — 6bcD + 3adD)(c + dz)*/? N 203 D(c + dx)'3/?
11d7 13d”

output | -2/3% (—axd+b*c) ~2* (a*xd* (-Bxd~2+2*C*c*xd-3*D*c~2) -b* (3*A*d~3-4*Bxc*xd~2+5*%C*c
~2xd-6*D*xc”3) ) * (d*x+c) ~(3/2) /d"7-2/5* (—axd+b*c) * (a~2+d"2* (Cxd—-3*D*c) —a*b*d
* (-3*%Bxd~2+8*Ckc*d-15+%D*c~2) +b~2* (3*A*xd~3-6*Bkc*d~2+10*C*c~2*%d—-15*xD*c”~3) ) *
(d*x+c)~(5/2) /A" 7+2/7* (a"3*d"3*D+3*a”~2xbxd~2* (Ckd-4*D*c) -3*a*xb~2*d* (-Bxd~2
+4*C*xc*d—-10%D*c™2) +b~ 3% (A*xd~3-4*B*c*d~2+10*C*c~2*xd—20*D*c~3) ) * (d*x+c) ~(7/2
)/Aa"T+2/9%b* (3%a~2*d~ 2*D+3*a*b*d* (Ckd-5*D*c) —-b~ 2% (-Bxd~2+5*Ckc*d-15*D*c~2)
Yk (d*xx+c) ~(9/2) /A" T+2/11%b" 2% (C¥b*d+3*D*a*d-6*Dxb*c) * (d*x+c) ~(11/2)/d~7+2/
13%b~3*D* (d*x+c) ~(13/2) /d"7-2* (—a*xd+b*c) ~3* (A*xd~3-B*c*d~2+Cxc~2*d-D*c~3) * (
d*x+c)~(1/2)/477

31. [ <a+bw>3<A$ff;w0w2+Dw3> dz
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3.1.2 Mathematica [A] (verified)

Time = 0.45 (sec) , antiderivative size = 495, normalized size of antiderivative = 1.14

dz

/ (a+bx)3 (A + Bz + Cx? + Dz?)
Ve+dzx

2v/c + dz(429a3d3(—48¢3D + 8¢*d(7C + 3Dx) — 2¢d?(35B + z(14C + 9Dx)) + d3(105A + z(35B + 3z

input’ Integrate[((a + b*x)~"3*x(A + Bxx + C*x~2 + D*x73))/Sqrtlc + d*x],x]

output

(2%3qrt[c + d*x]*(429%a~3*d"3*(-48*c~3*D + 8*c~2xd* (7*C + 3*xD*x) - 2%c*xd"2

*(35%B + x*(14*C + 9*D*x)) + d~3*(105%A + x*(35%B + 3*x*(7*C + 5xD*x)))) +
429%a"2%b*d"2% (128*%c~4*D — 16%c”3*d* (9*%C + 4*D*x) + 24*c™2xd" 2% (7*B + x*(
3*C + 2*D*x)) + d~4*x*(105%A + x*(63*%B + 5xx*(9*%C + T*D*x))) - 2%c*xd~3*(10
BxA + x*(42%B + x*(27+%C + 20%D*x)))) + 39*axb~2+d*(-1280*c~5+D + 128*c~4*d
*(11%C + 5%D*x) - 16%c~3*d"2%(99%B + 44*Cxx + 30*D*x”2) + 8*c 2*xd~3*(231%A
+ x*(99*%B + 66*Cxx + 50%D*x~2)) + d~5*x"2%(693*A + 5*x*k(99*B + T*xx*(11%C
+ 9xDxx))) - 2kckd 4*x*k(462%A + x*(297*B + 5kx*(44*C + 35%D*x)))) + b~3*(1
5360*c”6%D - 1280*c”5*d*(13*C + 6*D*x) - 16*c~3*d"3*(1287*A + 572*B*x + 39
0*C*x"2 + 300%D*x7~3) + 128%c~4*d"2%(143%B + 5xx*x(13*C + 9*D*x)) + 5*d"6*x~
3% (1287*A + Txx*x(143*B + 117*C*x + 99*D*x72)) + 8*c~2%d"4*x*(1287*A + x*(8
58%B + 650%C*x + 525*D*x"2)) — 2%c*d"5*x"2*(3861*A + 5kx*(572%B + T*x*(65%

C + 54%D+*x))))))/(45045%d"7)

3.1.3 Rubi [A] (verified)

Time = 0.70 (sec) , antiderivative size = 436, normalized size of antiderivative = 1.00,

_ o number of rules
2, integrand size = 0.062,

number of steps used = 2, number of rules used =
= {2123, 2009}

Rules used

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dxr

/(a+b:c)3 (A+ Bz + Cz? + Dz?)
Ve+dz

l 2123

— 6Bcd? — 15¢D + 1(

/ ((c + dz)3/%(bc — ad) (—a?d*(Cd — 3¢D) + abd(—3Bd? — 15¢2D + 8cCd) — (b* (3443
6

31. [ <a+bw>3<A$ff;z0w2+Dw3> dz
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l 2009

2(c + dz)%/%(bc — ad) (a?d?*(Cd — 3cD) — abd(—3Bd? — 15¢2D + 8¢Cd) + b?(3Ad® — 6Bcd? — 15¢°D + 10¢*C

5d7
2b(c +dz)° (36°d”D + 3abd(Cd — 5¢D) — (*(~Bd? ~ 15D + 5cCd))) |
9d”
2(c+ dz)"/? (a3d3D + 3a?bd*(Cd — 4cD) — 3ab*d(—Bd? — 10¢?D + 4cCd) + b3 (Ad® — 4Bcd? — 20cD + 10¢2C
7d"
2(c + dz)3/%(bc — ad)? (ad(—Bd? — 3¢>D + 2¢Cd) — b(3Ad® — 4Bcd? — 6¢3D + 5c2C4d))
3d7 R
2v/c+ dz(bc — ad)® (Ad® — Bed® + *(—D) + >Cd)  20%(c + dz)'Y/?(3adD — 6bcD + bCd)
-+ +
d’ 11d7
2b3D(C 4 d.%')13/2
13d7

.
input‘ Int[((a + b*x)"3%(A + Bxx + C*x~2 + D*x~3))/Sqrtlc + d*x],x]

output | (-2*(b*c - a*d) “3*(c”2*C*d - Bxcxd™2 + A*d~3 - c~3#D)*Sqrt[c + d*x])/d"7 -
(2% (b*c - axd) ~2x(axd*(2*xcxC*xd - Bxd~2 - 3%c~2%D) - b*(5*c™2%Cxd - 4*Bxc*
d"2 + 3*%A*d~3 - 6xc”3*D))*(c + d*x)~(3/2))/(3*d"7) - (2*(b*c - a*xd)*(a~2*d
~2%(Cxd — 3*c*D) - a*b*d*(8*c*Cxd — 3*Bxd~2 — 15%c”2#D) + b~ 2x(10*c”~2*C*d
- 6xBkc*d~2 + 3*A*d"3 - 15%c~3*D))*(c + d*x)~(5/2))/(5xd"7) + (2*(a~3*d"3*
D + 3*a”"2*%b*d"2%(C*d - 4*c*xD) - 3*axb~2kd*(4*c*C*d - B*d~2 - 10*c”2*D) + b
~3%(10*c~2%Ckd - 4*Bkc*d™2 + A*d~3 - 20%c~3%D))*(c + d*x)~(7/2))/(7*d"7) +
(2*b* (3*a”~2*%d~2*D + 3*a*b*d*x(C*d — 5*c*D) - b~ 2x(5*cxCkd - Bkd"2 - 15%c~2
*D))*(c + d*x)~(9/2))/(9%d"7) + (2xb~2%(b*C*d - 6*b*c*D + 3*a*d*D)*(c + d*
x)~(11/2))/(11*d77) + (2xb~3*D*(c + d*x)~(13/2))/(13%d"7)

N\ J

3.1.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2123 Int[(Px_)*((a_.) + (b_.)*(x))"(m_.)*((c_.) + (d_.)*(x_))~(n_.), x_Symbol] |
‘ :> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c ‘

L, d, m, n}, x] & PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) J
(a+bz)3 (A+Bz+Cz2+Dx3)
31.  f = dz
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3.1.4 Maple [A] (verified)

Time = 2.30 (sec) , antiderivative size = 440, normalized size of antiderivative = 1.01

method result

3 13 d—be)b2 D453 (Cd—3De)) (date) T d—bc)2bD+3(ad—be)b2(Cd—3Dc)+b3 (B d2 d+3Dc2))(d
2Db (dz+c)7+2(3(a —be) +b°(Cd—-3 c))( z+c) +2(3(a —bc) +3(ad—bc)b“(Cd—3Dc)+ ( —2Ccd+3Dc ))( a

derivativedivides 13 i1 9

11
2Db3<dz+c)§ N (3(ad be)b2 D453 (Cd— 3Dc))(dz+c)7 +2(3(ad—bc)2bD+3(ad—bc)b2(Cd—3Dc)+b3 (B d2—2Ccd+3Dc2)) (da

default 13 1 9
23 ({5 D23+ 5 Ca?+ L Ba+A)b3  3az?( 5 D23+ 3C2?+8 Bata)p?
2v/dz+c < (ﬁ 11 = 9 ) + (11 95 T ) +a2z(%Dm3+%Cw2+%Bw+A)b+a3(x
pseudoelliptic
gosper 2v/dz+c (3465Db326d%+4095C b3dS2®+12285Da b?dS z° —3780 Db c d®z®+5005B b3 dSz*+15015Ca b?dS z* —4550C b
trager 2v/dz+c (3465 Db3x5d6+4095C b3d®x®+12285Da b?dS x5 —3780Db3 c d5 x5 +5005B b2dS 24 +15015Ca b2dS x4 —4550C b

p
input Lint ((b*x+a) “3* (D*x~3+C*x~2+B*x+A) / (d*x+c) ~(1/2) ,x,method=_RETURNVERBOSE)

output

2/477*(1/13*D*b~3* (d*x+c) ~(13/2)+1/11* (3% (a*d—b*c) *b~2*D+b~3* (C*d-3*D*c) ) *
(d*x+c) ~(11/2)+1/9% (3* (a*d-b*c) ~2%b*D+3* (a*d-b*c) *b~2% (C*d-3*D*c) +b~3* (B*d
~2-2xC*cxd+3*D*c”2) ) * (d*x+c) ~(9/2)+1/7* ((a*d-b*c) ~3*D+3* (a*d-b*c) ~2*b* (C*d
-3%D*c) +3* (a*d-b*c) *b~2% (B*d~2-2*C*c*d+3*D*c~2) +b~3% (A*d~3-B*c*d~2+C*c~2*d
-D*c~3) ) * (d*x+c) ~(7/2)+1/5% ((a*d-b*c) ~3* (Cxd-3*D*c) +3* (a*d-b*c) ~2*b* (B*d "2
-2xCkxc*kd+3*D*c™2) +3* (a*xd-b*c) *b~2* (A*xd~3-B*c*d~2+C*c~2*xd-D*c~3) ) * (d*x+c) ~(
5/2)+1/3* ((a*xd-b*c) ~3* (Bkd~2-2*C*c*d+3*D*c~2) +3* (a*xd-b*c) ~2*b* (A*d~3-B*c*d
~2+Cxc~2xd-D*c”3) ) * (d*x+c) " (3/2) +(a*xd-b*c) ~3* (A*d~3-B*c*d~2+Cxc~2*xd-D*c~3)
* (d*x+c)~(1/2))

-/

3.1.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 668, normalized size of antiderivative = 1.53

/(a+ba: (A + Bz + Cz? +Dz)dz

Vve+dr
2 (3465 Db3d®x5 + 15360 Db3c® + 45045 Aad® + 24024 (Ca® + 3 Ba?b + 3 Aab?)c*d* —

30030 (Ba® + 3 A

input ‘ integrate ((b*x+a) 3% (D*x~3+C*x~2+B*x+A) / (d*x+c)~(1/2) ,x, algorithm="fricas

n)

31. [ <a+bw>3<A$ffd+m0w2+Dw3> dz
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output | 2/45045* (3465*D*b~3*d"6*x"6 + 15360*%D*b~3*c~6 + 45045%A*a~3*d~6 + 24024x*(C
*a~3 + 3*B*a~2xb + 3xA*xa*b~2)*c"2*xd"4 - 30030*(B*a~3 + 3*A*a”~2%b)*c*d"5 -
315% (12%D*b"3*c*d~5 — 13*(3*D*a*b”2 + C*b~3)*d"6)*x"5 + 35%(120*D*b~3*c~2*
d”"4 + 143%(3*%D*a"2*b + 3*C*xa*b”~2 + B*b~3)*d"6 - 130*(3*D*a*b~2%c + C*b~3*c
)*d"5)*x"4 - 20592% (D*a~3*c~3 + (3*C*a”"2%b + 3*B*a*b~2 + A*b~3)*c"3)*d"3 -
5% (960*%D*b~3*%c~3*xd"3 - 1287*(D*a”3 + 3*C*a”~2*b + 3*B*a*xb"2 + A*xb~3)*d"6 +

1144 (3*D*a~2xb*c + (3*C*a*xb”™2 + B*b~3)*c)*d~5 - 1040*(3*D*a*b~2*xc~2 + Cx*
b~3*c"2)*d"4)*x"3 + 18304*(3*D*a”~2*b*c~4 + (3*C*a*xb~2 + B*xb~3)*c"4)*d~2 +
3% (1920*%D*b~3*c~4*d~2 + 3003*%(C*xa~3 + 3*B*xa~2xb + 3*A*axb~2)*d~6 - 2574*(D
*a"3%c + (3*Cxa~2*b + 3*B*a*b™2 + A*b~3)*c)*d~5 + 2288+*(3#D*a”~2*xbxc”2 + (3
*Cxaxb~2 + B*b~3)*c~2)*d"4 - 2080* (3*D*a*b~2*xc~3 + Cxb~3*%c~3)*d~3)*x"2 - 1
6640* (3*%D*a*b~2*xc™5 + Cxb~3*c~5)*d - (7680*D*b~3*c~5*%d + 12012*(C*a~3 + 3%
B*a~2%b + 3*A*a*xb~2)*cxd”5 - 15015%(B*a”3 + 3*A*a~2*b)*d"6 - 10296*(D*a”3*
c”2 + (3*Cxa”~2*b + 3*B*a*b™2 + A*b~3)*c”2)*d"4 + 9152%(3*D*a~2xbxc~3 + (3*
Cxa*b~2 + B*b~3)*c”3)*d"3 - 8320%(3*D*a*b~2*c~4 + Cxb~3%c”4)*d”2)*x)*sqrt(
d*x + c)/d°7

3.1.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1027 vs. 2(454) = 908.

Time = 1.80 (sec) , antiderivative size = 1027, normalized size of antiderivative = 2.36

/ (a+bz)® (A+ Bz + Cz?® + Dx?) i

Ve+dx

7 P
2 (Ab3d3+33ab‘

11 9
Dbs(c_,_dw)% (ct+dz) 2 (Cb3d+3Dab2d—6Db3c) | (ctdz)2 (Bb3d2+3Cab2d? —5Ch3cd+3Da?bd? —15Dab?cd+15Db3c?)  (ctdx)
2 13d6 + 11d6 + 9db +

s Db3aT m6(0b3+3Dab2) ms(Bb3+3Cab2+3Da2b) x4(Ab3+3Bab2+3Ca2b+Da3) z3-(3Aab2+3Ba2b+Ca3) :cz-(SAa2b+Ba3)
Aa’z4 %4 6 5 + 1 + 3 + 2

Ve

input | integrate ((bxx+a)**3* (D*xx**3+CHx**2+Bxx+A) / (d*x+c) **(1/2) ,x)

31. f (a+bx)3(A$ffLCx2+Dx3) da



output

input
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Piecewise ((2* (Dxb**3%(c + d*x)*x(13/2)/(13*%d**6) + (c + d*x)**(11/2)*(Cxb*
*3%d + 3*Dxaxb**x2%d — 6*D¥b**3%c)/(11*d**x6) + (c + d*x)**(9/2)* (Bkxb*k*x3*kd**
2 + 3%Cxa*b**2kd*x*x2 — 5xCxbx*3%ckd + 3*xD*xa**2*xbxd**2 - 15%Dkxaxb**2%ckxd + 1
5*D*b**x3kc*x*2) / (9*%d**x6) + (c + d*x)**(7/2)* (A*xb**3*%d**3 + 3*xBxaxbx*2kd**3

— 4%Bxb**3%ckd**2 + 3*kCkax*x2xb*d**3 — 12%Ckakxbk*x2kckd**2 + 10%Ckbk*k3kck*D*
d + D*a**3kd*x*x3 — 12*%Dkax*2¥bkckd*x*2 + 30*Dkaxb**2kck*x2xd — 20*Dkxb**3*c**3
)/ (7*d**6) + (c + d*x)**(5/2)*(3*kA*axbkxx2kxd*x*x4 — 3*kAxb**3kckd*x*3 + 3*kBxakk
2%bxd**x4 — 9kBkaxb**2kckd*x*x3 + G*Bkbkkx3kck*kkd*x*x2 + Ckakxk3kd*x*4 — 9kCkax*2
*bkckdk*x3 + 18*%Ckaxbx*2kckkkd*x*x2 — 10*Ckbx*3*kc*k*3kd — 3*Dkakx*x3xckd**3 + 1
8kDkax*2xbkxckk2kd**2 — 30*Dkaxbr*2xc*k*x3xd + 15*D*kb**3xcx*4)/(5xd**x6) + (c

+ d*xx)**(3/2) * (3kA*a*x*2¥bxd**5 — GkAxa*xbk*x2kckd*x*4 + 3kA*bk*3kck*k2kd**x3 +

Bxax*3*d**5 — G*Bkax*2kbkxckxd**4 + OxB¥xaxbkkx2kck*2kd**3 — 4*Bkxbkx*k3kck*k3kd**
2 - 2xCxa*x*3kckd*x*4 + 9kCkax*2¥bkckk2kd**3 — 12xCkaxb**x2kck*3*d**2 + 5xC*b
**k3kckkdkd + 3kDkakk3kck*kkd*x*x3 — 12*kDkax*2¥bkck*k3kd**2 + 15xDkaxbk*kkck*4
*d - 6#Dxb*x3*cx*5)/(3*xd**6) + sqrt(c + d*x)*(A*xa*x*3xd*x6 — 3*kAxa*x2*bxc*d
*%5 + 3kAkaxbkkkck*kQkd**k4 — Axb*k*k3kckk3kd**3 — Bkax*k3kckd**k5 + 3*Bkakx*x2xb
*Ck*kkd**k4 — 3kBkakbk*2kckk3kd*x*3 + Bkbkk3kckk4kd**x2 + Ckakk3kck*kd*k*x4d —

3*kCka*x*x2¥xbkck*k3kd*x*3 + 3IkCkaxbk*k2kckkdkxd*x*2 — Ckbx*3kck*k5kd — Dkakxk3kck*3*
d**3 + 3*Dxax*2¥bxck*k4kdx*2 — 3kDkaxbkk2kckx5kxd + Dxb**3xc**6)/d**6)/d, Ne
(d, 0)), ((Axa*x3*x + Dxbx*3*x**7/7 + x*x6x(Cxb**3 + 3*D*axbx*2)/6 + x*...

3.1.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 621, normalized size of antiderivative = 1.42

dz

/ (a+bx)% (A + Bz + Cx? + Dz?)
Ve+dzx

2 (3465 (dz + ¢) # Db® — 4095 (6 Db%c — (3 Dab? + Cb*)d)(dz + c) * + 5005 (15 Db3c? — 5 (3 Dab? + Cb

-

integrate ((b*x+a) ~3% (D*x~3+C*x~2+B*x+A) / (d*x+c) ~(1/2) ,x, algorithm="maxima

"

31. [ <a+bw>3<A$f+w;z0w2+Dw3> dz




output
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2/45045% (3465* (d*x + ¢)~(13/2)*D*b~3 - 4095% (6*D*b~3*c - (3*D*axb~2 + Cxb~

3)*d)*(d*x + c)~(11/2) + 5005*(15%D*b~3*c~2 - 5*(3*D*a*b~2 + Cxb~3)*c*xd +
(3*%D*a~2xb + 3*Ckxa*b~™2 + B*b~3)*d"2)*(d*x + c)~(9/2) - 6435%(20*%D*b~3*c~3
- 10%(3*D*a*b~2 + Cxb~3)*c~2*d + 4*(3*D*a"2*b + 3*Ckxa*xb~2 + B*b~3)*c*d"2 -
(D*a~3 + 3*C*a~2*b + 3*B*a*b~2 + A*b~3)*d~3)*(d*x + c)~(7/2) + 9009%(15*D
*b~3*%c”4 - 10%(3*D*a*xb”2 + Cxb~3)*c"3*d + 6*(3*xD*a”2*b + 3*Cxa*b™2 + B*b~3
Y*kc"2x%d"2 - 3*(D*a~3 + 3*%C*xa”2%b + 3*Bxa*b”2 + A*b~3)*c*d~3 + (Cxa”~3 + 3*B
*a"2%b + 3xAxaxb~2)*d"4)*(d*x + c)~(5/2) - 15015%(6*D*b~3*c”5 - 5x(3*D*axb
~2 + C*b~3)*c”4*d + 4% (3*D*xa”2xb + 3*Ckaxb~2 + Bxb~3)*c~3*d~2 - 3*(D*a~3 +
3*%C*ka~2*b + 3xBkaxb™2 + A*b~3)*c~2+%d"3 + 2*(C*a”~3 + 3*B*a~2%b + 3*xA*axb~2
Y*cxd~4 - (B*a~3 + 3*A*a~2*b)*d"5)*(d*x + c)”~(3/2) + 45045%x(D*¥b~3*c”6 + Ax
a~3*xd"6 - (3*D*a*xb”2 + C*b~3)*c”~5*d + (3*%D*a”2%b + 3*C*xa*xb~2 + B*b~3)*c 4%
d"2 - (D*a"3 + 3*%Cxa~2xb + 3*Bka*b~2 + A*b~3)*c~3*%d"3 + (C*a”~3 + 3*B*a~2%b
+ 3%A*a*b~2)*c"2+%d"4 - (B*a~3 + 3*%A*a~2%b)*c*d”~5)*sqrt(d*x + c))/d°7

3.1.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 854 vs. 2(412) = 824.

Time = 0.31 (sec) , antiderivative size = 854, normalized size of antiderivative = 1.96

/ (a+ bz)® (A+ Bz + Cz* + Dz?)
Ve+dx

dxz = Too large to display

input‘integrate((b*x+a)‘3*(D*x‘3+C*x‘2+B*x+A)/(d*x+c)‘(1/2),x, algorithm="giac")

31. [ <a+bw>3<A$f+w;z0w2+Dw3> dz




output

CHAPTER 3. LISTING OF INTEGRALS

44

2/45045% (45045*sqrt (d*x + c)*A*a~3 + 15015x((d*x + c)~(3/2) - 3*sqrt(d*x +

c)*c)*B*a~3/d + 45045x((d*x + c)~(3/2) - 3*sqrt(d*x + c)*c)*A*a"2xb/d + 3
003* (3% (d*x + c)~(5/2) - 10*x(d*x + c)~(3/2)*c + 1b*sqrt(d*x + c)*c~2)*Cxa”
3/d72 + 9009*(3*(d*x + c)~(5/2) - 10*(d*x + c)~(3/2)*c + 16xsqrt(d*x + c)*
c"2)*B*a~2xb/d"2 + 9009*(3*(d*x + c)~(5/2) - 10*(d*x + c)~(3/2)*c + 15*xsqr
t(d*x + c)*c”2)*A*axb~2/d"2 + 1287*(5*x(d*x + ¢)~(7/2) - 21x(d*x + c)~(5/2)
*xc + 3b%(d*x + c)”(3/2)*%c”2 - 3bxsqrt(d*x + c)*c~3)*D*a~3/d"3 + 3861*(5x(d
*x + c)~(7/2) - 21x(d*x + c)~(5/2)*c + 35x(d*x + c)~(3/2)*c”2 - 35*sqrt(d*
X + c)*c"3)*Cxa~2xb/d"3 + 3861*(5x(d*x + c)~(7/2) - 21x(d*x + c)~(5/2)*c +

35x(d*x + ¢)~(3/2)*c™2 - 3b*sqrt(d*x + c)*c~3)*B*a*b~2/d"3 + 1287*(5*(d*x

+ ¢c)~(7/2) - 21x(d*x + c)~(5/2)*c + 35x(d*x + c)~(3/2)*c”2 - 3bxsqrt(d*x
+ c)*c”3)*xA*xb"3/d"3 + 429%(35*(d*x + ¢c)~(9/2) - 180*(d*x + c)~(7/2)*c + 37
8x(d*x + c)~(5/2)*c”2 - 420*(d*x + c)~(3/2)*c~3 + 31b*sqrt(d*x + c)*c~4)*D
*a"2xb/d~4 + 429%(35*%(d*x + c)~(9/2) - 180*(d*x + c)~(7/2)*c + 378x(d*x +
c)~(5/2)*c™2 - 420*(d*x + c)~(3/2)*c”3 + 315xsqrt(d*x + c)*c~4)*C*axb~2/4~
4 + 143%(35%(d*x + ¢)~(9/2) - 180*(d*x + c)~(7/2)*c + 378+(d*x + c)~(5/2)*
c”2 - 420*%(d*x + c)~(3/2)*c”3 + 31b*sqrt(d*x + c)*c~4)*Bxb~3/d"4 + 195%(63
*(d*x + c)~(11/2) - 385*(d*x + c)~(9/2)*c + 990*(d*x + c)~(7/2)*c”2 - 1386
*(d*x + c)7(5/2)*c”3 + 11556x(d*x + c)~(3/2)*c”4 - 693*sqrt(d*x + c)*c~5)*D
*a*b~2/d"5 + 656%(63*(d*x + c)~(11/2) - 385x(d*x + c)~(9/2)*c + 990*(d*x. ..

31. [ <a+bw>3<A$f+w;z0w2+Dw3> dz
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3.1.9 Mupad [B] (verification not implemented)

Time = 4.91 (sec) , antiderivative size = 713, normalized size of antiderivative = 1.64

dz

/(a+bx (A+ Bz + Cz? + Dz?)

Ve+dz
55440 S \e+dz D — 5048 c(c+dz)'? D — 92400 ¢ (c + dx)*/* D + 11088 b3 ¢* (¢ + dx)*> D — 7
B 3003 d7

2C (c+dz)*? (@®d® —9abed? +18ab?2d—106°3c®) 2463 (c+dz)"/?
" 50 T
2BW (c+dz)”? 208 (c+dz)"* 2A(ad—be)’Ve+da
9d3 11d° + d*
2Ab(ad—bc)® (c+dx)*? 6Ab2(ad be) (c+ dz)/?
* i 5 i
2Bb (3ad—4bc) (c+dav)7/2 2Bc(ad—bc)’Ve+dz
_|_ —
7dd ds
2Cb (3ad—5bc) (c+dz)*? 63b(c+dw)5/2(a 4> —3abcd+ 202 ?)
" 9.s 55
2Cb(c+dx)7/2(3a2d2—12abcd+10b2c2)
+ 7dS
2B(ad—bc) (ad—4bc) (c+dz)*? 20 (ad—be)*Ve+dz
* 3 - 0
a*vVe+dzD (6¢c(c+dz)’ —20¢ (c+dz) +30c — 5d°?)
35 d*
2ab?ve+dz D (70c(c+dx)* — 840 c* (¢ + dx) — 360 (¢ + dx)® + 756 3 (¢ + d z)* + 630 > — 63
231 d5
2a2b+v/c+dz D (168¢% (c+dx)” — 280 (c+dx) —40c(c + dz)’ + 280 c* + 35d* %)
+ 105 d°
2Cc(ad—bc)? (2ad—>5bc) (c+dz)*/?
3ds

input Lint(((a + b*x)"3%(A + B*x + C*xx~2 + x~3*D))/(c + d*x)~(1/2),x) J

31. [ <a+bw>3<A$ffd+m0w2+Dw3> dz




output
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(5544xb~3*c”™6*(c + d*x)~(1/2)*%D - 504*xb~3*c*(c + d*x)~(11/2)*D - 9240%*b~3*
c 5% (c + d*x)~(3/2)*D + 11088*b~3*c”4*(c + d*x)~(5/2)*D - 7920%b~3*c~3*(c

+ d*x)~(7/2)*%D + 3080*b~3xc~2*(c + d*x)~(9/2)*D + 462*xb~3*d"6*x"6*(c + d*x
)~ (1/2)*D)/(3003*%d"7) + (2*%C*x(c + d*x)~(5/2)*(a”3*d"3 - 10*%b~3*c~3 + 18*ax*
b 2xc™2xd - 9*a~2xb*ckd~2))/(5%d"6) + (2*%A*b~3x(c + d*x)~(7/2))/(7*d"4) +

(2#B*b~3*(c + d*x)~(9/2))/(9%d"5) + (2*%C*b~3*(c + d*x)~(11/2))/(11*d"6) +

(2xAx(axd — b*xc) "3*(c + d*x)~(1/2))/d"4 + (2*%A*xb*(a*d - b*c) 2x(c + d*x)~(
3/2))/d"4 + (6%Axb~2x(axd - b*c)*(c + d*x)~(5/2))/(56%d"4) + (2*Bxb~2x(3*a*
d - 4xbxc)*(c + d*x)~(7/2))/(7*d"5) - (2%B*c*(a*d - bxc) 3*(c + d*x)~(1/2)
)/d"5 + (2+%Cxb~2%(3*a*d - 5*b*c)*(c + d*x)~(9/2))/(9*d"6) + (6+Bxb*(c + d*
x)~(5/2)*(a"2*xd"2 + 2xb~2xc~2 - 3*axbxc*d))/(5*d~5) + (2*Cxb*(c + d*x)~(7/
2)*(3*%a”"2*d"2 + 10%b"2*c”2 - 12%a*bkxcxd))/(7*d"6) + (2*Bx(a*d - b*c) ~2*(a*
d - 4xb*c)*(c + d*x)~(3/2))/(3*d"5) + (2*Cxc~2x(axd — b*xc) " 3*(c + d*x)~(1/
2))/d"6 - (2*a~3*(c + d*x)~(1/2)*D*(6*c*(c + d*x)~2 — 20*%c”2*(c + d*x) + 3
0*c~3 - 5*d~3%x"3))/(35%d"~4) - (2*a*b~2%(c + d*x)~(1/2)*D*(70*c*(c + d*x)~
4 - 840*c™4x(c + d*xx) - 360*c™2*(c + d*x)~3 + 756*c”3*(c + d*x)~2 + 630*c”
5 - 63%d"5%x75))/(231*d"6) + (2*a~2*bx(c + d*x)~(1/2)*D*(168*c~2*(c + d*x)
2 - 280*c”3*(c + d*x) - 40*c*k(c + d*x)~3 + 280*c”4 + 35%d"4*x"4))/(105%d~

5) - (2%Cxc*(a*d - b*c) 2% (2xaxd - 5*xb*c)x(c + d*xx)~(3/2))/(3*d"6)

31. [ <a+bw>3<A$f+w;z0w2+Dw3> dz
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a+bx)2(A+Bz+Cx2+Dx3
dx
v c+dx

32 [
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3.2.7 Maxima [A] (verification not implemented) . .. ... ... ... ......
3.2.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 52
3.2.9 Mupad [B] (verification not implemented) . . . ... ... ... ... .... B3l

3.2.1 Optimal result

Integrand size = 32, antiderivative size = 324

/ (a+bx)? (A + Bz + Cx? + Dz?) 2(bc — ad)? (c>*Cd — Bed? + Ad® — 3D) Ve + dx
dz =
Ve+dz d°
N 2(bc — ad) (ad(2¢Cd — Bd? — 3¢2D) — b(4c*Cd — 3Bcd? + 2Ad® — 5¢2 D)) (¢ + dx)/?
3d¢
N 2(a2d?(Cd — 3cD) — 2abd(3cCd — Bd? — 6¢?D) + b?(6c2Cd — 3Bcd? + Ad® — 10¢®D)) (c + dx)5/?
5d5
N 2(a2d?D + 2abd(Cd — 4cD) — b*(4cCd — Bd? — 10¢2D)) (c + dz)"/?
7dS

N 2b(bC'd — 5bcD + 2adD)(c + dx)?/? N 262D (c + dz)1/?

9d* 11d5

output | 2/3* (—a*d+b*c) * (a*d* (-Bkd~2+2*C*c*xd—3*D*c”2) -b* (2%A*d~3-3*B*c*kd~2+4*C*c~ 2%
d-5*D*c~3) ) * (d*x+c) ~(3/2) /d"6+2/5% (a~2*d"2* (Ckd-3*D*c) —2*a*b*d* (-B*d~2+3*C
*Cc*d—-6*D*xc”2) +b~ 2% (A*d~3-3*B*c*d~2+6*Cxc~2*xd-10*D*c~3) ) * (d*x+c) ~(5/2) /d"6+
2/7* (a~2*%d~2xD+2*xaxbxd* (Ckd-4*D*c) -b~ 2% (-Bxd~2+4*Cxc*d-10*D*c~2) ) * (d*x+c) ~
(7/2) /d~6+2/9%b* (Cxb*d+2*D*a*d-5*D*b*c) * (d*x+c) ~(9/2) /d"6+2/11%b"2*D* (d*x+
c)~(11/2)/d"6+2* (—a*d+b*c) ~2* (Axd~3-Bxc*xd~2+C*xc~2*%d-D*c~3) * (d*x+c) ~(1/2) /4
~6

32. [ <a+bw>2<A$ff;w0w2+Dw3> dz
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3.2.2 Mathematica [A] (verified)

Time = 0.25 (sec) , antiderivative size = 323, normalized size of antiderivative = 1.00

/(a+bx (A + Bz + Cz? +D$)dm

Ve+dx
2v/c + dz(33a?d?(—48¢3D + 8¢%d(7C + 3Dx) — 2¢d?(35B + x(14C + 9Dx)) + d3(105A + x(35B + 3z ("

input LIntegrate[((a + b*x)"2%(A + B*x + C*x"2 + D*x"3))/Sqrtlc + d*x],x] J

output

(2%3qrt[c + d*x]*(33*a~2*%d"2%(-48*c”3*D + 8*c”~2*d*(7*C + 3*D*x) - 2*kc*xd”~2*

(35%B + x*(14*C + 9*D*x)) + d~3%(105%A + x*(35%B + 3*x*(7*C + 5*D*x)))) +
22%a*xb*d* (128*%c~4*D — 16%c”3*d* (9*%C + 4xD*x) + 24*c”2*d"2*(7*B + x*(3*C +
2xD*x)) + d™4*x*(105%A + x*(63*B + B*x*(9*%C + 7*D#*x))) - 2*xc*xd~3*%(105%A +
x*(42*%B + x*(27*C + 20%D#*x)))) + b~2*%(-1280*c~5+D + 128*c~4*d*(11*%C + 5xD*
X) — 16%c™3%d"2%(99%B + 44*Cxx + 30*D*x~2) + 8*c”~2xd"3*(231*A + x*x(99*B +
66%Cxx + 50*D*x"2)) + d~5*x"2%(693%A + 5xx*x(99%B + T*x*(11*C + 9%D*x))) -
2%cxd"4*x* (462%A + x*(297*B + 5*x*(44*C + 35%D*x))))))/(3465%d"6)

3.2.3 Rubi [A] (verified)

Time = 0.54 (sec) , antiderivative size = 324, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, Bumber of rules _ 469 Ryles used
integrand size

= {2123, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dz

/(a+bx)2 (A+ Bz + Cz* + Dz?)
Ve +dx

l 2123

/ ((c +dz)*/? (a2d?(Cd — 3¢D) — 2abd(—Bd? — 6¢*D + 3¢Cd) + b?(Ad® — 3Bed? — 103D + 6c2Cd) ) N (c+
ds

l 2009

32. [ <a+bw>2<A$ff;z0w2+Dw3> dz
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2(c + dzx)®/? (a?d?(Cd — 3¢D) — 2abd(—Bd? — 6¢>D + 3cCd) + b*(Ad® — 3Bcd? — 10¢D + 6¢°Cd)) N

5d6
2(c + dz)"/? (a?d?D + 2abd(Cd — 4cD) — (b*(—Bd? — 102D + 4¢Cd))) N
7d®
2(c + dz)*?(bc — ad) (ad(—Bd? — 3¢D + 2c¢Cd) — b(24d® — 3Bcd? — 5¢3D + 4¢Cd)) N
46
2v/c+ dz(be — ad)? (Ad® — Bed? + ¢3(—D) + ¢*Cd) N 2b(c + dx)?/?(2adD — 5bcD + bCd) N
ds 946
2b2D(C 4 d:(:)ll/z
1148

~—

inputLInt[((a + b*x)"2%(A + B*x + C*x~2 + D*x~3))/Sqrtlc + d*x],x]

output | (2% (b*c - a*d) "2x(c”2%C*d - B*c*d"2 + A*d"~3 - c”3*D)*Sqrt[c + d*x])/d"6 +

(2% (b*c - axd)*(axd*(2*xcxCxd — Bxd~2 - 3%c™2%D) - b*(4*c~2%Cxd - 3*Bxc*xd~2
+ 2xA*d"3 - 5xc”3*D))*(c + d*x)~(3/2))/(3*xd"6) + (2x(a"2*d"2*(Cxd - 3*c*D
) - 2xaxb*d*(3*kc*Cxd — Bxd~2 - 6xc”2%D) + b 2% (6*%c~2*C*d — 3*Bxcxd™2 + A*xd
~3 - 10*c”3*D))*(c + d*x)~(5/2))/(5%d"6) + (2*(a"2*d"2*D + 2*a*xbxd*(Cxd -

4%c*xD) - b~ 2% (4*cxCkd - Bkd"2 - 10*%c~2*D))*(c + d*x)~(7/2))/(7*d"6) + (2%b
*(b*xCxd — S5*bkxc*D + 2%a*d*D)*(c + d*x)~(9/2))/(9*%d"6) + (2*b~2xD*(c + d*x)
~(11/2))/(11%d"6)

3.2.3.1 Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

Tuki2123‘Int[(PX_)*((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symboll
‘ :> Int[ExpandIntegrand [Px*(a + b*x) m*(c + d*x)~°n, x], x] /; FreeQ[{a, b, c ‘
, d, m, n}, x] && PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) ‘

32. [ <a+bw>2<A$ff;w0w2+Dw3> dz
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3.2.4 Maple [A] (verified)

Time = 1.70 (sec) , antiderivative size = 285, normalized size of antiderivative = 0.88

method result
= (3
4 "
2(5 D380 a245B2+4)62 2az(lDsd+3C22+3Bota)b (
9 rw—i—c <z (TI x +g 52 +7 z+ ) n a:v(g x +7 39: +15 z+ ) +a2(A+;Dx3+éOx2+éBx)>d5—
pseudoelliptic
7
2Db2(dz+c)% 2(2(ad—bc)bD+b2(Cd—3Dc))(dw+c)% 2((ad—bc)2D+2(ad—bc)b(Cd—3Dc)+b2 (B d2—2ccd+3Dc2))(dz+c)§
e . .. T + 5 + 7
derivativedivides
7
2Db2(dz+c)% 2(2(ad—bc)bD+b2(Cd—3Dc)) (dm+c)% 2((ad—bc)2D+2(ad—bc)b(Cd—3Dc)+b2 (B d2—200d+3D02)) (dz+c)2
11 + 9 + 7
default
gosper 2v/dz+c (315Db2x5d5+385C b2d®x%+770Dab d5z* —350Db2c d*z*+495 B b2d5z3+990Cab d5 x> —440C b2c d*x3+495.
trager 2v/dz+c (315Db22°d%+-385C b2d° x4 +770Dab doz* —350Db?c d*z*+495 B b2d° 23 +990Cab d°z3 —440C b2c d x> +495.
input Lint ((b*x+a) ~2% (D*xx~3+C*x~2+B*x+A) / (d*x+c) ~(1/2) ,x ,method=_RETURNVERBOSE) J

output

input ‘ integrate ((b*x+a) 2% (D*x~3+C*x~2+B*x+A) / (d*x+c) ~(1/2) ,x, algorithm="fricas

2% (d*x+c) " (1/2)*((1/5*x" 2% (5/11%D*x"3+5/9*Cxx~2+5/7T*B*x+A) *b~2+2/3*a*x* (1/
3*D*x"3+3/7*Cxx~2+3/5*B*x+A) *b+a~2* (A+1/7*D*x"3+1/5*C*x~2+1/3*B*x) ) *d~5-4/
3% (1/5%x*(25/66%D*x~3+10/21*C*x~2+9/14%B*x+A) ¥b~2+a* (4/21%D*x~3+9/35%C*x "2
+2/5%B*x+A) ¥b+1/2%a~ 2% (9/35*D*x"2+2/5%C*x+B) ) *c*d~4+8/15% ((50/231*%D*x~3+2/
T*C*x"2+3/T*Bxx+A) b~ 2+2%a* (2/7*D*x"2+3/T7*Cxx+B) ¥b+a~ 2% (3/7*D*x+C) ) *c~2*d~
3-16/35*%c~3* ((10/33*D*x~2+4/9*Cxx+B) b~ 2+2%a* (4/9*D*x+C) *b+D*a~2) *d~2+128/
315% ((5/11%D*x+C) *b+2*D*a) ¥b*c~4*d-256/693*D*b~2*c~5) /d~6

3.2.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 410, normalized size of antiderivative = 1.27

dz

/ (a+bx)? (A + Bz + Cx? + Dz?)
Ve+dzx

_2(315 Db?dPz® — 1280 Db*c® + 3465 Aa’d® 4 1848 (Ca? + 2 Bab + Ab?)c*d® — 2310 (Ba® + 2 Aab)cd* —

n)

32. [ <a+bw>2<A$ffd+m0w2+Dw3> dz
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output | 2/3465* (315*xD*b~2*d"5%x"5 - 1280*%D*b~2xc~5 + 3465%A*a”~2%d"5 + 1848*(Cxa~2

+ 2%Bxa*b + A*b"2)*c"2+%d"3 - 2310%(B*a”~2 + 2kA*axb)*c*d~4 - 35x(10*%D*b~2%*c
*d~4 - 11x(2*D*a*b + C*b~2)*d"5)*x~4 + 5x(80*D*b~2*c~2+%d"3 + 99*(D*a~2 + 2
*Cxaxb + Bxb~2)*d"5 - 88+%(2*D*axb*c + Cxb~2kc)*d"4)*x"3 - 1584*(D*a~2xc”3

+ (2%C*a*b + B*b~2)*c~3)*d"2 — 3*(160*D*b"2*%c"3*d"2 — 231*(C*a”2 + 2*B*axb
+ Axb~2)*d"5 + 198*(D*a~2*c + (2*C*axb + Bxb~2)*c)*d"4 - 176%(2*xD*a*xbxc”2
+ C*b"2%c"2)*d"3)*x"2 + 1408*(2*D*a*b*c™4 + Cxb~2xc~4)*d + (640%D*b~2*c~4
*d - 924*(Cxa”~2 + 2%B*a*b + A*b~2)*c*d"4 + 1155%(B*a”2 + 2*A*axb)*d~5 + 79
2x (D*a~2%c”2 + (2*Cxaxb + Bxb~2)*c~2)*d"3 - T704x*(2xD*a*b*c~3 + Ckb~2xc~3)*
d~2)*x)*sqrt(d*x + c)/d"6

3.2.6 Sympy [A] (verification not implemented)

Time = 1.50 (sec) , antiderivative size = 639, normalized size of antiderivative = 1.97

/ (a+ bz)?> (A+ Bz + Cz* + Dz?) i

ve+dx

9 7 5 )
2 L (ctdx)2 (Ob2d+2Dabd—5Db2c)  (ct+dz)Z (Bb2d2+2Cabd2 —4Cb2cd+Da2d2 —8Dabed+10Db2 2 (c+dz)?(Ab2d3+ZBabd373Bb‘
o D¥?(ctdn) 2 | n n

11d5 9d° 7d®

6 w5(0b2+2Dab) w4(Bb2+2Cab+Da2> o3 (Ab24+2Bab+Ca?) 22 (24ab+Ba?)
+ 5 1 + 3 +

e

2
2., Db’z
Aa“z+ 5

e

inputLintegrate((b*x+a)**2*(D*x**3+C*X**2+B*X+A)/(d*X+C)**(1/2),X)

~—

output | Piecewise ((2x (D*b**2x(c + d*x)**(11/2)/(11*%d**5) + (c + d*x)**(9/2)* (Ckb*x*
2xd + 2#Dxaxbkxd — 5xD¥bx*2xc)/(9*d**5) + (c + d*x)**(7/2)* (Bxb*x2*d**2 + 2
*Ckaxb*d**x2 — 4xCxb**2kckd + Dkakx*2kd**x2 - 8xDxaxbkxckd + 10*Dxb*x*x2xc*x*x2)/(
T*d**5) + (c + d*x)**(5/2)* (Axb**2%d**3 + 2*Bxaxbxd**3 — 3*%B*b**2kxckxd**2 +
Cxa*x*x2xd**x3 — B6*xCkaxbkckd**2 + 6xCkbkx*2kck*2kd - 3*Dkax*2kckd**x2 + 12%Dxa
*bxcx*2xd — 10*D*bx*2xc*x*3)/(5*d*x*5) + (c + d*x)**(3/2)*(2*kA*xaxbxd**x4 — 2%
Axb**x2kxckd**3 + Bkax*2kd**4d — 4*xBkxakbkxckd**3 + 3kBkxb*kkckkkd*k*x2 — 2*Ckax
*2kckd*k*x3 + 6xCkaxbkck*2kd**2 — 4kCkbkkkck*x3kd + 3IkDkakkkckxkd*x*x2 — 8*D
xa*xbxc*k*x3*kd + H5xD¥bx*2xc**4)/(3*d**5) + sqrt(c + d*x)*(Axa*xx2*d**5 — 2xA*a
*bkckdk*x4d + A¥xbkxkckkxkdx*3 — Bkax*k2kckdk*x4d + 2xBkaxbkck*2kd**3 — Bkbkx*2x
Ckk3xdk*x2 + Ckakxkckkxkdx*3 — 2kCkakxbxck*k3xd**2 + Cxbkkxkckxdkd — Dkakx*x
c**3kd*x*x2 + 2*Dkaxbkck*4kd — Dxb**2xc**5)/d**5)/d, Ne(d, 0)), ((A*xa**x2*x +
Dxb**2xx**x6/6 + x**5*(Cxb**2 + 2+D¥axb)/5 + x*kx4x (Bxbx*2 + 2xCka*b + Dxax
*x2) /4 + x**3% (A*¥b*x2 + 2¥Bxaxb + Cxax*2)/3 + x*x2x(2xAxa*b + Bxa*x2)/2)/sq
rt(c), True))

32. [ <a+bw>2<A$ff;z0w2+Dw3> dz
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3.2.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 387, normalized size of antiderivative = 1.19

/(a+bx (A + Bz + Cz? +D$)dm

Ve+dzx
(315 (dz+c)? 2 Db? — 385 (5 Db*c — (2 Dab + Cb*)d)(dz + c)% + 495 (10 Db*c® — 4 (2 Dab + Cb?)cd +

input  integrate ((b*x+a) "2 (D*x"3+Cxx~2+B*x+A)/(d*x+c)~(1/2) ,x, algorithm="maxima
ll)

& J

output | 2/3465*%(315%(d*x + c)~(11/2)*D*b~2 - 385%(5*Dxb~2xc - (2*D*axb + C*b~2)*d)
*(d*x + c)~(9/2) + 495%(10*xD*b~2%c”2 - 4x(2+D*axb + C*b~2)*ckd + (D*a~2 +
2+Cxa*b + B*b~2)*d"2)*(d*x + c)~(7/2) - 693*%(10*D*b~2*xc~3 - 6*(2*D*a*b + C
*b"2)*c"2xd + 3*(D*a”2 + 2*C*axb + Bxb~2)*ckd"2 - (C*a”2 + 2*Bxaxb + Axb~2
)*d"3)*x(d*x + c)~(5/2) + 1155%(5xD*b~2*%c”~4 — 4% (2*D*axb + Cxb~2)*c"3*d + 3
*(D*a~2 + 2xCkxaxb + B*b~2)*c"2*%d"2 — 2x(C*a”~2 + 2*B*a*b + A*b~2)*c*xd"3 + (
B*a~2 + 2%A*axb)*d~4)*(d*x + c)~(3/2) - 3465%(D*b~2*xc”5 — A*a~2%d"5 - (2xD
*axb + Cxb"2)*c"4*d + (D*a~2 + 2xCkxa*b + B*b~2)*c"3*d"2 - (C*a”2 + 2*Bxax*b
+ A*b"2)*c"2%d"3 + (B*a~2 + 2%A*axb)*cxd~4)*sqrt(d*x + c))/d"6

3.2.8 Giac [A] (verification not implemented)

Time = 0.35 (sec) , antiderivative size = 558, normalized size of antiderivative = 1.72

/(a+bx (A+ Bz + Cz? + Dx3 )dz
Ve+dx
1155 ((do+c)? —3 vdzTec)Ba? 2310 ((dac)? —3 vdzfoc)Aab 231 (3 (de+c)3 —10 (dztc) 3 c+15
2<3465\/dz—|—cAa2—|— (ot y ) + ((@ato) _ ) + (3 (da+e)2 —10( d2) v

input | integrate ((b*x+a) ~2% (D*x~3+C*x~2+B*x+A) / (d*x+c) ~(1/2) ,x, algorithm="giac") ‘

32. [ <a+bw>2<A$ff;w0w2+Dw3> dz
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output | 2/3465%(3465*sqrt (d*x + c)*A*a~2 + 1155%((d*x + c)~(3/2) - 3*sqrt(d*x + c)
xc)*Bxa~2/d + 2310x((d*x + c)~(3/2) - 3xsqrt(d*x + c)*c)*A*axb/d + 231%(3*
(d*x + c)~(5/2) - 10*(d*x + c)~(3/2)*c + 156*sqrt(d*x + c)*c~2)*C*xa~2/d"2 +
462%(3x(d*x + c)~(5/2) - 10x(d*x + c)~(3/2)*c + 15*sqrt(d*x + c)*c~2)*Bxa
*b/d"2 + 231%(3*(d*x + c)~(5/2) - 10*(d*x + c)~(3/2)*c + 15*sqrt(d*x + c)*
c"2)*A*b~2/d"2 + 99*(5x(d*x + c)~(7/2) - 21x(d*x + c)~(5/2)*c + 35*(d*x +

c)~(8/2)*c”2 - 35xsqrt(d*x + c)*c~3)*D*a"2/d"3 + 198*(5*(d*x + c)~(7/2) -

21*%(d*x + c)~(5/2)*c + 3b*x(d*x + c)~(3/2)*c”2 - 3bxsqrt(d*x + c)*c”~3)*Cxax
b/d~3 + 99*(5x(d*x + c)~(7/2) - 21x(d*x + c)~(5/2)*c + 35x(d*x + c)~(3/2)*
c~2 - 3bxsqrt(d*x + c)*c~3)*B*b~2/d"3 + 22*(35%(d*x + c)~(9/2) - 180*(d*x

+ c)7(7/2)*c + 378*%(d*x + c)~(5/2)*c”2 - 420%(d*x + c)~(3/2)*c”3 + 315*sqr
t(d*x + c)*c~4)*Dxaxb/d"4 + 11x(35*(d*x + c)~(9/2) - 180*(d*x + c)~(7/2)*c
+ 378x(d*x + c)~(5/2)*c”2 - 420*(d*x + c)~(3/2)*c”3 + 315xsqrt(d*x + c)*c
~4)*C*b~2/d"4 + 5%(63x(d*x + c)~(11/2) - 385*(d*x + c)~(9/2)*c + 990* (d*x

+ ¢c)7(7/2)*%c”2 - 1386x(d*x + c)~(5/2)*c~3 + 1155%(d*x + c)~(3/2)*c"4 - 693
*sqrt (d*x + c)*c~5)*D*b~2/d"5)/d

3.2.9 Mupad [B] (verification not implemented)

Time = 4.09 (sec) , antiderivative size = 514, normalized size of antiderivative = 1.59

/(a—l—bczz)2 (A+ Bz + Cz? + Dz?) i
Ve+dx
_2AVe+dz (3 (c+daz)’ +15a?d? + 150*c? — 1062 ¢ (c+ dx) + 10abd (c+ dz) — 30abced)
B 15 d?
ZBR®+dxﬂm+26%%c+dﬂwé+23@+dwﬁmm%ﬂ—4ﬂwd+3W§)
7d* 9d> 3d*
2C (c+dz)*?(a®d® —6abcd+6b>c?) 2Bc(ad—be)’Ve+da
+ —
5dd d*
_4C’c(c+dx)3/2(a2d2—3abcd+2b202)
3& / / /
9/2 Csc $32 C2C $52 C\C $72
e e T L
B 11d
2Cc (ad—bc)’Ve+dz
+ &
2a®ve+dzD (6c(c+dz)’ —20c% (c+dx) +30¢° — 5d°2?)
B 35 d4
262x5\/c+d:cD+2Bb(2ad—3bc) (c+dz)5/2+40b(ad—2bc) (c+dz)"?
11d 5d4 7d5
+4ab\/c+de(168cz(c+dx)2—28003(c+d:c)—400(c+dx)3+28004+35d4z4)
315d°

3.9. f (a+bx)2(A$ff;Cx2+Dx3) dz
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input‘int(((a + b*x)"2%(A + B*x + C*xx~2 + x~3*D))/(c + d*x)~(1/2),x)

output

(2xA*x(c + d*x)~(1/2)*(3*b"2x(c + d*x) "2 + 156%a~2*d"2 + 15%b~2*%c"2 - 10%b~2
*cx(c + dxx) + 10*a*b*d*(c + d*x) - 30*axbxckxd))/(15%d"3) + (2*B*b~2x(c +
d*x)~(7/2))/(7%d~4) + (2xCxb~2x(c + d*x)~(9/2))/(9*%d"5) + (2*Bx(c + d*xx)~(
3/2)*(a~2*d"2 + 3*b~2%c~2 - 4*xaxbkc*d))/(3xd"4) + (2%Cx(c + d*x)~(5/2)*(a”
2*%d~2 + 6*xb”"2%c”2 - 6*axb*cxd))/(5*%d"5) - (2*Bxcx(a*d - b*c) 2x(c + d*x)~(
1/2))/d~4 - (4*Cxcx(c + d*x)~(3/2)*(a"2*d"2 + 2*b~2xc~2 - 3*axb*c*d))/(3*d
~5) - (10*%b~2xc*D*((2x(c + d*x)~(9/2))/(9%d"5) + (2*c”4*x(c + d*x)~(1/2))/d
“6 - (8%c”3%(c + d*x)~(3/2))/(3*d"5) + (12xc~2x(c + d*x)~(5/2))/(6%d~5) -
(8xcx(c + d*x)~(7/2))/(7%d"5)))/(11*d) + (2*Cxc~2*(a*d - b*c) 2x(c + d*x)~
(1/2))/d°5 - (2*a~2x(c + d*x) "~ (1/2)*D*(6*c*k(c + d*x)~2 - 20*%c~2x(c + d*x)
+ 30*%c”™3 - 5xd"3%x73))/(35%d"4) + (2*b~2*x"5x(c + d*x)~(1/2)*D)/(11%d) + (
2*B*b* (2*¥a*d - 3*xbxc)*(c + d*x)~(5/2))/(5%d"4) + (4*Cxb*(a*d - 2¥b*c)*(c +
d*x)~(7/2))/(7%d"5) + (4*xaxb*(c + d*x)~(1/2)*D*(168*c~2*(c + d*x)~2 - 280
*c"3x(c + d*x) - 40*c*(c + d*x)"3 + 280*c”4 + 35%d"4%x"4))/(315%d"5)

f (a+bz)? (A+Bz+Cz2+Dx3) dr

3.2. s
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2 3
3.3 f (a+bx) (A%w +Dz?) do

3.3.1 Optimalresult . . ... ... ... ... .. .. e
3.3.2 Mathematica [A] (verified) . . . . . . . ... .o
3.3.3 Rubi [A] (verified) . . .. . ...
3.34 Maple [A] (verified) . ... ... ... ..
3.3.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .....
3.3.6 Sympy [A] (verification not implemented) . . ... ... ... ... .....
3.3.7 Maxima [A] (verification not implemented) . ... .. ... ... ......
3.3.8 Giac [A] (verification not implemented) . . . .. .. ... ... .......
3.3.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ...

3.3.1 Optimal result

Integrand size = 30, antiderivative size = 212

/ (a+ bzx) (A+ Bz + Cx? + Dz?) i
Ve+dx

_ 2(bc—ad) (c*Cd — Bed? + Ad® — ¢*D) e+ dx
= _ b

_ 2(ad(2¢Cd — Bd* = 3¢*D) — b(3¢*Cd — 2Bcd?® + Ad® — 4¢°D)) (¢ + dz)*/

3d°
2(ad(Cd — 3cD) — b(3¢Cd — Bd? — 6¢2D)) (c + dx)®/?
+ 5d3
N 2(bCd — 4bcD + adD)(c + dz)"/? N 2bD(c + dzx)*/?
7d> 9d°

output‘—2/3*(a*d*(-B*d‘2+2*C*c*d-3*D*c‘2)-b*(A*d‘3—2*B*c*d*2+3*C*c‘2*d-4*D*c‘3))*
\(d*x+c)‘(3/2)/d‘5+2/5*(a*d*(C*d—3*D*c)—b*(—B*d‘2+3*C*c*d—6*D*c*2))*(d*x+c)
\‘(5/2)/d‘5+2/7*(C*b*d+D*a*d—4*D*b*c)*(d*x+c)‘(7/2)/d‘5+2/9*b*D*(d*x+c)‘(9/
‘2)/d‘5—2*(—a*d+b*c)*(A*d‘S—B*c*d‘2+C*c‘2*d—D*c‘3)*(d*x+c)‘(1/2)/d‘5

33. f (a+bx)(A—|\-/lz—T_—tii-xsz+Dx3) de
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3.3.2 Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 184, normalized size of antiderivative = 0.87

(a+bz) (A+ Bz + Cz? + Dz?)

Ve+dz
2v/c + dz(3ad(—48c3D + 8¢*d(7C + 3Dzx) — 2¢d?(35B + z(14C + 9Dx)) + d3(105A + z(35B + 3z(7C

dz

input LIntegrate[((a + b*x)*(A + Bxx + C*x~2 + D*x73))/Sqrtlc + d*x],x] J

output | (2*xSqrt[c + d*x]*(3*a*d*(-48*c~3*D + 8xc~2xd*(7*C + 3*D*x) - 2%c*d~2*(35%B

+ xk(14*C + 9*D*x)) + d"3*(105%A + x*(35*%B + 3*x*(7*C + 5xD*x)))) + b*(12
8%c”4*D - 16*c”3*d*(9*C + 4*D*x) + 24%c™2*%d"2x(7*B + x*(3*C + 2*D*x)) + 4~
4%x* (105%A + x*(63*%B + 5xx*(9%C + T7*D*x))) - 2%c*d~3*(105%A + x*(42%B + x*
(27*C + 20%D*x))))))/(315%d"5)

3.3.3 Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 212, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, number of rules _ () 067, Rules used
integrand size

= {2123, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(a+bz) (A+ Bz + Cz? + Dz?)
Ve+dz

l 2123

dz

d* d4/c+dz
l 2009

/ (x/c + dz(b(Ad® — 2Bcd? — 4¢D + 3¢?Cd) — ad(—Bd? — 3¢>D + 2¢Cd)) N (ad — be) (Ad3® — Bed? + ¢3(—1

33. f (a+bx)(A—|\-/lz—aic_—tii-xC'x2+Dx3) de
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2(c + dzx)3/? (ad(—Bd? — 3¢?D + 2cCd) — b(Ad® — 2Bcd? — 43D + 3c¢2Cd))

3d5
2vc + dz(bc — ad) (Ad® — Bed? + 3(—D) + 2Cd) N
dd
2(c + dz)>/? (ad(Cd — 3¢D) — b(—Bd? — 6¢>D + 3cCd))  2(c + dz)"/2(adD — 4beD + bCd)
+ -
5d° 7d5
2bD(c + dzx)%/?
9d5

inputLInt[((a + bxx)*(A + Bxx + Cxx~2 + D*x"3))/Sqrt[c + d*x],x]

output | (-2*(bxc - a*d)*(c™2%Cxd - Bkc*d~2 + A*d~3 - c~3*D)*Sqrt[c + d*x])/d"5 - (
2% (axd* (2xc*Cxd — B*d"2 — 3*c”2*D) — b*(3*c™2xC*xd — 2xB*cxd™2 + A*d~3 - 4%
c”3xD))*(c + d*x)~(3/2))/(3*d"5) + (2*(axd*(Cxd - 3%c*D) - bx(3*cxCxd - B*
d"2 - 6*%c”2*D))*(c + d*x)~(5/2))/(5%d"5) + (2*%(b*Cxd - 4xb*c*D + a*d*D)*(c
+ d*x)~(7/2))/(7*d"5) + (2*b*D*(c + d*x)~(9/2))/(9*d"5)

3.3.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2123‘Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
‘ :> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c
, d, m, n}, x] && PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2])

33. f (a+bx)(A—|\-/lz—T_—tii-xsz+Dx3) de
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3.3.4 Maple [A] (verified)

Time = 1.65 (sec) , antiderivative size = 162, normalized size of antiderivative = 0.76

method result
4 (CbiDa)ed  (BbiCa)a®  (AbiB 2(4D2b1z3+9(Cb§5Da)w2+2(Bb4£Ca)z+Ab+Ba)cd3
2t | (Dt 4 Corpais® | (bigas? | (abibals )t : |
pseudoelliptic .
5
. . L. 2Db(dm+c)%+2((ad—bc)D+b(Cd—3Dc))(dw.q.c)%+2((ad—bc)(Cd—3Dc)+b(Bd2_200d+3D02))(dw+c)§+2((ad—b0)(Bd2—2(
derivativedivides 9 7 - =

5
9 7 s
2 5 2

2Db(dz+c)2 | 2((ad—be) D+b(Cd—3Dc))(dz+tc) 2((ad—bc)(Cd—3De)+b(B d*~2Ccd+3De? ) ) (datc) +2((ad—bc)(3d2—2t

default 2 i 5 -
2v/dz+c (35Dbxd +45Ch d*a3+45Da d*z3—40Dbc d3z®+63Bb d*x%+63Ca d*z2 —54Cbc d3z2 —54Dac d®x%+48Db

gosper
trager 2v/dz+c (35Db 24d*4+45Cb d*z3+45Da d*z3 —40Dbe d3z3+63Bb d412+63Ca d*z2 —54Cbe d3x2 —54Dac d3 12 +48Db
input Lint ((b*x+a) * (D*x~3+C*x~2+B*x+A) / (d*x+c) ~(1/2) ,x ,method=_RETURNVERBOSE) J

output \ 2% (d*xx+c) ~(1/2) * ((1/9*D*b*x~4+1/7+ (Cxb+D*a) *x~3+1/5% (Bxb+C*a) *x~2+1/3* (A*b \
\ +B*a) *x+A*a) *d~4-2/3% (4/21*D*b*x~3+9/35% (C¥b+D*a) *x~2+2/5% (Bkb+C*a) *x+A*b+ \
\ B*a) *c*d~3+8/15%c~2* (2/7*Dxb*x~2+3/7* (C¥b+D*a) *x+Bxb+C*xa) *d~2-16/35% (4/9*D \
‘*b*x+C*b+D*a)*c‘3*d+128/315*D*b*c‘4)/d‘5 \

3.3.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 204, normalized size of antiderivative = 0.96

(a+ bx) (A+ Bz + Cx? + Dx?)

Ve+dzx
2 (35 Dbd*z* + 128 Dbc* + 315 Aad* + 168 (Ca + Bb)c?d* — 210 (Ba + Ab)cd® — 5 (8 Dbed® — 9 (Da + (

dzx

~—

input Lintegrate ((b*x+a) * (D*x~3+C*x~2+B*x+A) / (d*x+c) ~(1/2) ,x, algorithm="fricas")

output | 2/315* (35*D*b*d~4*x~4 + 128*D*b*c~4 + 315xA*axd"4 + 168*(C*a + Bxb)*c~2*xd™
2 - 210*%(B*a + Axb)*c*d~3 - 5x(8*D*b*c*d~3 - 9*(D*a + Cxb)*d~4)*x"3 + 3*(1
6*Dxb*c~2*d~2 + 21%(C*a + Bxb)*d~4 - 18%(D*a*c + Cxb*c)*d~3)*x~2 - 144x*(D*
axc™3 + Cxb*c~3)*d - (64*Dxbkc~3*d + 84*(Cxa + Bxb)*cxd~3 - 105%(B*a + A*b
)*d~4 - 72x(D*axc~2 + Cxbxc~2)*d"2)*x)*sqrt(d*x + c)/d"5

33. f (a+bx)(A-|\-/B;—T_—tii-xC'xz+DzS) de



input

output

input

output
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3.3.6 Sympy [A] (verification not implemented)

Time = 1.25 (sec) , antiderivative size = 320, normalized size of antiderivative = 1.51

dz

/ (a+ br) (A+ Bx + Cx? + Dx?)
Ve+dzx

5 3
9 (Db(c+dz)% (c-+dz) % (Cbdt Dad—4Dbe) , (c+d2) 2 (Bbd?+Cad?~3Cbed—3Dacd+6Dbc?) | (c+dz) 2 (Abd3+Bad® —2Bbed? ~2Cacd? +3Cbc2d+3Dac
+ +

944 7d4 5d% 3q4
= d
4 3 2
Aaz+ Dbsws_‘r_z (Cl;+Da)+z (Bg—}—Ca)_‘r_z (Al;+Ba)
e
Lintegrate((b*x+a)*(D*x**3+C*x**2+B*x+A)/(d*x+c)**(1/2),x) J

~

Piecewise ((2* (D*¥b*(c + d*xx)**(9/2)/(9*d**4) + (c + d*x)**x(7/2)*(Cxb*d + D*
a*xd — 4*Dxb*c)/(7*d**4) + (c + d*x)**x(5/2)*(B¥b*xd**2 + Cka*d*x*x2 — 3*Ckb*ck
d - 3%D*xaxc*d + 6*Dkxbkc**2)/(5*xd**x4) + (c + d*x)**x(3/2)*(A*b*d**3 + Bxaxdx*
*3 — 2%Bxbkckd**x2 — 2%Ckakckd**x2 + 3%Ckbkc*k*x2xd + 3*kDkakc*k*x2xd — 4%Dkxbkckx*
3)/(3xd**4) + sqrt(c + d*x)*(Axaxd*x4 — A*bkcxd**3 — Bkakckd**3 + Bxbkck*2
*dx*k2 + Ckakxckxkd**2 — Cxbxck*3xd - Dxaxck*3xd + Dxbxc**4)/d**4)/d, Ne(d,
0)), ((Axa*xx + Dxb*x**5/5 + x*x4*(Cxb + D*a)/4 + x**3*(Bxb + Cxa)/3 + x**
2x (A*b + B#*a)/2)/sqrt(c), True))

3.3.7 Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 198, normalized size of antiderivative = 0.93

dz

/ (a+ bx) (A+ Bz + Cx? + Dx?%)
Ve+dzx
2 (35 (dz + ¢)? Db — 45 (4 Dbc — (Da + Cb)d)(dz + ¢)

NI~

+ 63 (6 Dbc*> — 3 (Da + Cb)cd + (Ca + Bb)d?)(

e

Lintegrate ((b*x+a) * (D*x~3+C*x~2+B*x+A) / (d*x+c) ~(1/2) ,x, algorithm="maxima")

~—

2/315%(35*(d*x + c)~(9/2)*D*b - 45x(4*D*bxc - (D*a + Cxb)*d)*(d*x + c)~(7/
2) + 63*(6*D*b*c”2 - 3*(D*a + Cxb)*ckd + (Cka + Bxb)*d~2)*(d*x + c)~(5/2)

- 105%(4*xD*bxc”3 — 3*(D*a + C*b)*c~2*d + 2*x(Cxa + B*b)*cxd"2 - (B*a + Axb)
*d"3)*(d*x + ¢c)~(3/2) + 315%(Dxb*c~4 + Axa*d~4 - (D*a + Cxb)*c~3*d + (C*a

+ Bxb)*c"2*%d"2 - (B*a + Axb)*c*d~3)*sqrt(d*x + c))/d"5

33. f (a+bx)(A—|\-/lz—T_—tii-xsz+Dx3) de
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3.3.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 309, normalized size of antiderivative = 1.46

(a+bz) (A+ Bz + Cz? + Dz?)

dz
Ve+dx
9 (315 \/mAa " 105 ((dm+c)% ;3 \/da:+cc> Ba n 105 ((da:+c)%;3 \/da:+cc> Ab n 21 <3 (dm+c)% -10 (dz(—;c)%c+15 dz+cc2:

~—

inputLintegrate((b*x+a)*(D*x‘3+C*x‘2+B*x+A)/(d*x+c)‘(1/2),x, algorithm="giac")

output | 2/315%(315*sqrt (d*x + c)*A*a + 105%((d*x + c)~(3/2) - 3*sqrt(d*x + c)*c)*B
*a/d + 105%((d*x + c)~(3/2) - 3*sqrt(d*x + c)*c)*Axb/d + 21*(3*(d*x + c)~(
5/2) - 10%(d*x + c)~(3/2)*c + 15xsqrt(d*x + c)*c~2)*C*a/d"2 + 21*(3*(d*x +

c)~(5/2) - 10%(d*x + c)~(3/2)*c + 15xsqrt(d*x + c)*c~2)*B*b/d"2 + 9*(5x(d
*x + c)~(7/2) - 21x(d*x + c)~(5/2)*c + 35x(d*x + c)~(3/2)*c”2 - 3b5*sqrt(d*
X + c)*c”3)*D*a/d"3 + 9k (5*x(d*x + c)~(7/2) - 21x(d*x + c)~(5/2)*c + 35*(d*
X + ¢c)7(3/2)*c”2 - 3b*sqrt(d*x + c)*c~3)*C*b/d"3 + (35x(d*x + c)~(9/2) - 1
80*(d*x + c)~(7/2)*c + 378x(d*x + c)~(5/2)*c™2 - 420*(d*x + c)~(3/2)*c~3 +
315*sqrt(d*x + c)*c~4)*Dxb/d"4)/d

33. f (a+bx)(A-|\-/B;—T_—tii-xC'xz+DzS) de
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3.3.9 Mupad [B] (verification not implemented)

Time = 3.71 (sec) , antiderivative size = 351, normalized size of antiderivative = 1.66

/%a+m A+Bx+&r+Dw)M
Ve+dx
24b(c+dz)** —6Abcvet+dz 2Ba(c+dz)** —6Bacve+dz
= +
3 d? 3d?
63b@+d$fﬂ+303bcVC+d$—2OBde+d@WQ
15d3
6Ca(c+dz)”*+30Cac®Ve+dz—20Cac(c+dz)*? 24ave+da
+ 154d3 + d
2Cb(c+dx)’? 2ave+dzD (6c(c+da)’ —20¢ (c+dz)+30c° —5d2?)
7d* 35d4
z'vVe+dzD 6Cbc(c+dx)*?
9d ) 5d* ) )
7/2 2 3/2 5/2
8beD (2(0—1;31:) . 2(;3\524-% + 2c (c;;iz) _ ﬁc(c;-c(iif) )
9d
2CbEVe+rdz  2CbA(c+dz)?
- d * d

inputtint(((a + b*x)*(A + B*x + Cxx~2 + x73%D))/(c + d*x)~(1/2),x)

output | (2xAxb*(c + d*x)~(3/2) - 6*Axbxc*(c + d*x)~(1/2))/(3*d"2) + (2*Bxax(c + dx*
x)~(3/2) - 6*Bkaxck(c + d*x)~(1/2))/(3*d"2) + (6*B*b*x(c + d*x)~(5/2) + 30%
Bxb*c~2*(c + d*x)~(1/2) - 20*Bxb*c*(c + d*x)~(3/2))/(15%d"3) + (6*Ckax(c +
d*x)~(5/2) + 30*Cxaxc™2*(c + d*x)~(1/2) - 20*Cxaxc*(c + d*x)~(3/2))/(15xd
~3) + (2xAxax(c + d*x)~(1/2))/d + (2%Cxbx(c + d*x)~(7/2))/(7*d~4) - (2%ax*(
c + d*x)~(1/2)*#D*(6*c*(c + d*x)~2 - 20*%c~2*(c + d*x) + 30%c~3 - 5*%d~3*x"3)
)/ (35%d"4) + (2*b*x~4*(c + d*x)~(1/2)*D)/(9%d) - (6*Cxb*c*x(c + d*x)~(5/2))
/(5xd~4) - (8*bxckD*((2x(c + d*x)~(7/2))/(7*d"4) - (2*c”™3*(c + d*x)~(1/2))
/d™4 + (2xc™2x(c + d*x)~(3/2))/d"4 - (6*c*(c + d*x)~(5/2))/(5%xd~4)))/(9*d)
- (2%Cxb*c~3*(c + d*x)~(1/2))/d"4 + (2*xCxbxc™2x(c + d*x)~(3/2))/d™4

33. f (a+bx)(A-|\-/B;—T_—tii-xC'xz+DzS) de
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3.4 A+Ba+Ca2*+Da’ ..
Vetds

34.1 Optimalresult . .. ... ... . .. ... 621
3.4.2 Mathematica [A] (verified) . . . . . ... ... .. Lo oL 62
3.4.3 Rubi [A] (verified) . . . . .. ... 63
3.44 Maple [A] (verified) . . . .. .. . ... 64
3.4.5 Fricas [A] (verification not implemented) . . . . . ... ... ... ... ... 64
3.4.6 Sympy [A] (verification not implemented) . . . .. ... ... ... ... .. 651
3.4.7 Maxima [A] (verification not implemented) . .. ... ... ... ...... 651
3.4.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 661
3.4.9 Mupad [B] (verification not implemented) . . ... ... ... . ... .... 66

3.4.1 Optimal result

Integrand size = 25, antiderivative size = 115

A+ Bz + Cz* + Da? dp — 2(c*Cd — Bed? + Ad® — D) v/c+ dx

Ve+dz d*
2(2¢Cd — Bd? — 3¢?D) (c + dx)3/?
B 34
2(Cd — 3¢D)(c + dzx)®? N 2D(c + dz)"/?
5d* Td4

output ‘ -2/3% (-B*d~2+2%C*c*d-3*D*c~2) * (d*x+c) ~ (3/2) /d~4+2/5* (C¥d-3*D*c) * (d*x+c) ~ (5
\/2)/d‘4+2/7*D*(d*x+c)‘(7/2)/d‘4+2*(A*d‘B—B*c*d‘2+C*c‘2*d—D*c‘3)*(d*x+c)‘(1
/2)/d"4

N\ J

3.4.2 Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 82, normalized size of antiderivative = 0.71

A+ Bz + Cx? + Dz?

d
Ve+dzx !
_ 2vc+dx(—48c¢°D + 8c¢2d(7C + 3Dx) — 2¢d*(35B + x(14C + 9Dx)) + d*(105A + z(35B + 3z(7C + 51

105d*

input‘ Integrate[(A + Bxx + C*x~2 + D*x73)/Sqrtlc + dx*x],x]

A+Bz+Cz2+Daz3
3.4. BNV~ dx
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output‘ (2%Sqrt[c + d*x]*(-48%c™3*D + 8*c~2xd*(7*C + 3*D*x) - 2%cxd~2*(35%B + x*(1 \
L4*c + 9%D*x)) + d~3%x(105%A + x*(35%B + 3kx*k(7*C + 5%D*x)))))/(105%d"~4) J

3.4.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, Bumber of rules _ 484 Ryles used
integrand size

= {2389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

A+ Bz + Cx? + Dz3
Ve+dx
l 2389

dx

/ Ad?® — Bed? + ¢3(—D) + 2Cd + Ve+ dz(Bd? 4 3¢D — 2¢Cd) N (c+ dz)%/%(Cd — 3¢D) N D(c+ dm)5/2\
d3vc+dz d3 d3 a3

l 2009
2v/c+ dz(Ad® — Bed? + ¢3(—D) + c2Cd) ﬂmﬁ@w(Jmﬁﬁép+%aﬂ+
d* - 3d4
2(c + dz)%/?(Cd — 3cD) + 2D(c + dzx)7/?
5d4 7d4

inputLInt[(A + Bxx + Cxx~2 + D*x7~3)/Sqrtlc + d*x],x]

~—

p
output\(z*(c*z*C*d - B*c*d™2 + A*d™3 - c”~3*D)*Sqrtlc + d*x])/d"4 - (2%(2*cxCxd -

\B*d*2 - 3xc”2+D)*(c + d*x)~(3/2))/(3*d~4) + (2%(Cxd - 3*c*D)*(c + d*x)~(5/
2))/(5%d~4) + (2xDx(c + dx*xx)~(7/2))/(7*d"4)

& J

— )

A+Bz+Cz2+Daz3
3.4. BNV~ dx
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3.4.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ruka2389‘Int[(Pq_)*((a_) + (b_.)*(x_)"(n_.))"(p_.), x_Symbol] :> Int[ExpandIntegrand
‘[Pq*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, n}, x] && PolyQ[Pq, x] && (IGtQ[p
, 01 || EqQln, 11) |

3.4.4 Maple [A] (verified)

Time = 1.63 (sec) , antiderivative size = 72, normalized size of antiderivative = 0.63

method result
2 9D2+QC+Bd2 82 3Dz+Cd 3
2<(A+§Dx3+;0z2+§3x)d3— (g5 D= o L (ﬁ ) —16Dc? ) \/dzte
pseudoelliptic i
gosper 2v/dz+c (1-5D:l:3d3 +21C d322—18Dc d?z2+35B d3z—28Cc d?z+24Dc?dz+105A d3—70Bc d2+56C c2d—48Dc3)
10544
2v/dx~+c (15Dx3d34+21C d322—18Dc d?x24-35B d3x—28Cc d?x+24Dc?dx+105A d® —70Bc d?+56C c2d—48Dc3
trager
g 105d%
3 3 3 2 3 3 3
. . L. 2D(d:f7+c) + 2Cd(d;+c) _ 6Dc(d5z+c) + 2B d (§z+c) _ 4Ccd(t§z+c) +2Dc2(dm+c) 2424 d3 /d(E+C—2BCd2 /da:+c-
derivativedivides i
2D (dz+c) +20d(da:+c) _ 6Dc(dz+c) +2Bd (dz+c)2 _ 4Ccd(dz+c) +2D02 dz+c 7+2Ad3\/(T+C—2BCd2\/CT+C-
7 5 5 3 3

default -

input Lint ((D*x~3+C*x~2+B*x+A) / (d*x+c) ~(1/2) ,x ,method=_RETURNVERBOSE) J

Output‘2*((A+1/7*D*x‘3+1/5*C*x‘2+1/3*B*x)*d‘3—2/3*c*(9/35*D*x‘2+2/5*C*x+B)*d‘2+8/
‘15*c*2*(3/7*D*x+c)*d—16/35*D*c‘3)*(d*x+c)‘(1/2)/d‘4 ‘

3.4.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 90, normalized size of antiderivative = 0.78

A+ Bz + Cx?+ Dz?
Ve+dx
2 (15 Dd3z® — 48 Dc® + 56 Cc’d — 70 Bed? + 105 Ad® — 3 (6 Ded? — 7 Cd®)z? + (24 Dc?d — 28 Ced? + 3!
N 105 d4

dz

A+Bz+Cz2+Daz3
3.4. BNV~ dx
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input‘integrate((D*x“3+C*x”2+B*x+A)/(d*x+c)“(1/2),x, algorithm="fricas") ‘

e N
output‘2/105*(15*D*d“3*x“3 - 48*Dxc”3 + 56%Ckc~2+d - TO*Bkcxd™2 + 105%A*d~3 - 3*(

\6*D*c*d‘2 - 7#Cxd"3)*x"2 + (24*D*c”2xd - 28*Ckc*d”~2 + 35*B*d~3)*x)*sqrt(d*

x +c)/d4 |

3.4.6 Sympy [A] (verification not implemented)

Time = 0.62 (sec) , antiderivative size = 163, normalized size of antiderivative = 1.42

dz

/A+Ba:+C:c2+Dx3
ve+dz

3 3 5 5 7
3 3 5 5 5 7
—mh+ﬁ+®+?o2) 2c(£¢mdwﬁ““f@2+“*%”2) 2D<—§¢m@an%md@?—3“ﬁf@2+“+?”2)
+

2B (
2A+v ct+dz+ +
_ d &2 y 3 ford

2 3 4
A:C+B2w +C§ +D:c

NG 4 other

input tintegrate ((D*x**3+Crx**2+B*x+A) / (d*x+c) ** (1/2) ,x) J

output | Piecewise (((2*A*sqrt(c + d*x) + 2*Bx(-c*sqrt(c + d*x) + (c + d*x)*x(3/2)/3
)/d + 2%Ck(c*k*2*ksqrt(c + d*x) - 2xck(c + d*x)**(3/2)/3 + (c + d*x)**(5/2)/
5)/d**2 + 2xDx(-c**3*sqrt(c + d*x) + c**2*(c + d*x)**(3/2) - 3*c*(c + d*x)
*x(5/2)/5 + (c + d*x)**(7/2)/7)/d**3)/d, Ne(d, 0)), ((Axx + B*x*x2/2 + C*x
**3/3 + D*x**4/4)/sqrt(c), True))

N J

3.4.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 128, normalized size of antiderivative = 1.11

A+ Bz + Cx?+ Dz?

Ve+dx
3 5 3 7 5
35 ( (dz+c)2 —3+/dx+cc)B 7 (3 (dz+c) 2 —10 (dz+c) 2 c+15 v/dr+cc? ) C 3 (5 (dx+c)2 —21 (dz+c)2 c+35
2<105 T oA+ ((dote)2 =3 Vrec) N (3 (o) 2 —10 (da-+¢) 2 c+15 Vdz+ec? ) N (5 (o) 221 (da+c) 2 ot

dz

d & &
N 105d
input Lintegrate ((D*x~3+Ckx~2+B*x+A) / (d*x+c)~(1/2) ,x, algorithm="maxima") J

A+Bz+Cz2+Daz3
3.4. BNV~ dx
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output‘2/105*(105*sqrt(d*x + c)*A + 35%((d*x + ¢)~(3/2) - 3*sqrt(d*x + c)*c)*B/d
+ Tx(3x(d*x + ©)7(5/2) - 10%(d*x + ¢)"(3/2)*c + 15xsqrt(d*x + c)*c™2)*C/d”
12+ 3%(5x(d¥x + ¢)7(7/2) - 21x(d*x + c)"(5/2)%c + 35%(d*x + )~ (3/2)*c™2 -
‘ 35xsqrt (d*x + c)*c~3)*D/d"3)/d ‘

3.4.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 128, normalized size of antiderivative = 1.11

A+ Bz + Cz?+ D23

dz
ve+dz

) (105 VI eA+ 35 ((dw+c)g;3 Vdzrec) B N 7(3 (de+c)3 —10 (dac(—;c)%c-i-lE) dwtec?)C L3 (s (de+c)5 —21 (dx+c)§c+;35

105d

-

input Lintegrate ((D*x~3+C*x"2+B*x+A) / (d*x+c) ~(1/2) ,x, algorithm="giac")

~—/

output‘2/105*(105*sqrt(d*x + c)*A + 35x((d*x + c)~(3/2) - 3*sqrt(d*x + c)*c)*B/d
‘+ T*(3*%(d*x + c)~(5/2) - 10%(d*x + c)~(3/2)*c + 1b*sqrt(d*x + c)*c”2)*C/d”
12+ 3x(5x(d*x + ¢)7(7/2) - 21x(d*x + c)"(5/2)*c + 35%(d*x + c)~(3/2)*c™2 -
| 35%sqrt(d*x + c)*c~3)*D/d"3)/d

3.4.9 Mupad [B] (verification not implemented)

Time = 3.24 (sec) , antiderivative size = 128, normalized size of antiderivative = 1.11

A+ Bz + C2? + Dz?
Ve+dzx
6C (c+dz)**—20Cc(c+dz)**+30CAEVe+da
B 15 d?
2B(c+dz)*? —6Bcve+dz 2AVc+dz
" 3 T4
2vc+dzD (6c(c+dz)’ —20c% (c+dz) +30¢° — 5d°2?)
- 35 d4

dx

input | int ((A + B*x + Cxx~2 + x~3%D)/(c + d*x)~(1/2),x)

A+Bz+Cz2+Daz3
3.4. BNV~ dx
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output‘ (6xC*x(c + d*x)~(5/2) - 20%Cxc*(c + d*x)~(3/2) + 30*%Cxc”2*(c + d*x)~(1/2))/
\(15*d“3) + (2xBx(c + d*x)~(3/2) - 6%Bkxcx(c + d*x)~(1/2))/(3*%d"2) + (2*A*(c
o+ )T (1/2))/d - (2%(c + dkx)"(1/2)*D*(Bxck(c + dxx)"2 - 20xc 2 (c + dkx
) + 30%c™3 - 5%d~3#x"3))/(35%d"4)

A+Bz+Cz2+Daz3
3.4. BNV~ dx
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3.5 A+Ba+Caz*+Da? ..
) (a+bx)Vct+dz

3.5.1 Optimalresult . . ... ... ... .. ... ... 68]
3.5.2 Mathematica [A] (verified) . . . . . . . ... . Lo 68]
3.5.3 Rubi [A] (verified) . . ... ... .. 69
3.5.4 Maple [A] (verified) . ... ... ... ... 0}
3.5.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ... (1]
3.5.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... .. (71l
3.5.7 Maxima [F(-2)] . . . . ... .. 72
3.5.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 72
3.59 Mupad [F(-1)] . . . . o 73

3.5.1 Optimal result

Integrand size = 32, antiderivative size = 188

dr =

/ A+ Bz + Cz? + Dz? 2(a*d?>D — abd(Cd — ¢D) — b*(cCd — Bd* — ¢*D)) Ve + dzx

(a+bx)Ve+dz b3d3
N 2(bCd — 2bcD — adD)(c + dx)®/? N 2D(c + dz)5/?
3b2d3 5bd3
2(Ab® — a(b?B — abC + a?D)) arctanh(% %)
b7/24/bc — ad

output ‘{2/3* (C*bxd-D*a*d—-2*D*b*c) * (d*x+c) ~(3/2) /b~2/d~3+2/5+D* (d*x+c) ~(5/2) /b/d"3-
\2*(A*b“3—a*(B*b‘2—C*a*b+D*a“2))*arctanh(b‘(1/2)*(d*x+c)‘(1/2)/(—a*d+b*c)“(
11/2))/b7(7/2)/ (-axd+bkc) ™ (1/2) +2% (a~2xd~2+D-axbkdx (Cd-Dxc) -b~2x (-B*d~2+Cx

c*d-D*c~2) ) * (d*x+c) ~(1/2) /b~3/d"3

N\ J

/|

3.5.2 Mathematica [A] (verified)

Time = 0.25 (sec) , antiderivative size = 161, normalized size of antiderivative = 0.86

/A+Bw+Cw2+DJ;3 d

(a+bx)Ve+dz
_ 2vVe+dz(15a*d*D — 5abd(3Cd — 2¢D + dDzx) + b*(8¢*D — 2¢d(5C + 2Dzx) 4+ d*(15B + 5Cx 4 3Dz?))
B 15b3d3

2(Ab® — a(b?B — abC + a?D)) arctan <‘/5_% Vbzm>
_|_
b7/24/—bc + ad

3.5. A+Bz+C2?+ Dz’ ..

(a+bz)Vet+dz
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input‘ Integrate[(A + Bxx + Cxx~2 + D*x"3)/((a + b*x)*Sqrt[c + d*x]),x]

output((2*Sqrt[c + dxx]*(15%a~2*%d~2*%D - S5xaxb*d*(3*xCxd - 2%c*D + d*D*xx) + b~ 2% (8%
\c‘z*D - 2%c*d*(5%C + 2xDxx) + d"2*%(15%B + 5%C*x + 3*D*x72))))/(156%b~3*d"3)
‘ + (2% (Axb~3 - a*(b"2#B - ax*b*C + a~2*D))*ArcTan[(Sqrt[b]*Sqrt[c + d*x])/S
Lqrt[-(b*c) + a*xd]]1)/ (b~ (7/2)*Sqrt [-(b*c) + a*d])

|

3.5.3 Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 188, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, Bumber of rules _ 469 Ryles used

integrand size
= {2123, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

+ Ve + dzx(—adD -

/A+Bx+Ca:2+Dx3 dz
(a +bx)vec+dx
| 2123
/ Ab® — a(a®D — abC + b*B) + a?d’D — abd(Cd — cD) — (b*(—Bd? + *(—D) + c¢Cd))
b3(a + bx)vVe + dz b3d?Vc+ dx
| 2009
_2(Ab3 —a(a?D — abC + v*B)) arctanh(% V:;‘ff)
b7/2y/bc — ad
2v/c+ dz(a®d>D — abd(Cd — cD) — (b?(—Bd? + ¢*(—D) + cCd))) N
b3d3
2(c + dz)%/%(—adD — 2bcD + bCd) N 2D(c + dz)°/?
3b2d3 5bd3

input LInt[(A + Bxx + Cxx~2 + D*x"3)/((a + b*x)*Sqrtlc + d*x]),x]

output | (2x(a~2*d~2+#D - a*b*d*(Cxd - c*D) - b~2*(cxC*d - B*d~"2 - c~2xD))*Sqrt[c +
d*x])/(b"3%d"3) + (2*x(b*Cxd — 2*b*c*D - a*d*D)*(c + d*xx)~(3/2))/(3*%b"2%d"3
) + (2*D*(c + d*x)~(5/2))/(56*¥b*xd~3) - (2x(A*b~3 - a*(b~2%B - axb*C + a~2xD
))*ArcTanh [(Sqrt [bl*Sqrt [c + d*x])/Sqrt[b*c - a*d]])/(b~(7/2)*Sqrt[bxc - a
*d] )

A+Bz+Cz2+Daz3
3.5. Hlatba)Vords dx
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3.5.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2123 Int[(Px_)*((a_.) + (b_)*(x))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] |
‘:> Int [ExpandIntegrand [Px*(a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c
, d, m, n}, x] && PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2])

3.5.4 Maple [A] (verified)

Time = 1.72 (sec) , antiderivative size = 157, normalized size of antiderivative = 0.84

method result
243 (b3 A—a b2 B+C a2b—Da?) arctan (\/”(j Lt ) +2+/(ad—bo)b Vda+e (((;Dx2+§0x+3)b2—a (B2+C)b+Da?
pseudoelliptic B0 adb)0
312 o2 3 3 2 3
9 <D(dz-§c) b + Cb d(gw+c) _ Dabd(%:v+c) _2Db c(g:c-&-r;) +Bb2d2/dz5Fo—Cab d2+/daFe—C b2cdv/daFo+Da2d2v/dzTe
. . . . 3
derivativedivides : pE
312 o2 3 3 2 3
9 <D(dz-§c) b + Cb d(gz+c) _ Dabd(%z+c) _2Db c(ga:+c) +Bb2d2/dzFe—Cab d2/daFe—C b2 cdv/daFo+ Da2d2 vdzTe
3
default : B
inputLint((D*x‘3+C*x“2+B*x+A)/(b*x+a)/(d*x+c)“(1/2),x,method=_RETURNVERBOSE) J

output‘2/((a*d—b*c)*b)‘(1/2)*(d‘3*(A*b‘S-B*a*b‘2+C*a‘2*b-D*a‘3)*arctan(b*(d*x+c)‘
\(1/2)/((a*d-b*C)*b)‘(1/2))+((a*d-b*C)*b)“(1/2)*(d*X+C)‘(1/2)*(((1/5*D*X‘2+
\1/3*C*x+B)*b‘2—a*(1/3*D*x+C)*b+D*a‘2)*d‘2—2/3*((2/5*D*x+C)*b—D*a)*b*c*d+8/
‘15*D*b“2*c‘2))/d‘3/b“3 ‘

A+Bz+Cz2+Daz3
3.5. Hlatba)Vords dx



input

output
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3.5.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 565, normalized size of antiderivative = 3.01

/A+Bx+Cw2+Dx3
(a+bx)Ve+dz

15 (Da® — Ca2b + Bab? — Ab*)v/B%c — abdd® log (bdz+2 bc—ad+;v+fc-abdvdm+6) +2(8 DbAc® — 15 (Da’ -

dz

2 (15 (Da® — Ca?b + Bab? — Ab®)v/—b%c + abdd® arctan <—HM Vdﬁ) — (8 Dbc® — 15 (Da® — C

e hY

integrate ((D*x~3+Cxx~2+B*x+A) / (b*x+a)/(d*x+c) ~(1/2) ,x, algorithm="fricas")

[1/15%(15%(D*a~3 - C*a~2*b + B*axb~2 - A*b~3)*sqrt(b~2*c - a*bxd)*d~3*log(
(b*d*x + 2%b*c - axd + 2xsqrt(b~2*c - axb*d)*sqrt(d*x + c))/(b*x + a)) + 2
*(8*D*b~4*c"3 - 15%(D*a”3*b - C*a~2*%b~2 + B*a*b~3)*d~3 + 5x(D*a”2*xb~2%c -

(Cxa*b~3 - 3*Bxb~4)*c)*d"2 + 3*%(Dxb~4*cxd"2 - D*xa*b~3*xd"3)*x"2 + 2x(D*axb”
3*%c”2 - 5xCxb~4xc”2)*d — (4*D*b~4*c”2*d - 5*(D*a~2*xb"2 - C*a*b~3)*d"3 + (D
*a*xb~3%c — 5*C*kb~4xc)*d~2)*x)*sqrt(d*x + c))/(b~5bxc*d™3 - a*b~4*d~4), -2/1
5x(15x(D*a~3 - Cxa"2*b + Bxa*b~2 - A*b~3)*sqrt(-b~2*c + a*bx*d)*d”~3*arctan(
sqrt (-b~2*c + axb*d)*sqrt(d*x + c)/(b*d*x + b*c)) - (8+D*b~4*xc~3 - 15%(Dxa
~3%b - Cxa~2%b~2 + B*a*b~3)*d~3 + 5*(D*a”2*b~2%c - (Ckaxb~3 - 3*Bxb~4)*c)*
d~2 + 3*(D*b~4*c*d"2 - D*a*b~3*d"3)*x"2 + 2x(D*axb~3*c™2 - 5*Ckb~4*c”2)*d

- (4%D*b~4*c~2%d - 5x(D*a”~2xb~2 - C*a*xb~3)*d~3 + (D*axb~3*c — 5xCkb~4*c)x*d
~2)*x)*sqrt(d*x + c))/(b"5xc*d"3 - a*b”4*d"4)]

3.5.6 Sympy [A] (verification not implemented)

Time = 3.94 (sec) , antiderivative size = 275, normalized size of antiderivative = 1.46

/U4+Bx+C&L+Dﬁ
(a+bx)Ve+dz

dz

;

d(—Ab3+Bab?—Ca2b+Da?) atan( Vetdr )

5 3 —
9 D(c+dz)7+(c+dz)?(0bd7Dad72DbC)+\/c+dz(Bb2d270abd27Cb2cd+Da2d2+Dabcd+Db2c2)_ ad—bc
5bd2 3b2d2 b3d2 b4\/ad;bc
d
xr
z forb=0
( 3 2 2 3 a
—Ab3+Bab?—Ca2b+Da ) log (atb)
og (a+bx .
. B6? CabtDa B2 otherwise
Dﬁ+ﬁ(CFD®+z( —Cabt “)_
3b 252 b3 b3

/e

A+Bz+Cz2+Daz3
3.5. —73155—7155—-dz
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input | integrate ((D*x**3+Ckx**2+Bxx+A)/ (b*x+a)/(d*x+c)**(1/2) ,x)

output | Piecewise ((2*%(Dx(c + d*x)**(5/2)/(5xb*d**2) + (c + d*x)**(3/2)*(Cxb*d - Dx*
axd - 2#Dxbx*c)/(3*b*x*2*d**2) + sqrt(c + d*x)*(B*b**2xd**2 — Ckaxb*d**2 - C
*b*x2kxckd + D*a*x*2kxd**2 + D*xaxb*ckd + D¥xb*x2xcx*2)/(b**x3kxd**2) — d* (-Axb**
3 + B¥a¥b**2 - Cxa*x*2xb + D*ax*3)*atan(sqrt(c + d*x)/sqrt((axd - b*c)/b))/
(b**4*xsqrt ((a*d - bxc)/b)))/d, Ne(d, 0)), ((D*x*x3/(3*b) + x**2x(Cxb - D#*a
)/ (2%b*%*2) + x*(Bxb*x*2 — Ckxa*b + D*a**2)/b**3 — (-A*b**3 + Bkakxb**2 — Ckxa*
*2*b + Dxax*3)*Piecewise((x/a, Eq(b, 0)), (log(a + b*x)/b, True))/b**3)/sq
rt(c), True))

3.5.7 Maxima [F(-2)]

Exception generated.

A+ B Cx? + Dx3
/ i et dx = Exception raised: ValueError
(a+ bzx)ve+dz
inputLintegrate((D*x“3+C*x”2+B*x+A)/(b*x+a)/(d*x+c)“(1/2),x, algorithm="maxima") J

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(a*d-b*c>0)', see “assume?” for m
‘ore detail ‘

3.5.8 Giac [A] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 248, normalized size of antiderivative = 1.32

A+ Bz + Cz?® + D2 2(Da?® — Ca®b + Bab* — Ab®) arctan (\/_:‘%>
dz = —
/ (a+ bx)Ve+dz v —b%c + abdb?
2 (3 (dz + c)2 Db*d'? — 10 (dz + c)? Dbted'? + 15 /dz + cDbic2d™ — 5 (dz + )2 Dab*d™® + 5 (dz + ¢
+
inputLintegrate((D*x“3+C*x“2+B*x+A)/(b*x+a)/(d*x+c)‘(1/2),x, algorithm="giac") J
3.5. A+Bz+C2?+ Dz’ ..

(a+bz)Vet+dz
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output | -2x(D*xa~3 - Cxa~2*b + B¥axb~2 - A*b~3)*arctan(sqrt(d*x + c)*b/sqrt(-b~2*c
+ a*b*d))/(sqrt(-b"2*c + a*b*d)*b~3) + 2/15x(3*(d*x + c)~(5/2)*D*b~4*d~12
- 10*(d*x + c)~(3/2)*D*b"4*c*d"12 + 15xsqrt(d*x + c)*D*b~4*c~2*%d~12 - 5x(d
*x + c)~(3/2)*D*a*b"3*d"13 + 5*(d*x + c)~(3/2)*C*¥b~4*d"13 + 15xsqrt(d*x +
c)*D*a*b~3*c*d~13 - 15*sqrt(d*x + c)*C¥b~4*cxd~13 + 15*sqrt(d*x + c)*Dxa"2
*b"2xd"14 - 16*sqrt(d*x + c)*Cxa*b~3*d"14 + 15*sqrt(d*x + c)*Bxb~4xd~14)/(
b~5*d~15)

3.5.9 Mupad [F(-1)]

Timed out.

dx

/A+Bw+Ca:2+Dx3d _/A+B:c+Cx2+a:3D
(a+ bx)Vce+ dx (a+bzx) Ve+dzx

iHPUtLint((A + B*x + C*x~2 + x~3*D)/((a + b*x)*(c + d*x)~(1/2)),x%)

outputLint((A + Bxx + Cxx~2 + x~3xD)/((a + b*x)*(c + d*x)~(1/2)), x)

A+Bz+Cz2+Daz3
3.5. Hlatba)Vords dx
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3.6 A+Ba+Caz?+Da? ..
(a+bx)2/c+dx

3.6.1 Optimalresult . . .. .. ... ... . . [74
3.6.2 Mathematica [A] (verified) . . . . . .. ... ... L 74
3.6.3 Rubi [A] (verified) . . .. ... .. . ... 751
3.6.4 Maple [A] (verified) . ... ... ... ... 78
3.6.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... 8
3.6.6 Sympy [F(-1)] . . . . 79
3.6.7 Maxima [F(-2)] . . . . . . R0
3.6.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... R0
3.6.9 Mupad [F(-1)] . . . . . o &1

3.6.1 Optimal result

Integrand size = 32, antiderivative size = 201

/A+Bx+C’:c2—l—Dz3 i
(a+ bx)?v/c+ dz
a(sz—abC’-i—aQD)
_ 2(bCd —beD — 2adD)Ve+dx (A - 53 ) Vet dz N 2D(c + dz)3/?
B b3d2 (bc — ad)(a + bx) 3b2d2

(b*(2Bc — Ad) — ab*(4cC + Bd) — 5a*dD + 3a’b(Cd + 2cD)) arctanh(—%%’”)
b7/2(be — ad)3/?

output ‘ 2/3%D* (d*x+c) ~(3/2) /b~2/d"2- (b~ 3% (—~A*d+2*B*c) —a*b~ 2% (Bkd+4*Cxc) —5*a~3*d*D+ ‘
‘3*a‘2*b*(C*d+2*D*c))*arctanh(b‘(1/2)*(d*x+c)‘(1/2)/(—a*d+b*c)‘(1/2))/b‘(7/
2)/ (~a*d+bkc) " (3/2) +2% (Cxbrd-2+D*a*d-D¥bkc) * (d*x+c) ™ (1/2) /b~3/d"2- (A-a* (B*
b 2-Caxb+D+a"2) /b~3)* (d¥x+c) ~(1/2)/ (-ard+bxc) / (bxx+a) J

3.6.2 Mathematica [A] (verified)

Time = 0.59 (sec) , antiderivative size = 231, normalized size of antiderivative = 1.15

dz =

/A+Bx+CxQ+Dx3

(a+bx)2Vc+dz
Ve + dz(—15a3d?D + a?bd(9Cd + 8¢D — 10dDzx) + b*(3Ad? — 2¢z(3Cd — 2¢D + dDxz)) + ab?*(4¢D

3b3d?(be — ad)(a + bx)
(b*(2Bc — Ad) — ab?*(4¢C + Bd) — 5adD + 3a*b(Cd + 2¢D)) arctan (—%)
b7/2(—bc + ad)®/?

A+Bz+Cz2+Daz3
3.6. arbe)iverds dx
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input‘ Integrate[(A + B*x + C*x~2 + D*x"3)/((a + b*x)~2*Sqrt[c + d*x]),x]

output

-1/3*(Sqrt[c + d*x]*(-15%a~3%d"2*D + a~2xbxd*(9*C*d + 8xc*D - 10*d*D*xx) +

b73% (3kA*d"2 — 2*c*x*(3*%Cxd — 2xc*xD + d*D*x)) + a*xb™2%(4*xc”2xD - 6*xc*xd*(C

- D*x) + d"2*(-3*B + 6*Ckx + 2%D*x72))))/(b"3*d"2*(b*c - a*d)*(a + b*x)) -
((b™3*(2*xBxc — A*d) - a*b~2*(4*c*xC + Bxd) - 5*%a”3*d*D + 3*a~2xbx(Cxd + 2%

c*D) ) *ArcTan[(Sqrt [b] *Sqrt[c + d*x])/Sqrt[-(b*c) + a*d]])/(b~(7/2)*(-(bxc)
+ axd)~(3/2))

3.6.3 Rubi [A] (verified)

Time = 0.71 (sec) , antiderivative size = 229, normalized size of antiderivative = 1.14,
number of steps used = 6, number of rules used = 5, number of rules _ 0.156, Rules used

integrand size
= {2124, 27, 1192, 1467, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/A+Bm+Cx2+Dm3 i
T
(a+bx)2Vc+dz
l 2124
f ~ 2<c_aTd)Dw2+2(bc7ad)lfgc’faD)x+ 7dDa3+b(Cd+2cD)a27b:3(2cC+Bd)a+b3(2Bc7Ad) i
_ 2(a+bz)vct+dx z .
bc — ad

a(a?D—abC+b*B
ve+dzx (A — %)
(a + bz)(bc — ad)

| 27

2
_ d€)§7.3 + (Cd+§2cD)a _ (2cC—ll;Bd)a +2 (c_aTd>D$2+2BC_Ad+2(bc—ad)b(§C—aD):v
f (a+bz)vct+dx
2(bc — ad)

\/m(A . a(a2D—ng+bQB))
(a + bz)(bc — ad)
l 1192

dx

A+Bz+Cz2+Daz3
3.6. arbe)iverds dx
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3 ( a3 a2 2
—2Dc3+2Cdc2—2Bd20—2<c—%d>D(c+dm)2+d (a6 +“(Db3 bCa+b?5)) — 2be—ad)(bOd—abd-2bcD)(ctdz) J .
bc—ad—b(c+dx) vc+azx
d?(bc — ad)
21 2
m(A . a(a®D ZSC-H) B))
(a + bx)(bc — ad)

l1«w

2(bc—ad)(bCd—2aDd—bcD) | 2(bc—ad)D(ct+dz) |, Ad3b®—2Bcd?b®+aBd3b?+4acCd?b2—3a2Cd3b—6a?cd? Db+5a3d3 D
il ( 5 + 2 + 5 (be—ad—b(c+dx)) dve +dz

d?(bc — ad)
5 a(a?D—abC+b>B
(a + bz)(bc — ad)

l 2009

d2arctanh ( ¥2Yetdz ) (_5434D 4 3a2b(2cD+Cd)—ab? (Bd-+4cC)+b3 (2Be—Ad)
Vbc—ad
b7/2+y/bc—ad

2v/c+dx(bc—ad)(—2adD—bcD+bCd) |, 2D(c+dzx)3/?
+ ? + 352

d?(bc — ad)
a(a2D—abC+b2B
ve+dx (A — %)
(a + bz)(bc — ad)

input Int[(A + B*x + Ckx"2 + D*x"3)/((a + b¥x)"2*Sqrtlc + d*x]),x]

output | -(((A - (a*x(b"2*B - a*b*C + a~2*D))/b~3)*Sqrt[c + d*x])/((bxc - a*d)*(a +
b*x))) + ((2*(b*xc - a*d)*(b*C*d - b*c*D - 2%a*d*D)*Sqrt[c + d*x])/b~3 + (2
*(bxc - axd)*D*x(c + d*x)~(3/2))/(3*b"2) - (d"2*(b"3*(2%B*c - Axd) - axb™2x*
(4%c*C + B*d) - 5*a~3xd*D + 3*a~2%b*(C*d + 2*c#*D))*ArcTanh[(Sqrt[b]*Sqrtl[c
+ d*x])/Sqrt[b*xc - a*d]])/ (b~ (7/2)*Sqrt[b*c - a*xd]))/(d"2*(b*c - a*d))

A+Bz+Cz2+Daz3
3.6. arbe)iverds dx
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3.6.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 1192 Int[((d_.) + (e_.)*(x_)) " (m_)*((f_.) + (g_.)*(x_)) (@ )*((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[2/e"(n + 2*%p + 1)  Subst[Int[x"(
2xm + 1)*(exf - d*kg + g*x~2) "n*(c*d"2 - b*d*e + a*xe”™2 - (2%cxd - b*e)*x"2 +
c*x~4)"p, x], x, Sqrtld + e*x]], x] /; FreeQ[{a, b, c, d, e, £, g}, x] &&

IGtQ[p, 0] && ILtQ[n, 0] && IntegerQ[m + 1/2]

ruk31467‘1nt[((d_) + (e_)*x(x_)"2)"(q_)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_.),
‘ x_Symbol] :> Int[ExpandIntegrand[(d + e*x"2)"g*(a + b*x"2 + c*x~4) p, x],
‘x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && NeQ[c*d"2 - b*dxe
\ + axe™2, 0] && IGtQ[p, 0] && IGtQlq, -2]

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2124 Int [(Px_)*((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(an_.), x_Symbol] :
> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + bxx, x]}, Simp[R*(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((m + 1)*(b*c -
axd))), x] + Simp[1/((m + 1)*(b*c - a*xd)) Int[(a + b*x)"(m + 1)*(c + d*x
) “n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*R*(m + n + 2), x], x], x]] /; Fr
eeQ[{a, b, c, d, n}, x] && PolyQ[Px, x] && LtQ[m, -1] && (IntegerQ[m] [[| !
ILtQ[n, -11)

A+Bz+Cz2+Daz3
3.6. arbe)iverds dx
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3.6.4 Maple [A] (verified)

Time = 1.77 (sec) , antiderivative size = 226, normalized size of antiderivative = 1.12

method result
3 ) d(bsA_ab2B+Cazb_Da3 JdaTe (Ab3d+Ba b2d—2B b3 c—3
2 <M—3’M+dbcm—2Dadm—chm> 2d 2(ad—b0) ((daFc)bFad—bo)
. . .. +
derivativedivides x3 = p3
3 4(v® A—ab2B+C a?b—Da?) VioTe (AbPd+Bab?d—2Bb3c-3
2 (%MJ-dbC\/ dz+c—2Dad\/dw+c—ch\/dz+c> d 2(ad—bc)((dz+c)b+ad—bc)
J’_
default 53 - 3
docllioti «A&QB@N+aW@M+Mk%8¥MC¢HD@+&Pﬂﬂ@wﬂﬁﬁammn(j%%%ﬁ)+vwﬁcdﬁw—wﬁ((Aﬁ_
aa—oc “
pseudoelliptic T
input Lint ((D*x~3+C*xx~2+B*x+A) / (b*x+a) ~2/ (d*x+c) " (1/2) ,x ,method=_RETURNVERBOSE) J

output | 2/d~2%(1/b~3% (1/3%D* (d*x+c) ~(3/2) ¥b+d*b*C* (d*x+c) ~ (1/2) -2*D*a*xd* (d*x+c) ~ (1
/2) -D¥c*b* (d*x+c) " (1/2))+d"2/b"3* (1/2*d* (Axb~3-B*a*xb~2+C*a~2*b-D*a~3) / (a*d
—bxc)*(d*x+c) " (1/2) / ((d*x+c) ¥*b+a*xd-b*c) +1/2* (A*b~3*d+B*a*b~2*d-2*B*b"3%c-3
*C*a~2%bxd+4*Ckaxb~2%c+5*D*a~3*d-6*D*a~2*b*c) / (a*xd-b*c) / ((a*d-b*c)*b) ~(1/2
)*xarctan (b* (d*x+c) ~(1/2)/ ((a*d-b*c)*b)~(1/2))))

3.6.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 495 vs. 2(182) = 364.

Time = 0.28 (sec) , antiderivative size = 1004, normalized size of antiderivative = 5.00

/A+Ba:+Cx2+Dx3
dx

(a+bx)?Vc+dz
3((5 Da* — 3Ca’b + Ba?b? + Aab®)d® — 2 (3 Da®bc — (2Ca®b* — Bab®)c)d? + ((5 Da*b — 3 Ca?b® +

3((5 Da* — 3Ca®b + Ba®b? + Aab?)d® — 2 (3 Da®bc — (2 Ca?b* — Bab®)c)d? + ((5 Da3b — 3 Cab? + |

input ‘ integrate ((D*x~3+Cxx~2+B*x+A) / (b*x+a) "2/ (d*x+c)~(1/2) ,x, algorithm="fricas ‘
n) ‘

A+Bz+Cz2+Daz3
3.6. arbe)iverds dx
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[-1/6%(3*%((5*D*a~4 - 3*C*a~3%b + B*a~2%b~2 + A*a*xb~3)*d~3 - 2% (3*Dxa~3%b*c
- (2%C*a~2*b"2 - B*a*b~3)*c)*d"2 + ((5*%D*a”~3%b - 3*C*a~2*b~2 + B*a*xb~3 +
A*b~4)*d"3 - 2% (3*xD*a”~2%b”2xc - (2#C*axb”~3 - Bxb~4)*c)*d~2)*x)*sqrt (b~ 2*c
- a*bxd)*log((b*d*x + 2xb*c - axd - 2*sqrt(b~2*c - axb*d)*sqrt(d*x + c))/(
bxx + a)) + 2% (4+D*axb~4*xc”3 + 3*(5*D*ka”4*b - 3*C*a~3*b~2 + B*a"2*b~3 - A*
a*b~4)*d~3 - (23*D*a"3*b~"2*c - 3*(5*xC*a”~2*xb~3 - B*a*b~4 + A*b~5)*c)*d"2 -
2% (D*b"5*c”2*%d - 2*D¥axb”~4*cxd”2 + D*a”2*xb"3*d"3)*x"2 + 2% (2*xD*a”2*xb~3*c”"2
- 3*Cka*xb~4*c”2)*d + 2x(2*D*b"5*%c~3 + (5xD*a”3*b~2 - 3*C*a~2*b~3)*d~3 - 2
* (4*D*a~2*b"3%c — 3*Ckaxb~4xc)*d”~2 + (D*axb~4*c™2 - 3*Ckb~5*c~2)*d)*x)*sqr
t(d*xx + c))/(a*b”6*c”2%d"2 - 2%a~2%b~5*xc*d~3 + a~3%b~4*d"4 + (b~ 7*c"2%d"2
- 2xa*xb~6xc*kd"3 + a"2*%b"5%d"4)*x), -1/3*%(3*x((5%D*a”~4 - 3*C*a~3*b + B*a~2*b
2 + A*axb”3)*d~3 - 2*x(3*%D*a”3*b*c - (2*%C*xa”~2*b~2 - Bxa*b~3)*c)*d~2 + ((5%
Dxa~3*b — 3*C*a~2%b~2 + B*a*xb~3 + A*xb~4)*d"3 - 2% (3*D*a~2*b"2xc - (2*Cka*b
~3 - B*b~4)*c)*d~2)*x)*sqrt(-b"2%c + a¥b*d)*arctan(sqrt(-b~2*c + a*b*d)*sq
rt(d*x + c)/(b*d*x + bxc)) + (4*D*a*b~4*c”3 + 3*(5xD*xa”~4*b — 3*C*a~3%b~2 +
B*a~2xb"3 - A*a*b~4)*d"3 - (23*%D*a”3*b"2*c - 3*(5%C*xa”2%b~3 - Bxa*b”4 + A
*b"5) *c)*d"2 - 2% (D*b"5*c”2xd - 2*Dka*b~4kc*d"2 + D*a~2*b"3*d"3)*x"2 + 2% (
2+D*a”2%b~3*%c"2 — 3*Craxb~4*c”2)*d + 2% (2*xD*b~5xc”3 + (5*D*a~3*b"2 - 3*C*a
~2%b~3)*d~3 - 2%(4*D*a"2*b~3*c - 3*xCxa*b~4*c)*d~2 + (D*a*b~4xc~2 - 3*Cxb~5
*c"2) *d) *x) *sqrt (d*x + c))/(a*b”6xc”2xd"2 - 2%a"2*b"5xc*d"3 + a~3*b"4xd...

3.6.6 Sympy [F(-1)]

Timed out.
2 3
L/A+l%+{h-+Dxdz=Tmmdmm
(a+ bz)?vc+ dx
integrate ((D*x**3+Ckx**2+B*x+A) / (b*x+a) **2/ (d*x+c) **(1/2) ,x)

~—

p
output | Timed out

_

A+Bz+Cz2+Daz3
3.6. arbe)iverds dx
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3.6.7 Maxima [F(-2)]

Exception generated.

dx = Exception raised: ValueError

/A+Bw+0z2+Dx3
(a+ bx)?y/c+ dz

input | integrate ((D*x~3+Cxx~2+B*x+A) / (b*x+a) ~2/(d*x+c) ~(1/2) ,x, algorithm="maxima
II)

output | Exception raised: ValueError >> Computation failed since Maxima requested
additional constraints; using the 'assume' command before evaluation *mayx*
help (example of legal syntax is 'assume(a*d-bxc>0)', see ~assume?” for m

ore detail

3.6.8 Giac [A] (verification not implemented)

Time = 0.35 (sec) , antiderivative size = 271, normalized size of antiderivative = 1.35

dz

/A+Bx+0x2+D:v3
(a+ bx)2vc+ dx
(6 Da2bc — 4 Cab?c + 2 Bb*c — 5 Da*d + 3 Ca?bd — Bab?d — Ab®d) arctan (—V“b )

(bic — ab3d)v/—b2c + abd
N Vdz + cDa*d — \/dz + cCa?bd + +/dx + cBab*d — v/dz + cAb’d
(b*c — ab3d)((dzx + ¢)b — bc + ad)
2 ((dx +¢)2 Dbd* — 3+/dz + cDb*cd* — 6 v/dx + cDabd® + 3 m0b4d5>
35646

_|_

inputLintegrate((D*x“3+C*x“2+B*x+A)/(b*x+a)‘2/(d*x+c)‘(1/2),x, algorithm="giac")

-

output | (6*xD*a~2xbkc - 4*Ckaxb~2*c + 2*B*b~3*c - 5*D*a~3*d + 3*C*a~2xb*d - B*a*b~2
*d - Axb~3*d)*arctan(sqrt(d*x + c)*b/sqrt(-b~2*c + a*bxd))/((b"4*c - a*b~3
*d) *sqrt (-b~2*c + axb*d)) + (sqrt(d*x + c)*D*xa"3*d - sqrt(d*x + c)*C*a”2%b
*d + sqrt(d*x + c)*Bxa*b"2xd - sqrt(d*x + c)*A*xb~3*d)/((b~4*c - axb~3*d)*(
(d*x + c)*b - b*c + axd)) + 2/3*((d*x + c)~(3/2)*D*b~4*d"4 - 3*sqrt(d*x +
c)*D*b~4xcxd"4 - 6xsqrt(d*x + c)*D*a*b~3xd"5 + 3*sqrt(d*x + c)*Cxb~4*d~5)/
(b~6*d"6)

A+Bz+Cz2+Daz3
3.6. arbe)iverds dx
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3.6.9 Mupad [F(-1)]

Timed out.

/A—I—Bm+C’w2+D:B3 _/A+Bm+C’:c2+m3D
(a + bz)2/c + dzx (a+bz)’Ve+dz

dz

inputtint((A + B*x + Cxx”~2 + x73*D)/((a + b*x)"2*(c + d*x)~(1/2)),x)

outputLint((A + Bxx + Cxx~2 + x~3%D)/((a + b*x)~2%(c + d*x)~(1/2)), x)

A+Bz+Cz2+Daz3
3.6. arbe)iverds dx
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3.7 A+Ba+Ca*+Da? ..
) (a+bx)3+/c+dx

3.71 Optimalresult . . . ... ... ... 821
3.7.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo B3l
3.7.3 Rubi [A] (verified) . . . . . ... .. ]R3
3.7.4 Maple [A] (verified) . . . ... ... ... 87
3.7.5 Fricas [B] (verification not implemented) . . . . . ... ... ... ... ... . 87
3.76  Sympy [F(-1)] . . . . o ]R8
3.7.7 Maxima [F(-2)] . . . . . . 89
3.7.8 Giac [B] (verification not implemented) . . . ... ... ... ... ..... ]9
3.79 Mupad [F(-1)] . . . . o o )

3.7.1 Optimal result

Integrand size = 32, antiderivative size = 279

/ A+ Bz + Cz? + Dz? o — 2DVe+dr  (Ab — a(b’B — abC + a*D)) Ve +dx
(a+ bx)3y/c + dx b3d 2b%(be — ad)(a + bx)?
(b®(4Bc — 3Ad) — ab*(8¢cC + Bd) — 9a3dD + a*b(5Cd + 12¢D)) V¢ + dz
4b3(bc — ad)?(a + bzx)
(63(8¢*C' — 4Bed + 3Ad?) — 15a®d? D + 3a?bd(Cd + 12¢D) — ab*(8cCd — Bd? + 24¢*D)) arctanh(%
B 4b7/2(bc — ad)5/?

output | =1/4* (b~3* (3*xA*d~2-4*B*c*d+8*C*c~2) —15*a”~3*d~2*D+3*a~2*b*d* (Cxd+12*D*c) —a*
b~ 2* (-B*d~2+8*C*c*d+24*D*c”~2) ) *arctanh (b~ (1/2) * (d*x+c) ~(1/2) / (-a*xd+b*c) ~ (1
/2)) /b~ (7/2) / (—axd+bxc) ~(5/2) +2*D* (d*x+c) ~(1/2) /b~3/d-1/2% (A*xb~3-a* (B¥b~2-
Cxa*xb+D*a~2) ) * (d*x+c) ~(1/2) /b~3/ (-a*xd+b*c) / (bxx+a) ~2-1/4* (b~ 3* (-3*A*d+4*B*
c)—a*b~2*x (B*d+8*C*c) —9*a~3*xd*D+a~2xb* (5xCkd+12*D*c) ) * (d*x+c) ~(1/2) /b~3/(-a
*d+bxc) ~2/ (b*x+a)

N\ J

A+Bz+Cz2+Daz3
3.7. arbe)verds dx
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3.7.2 Mathematica [A] (verified)

Time = 0.86 (sec) , antiderivative size = 298, normalized size of antiderivative = 1.07

dz

/U4+Bx+C&L+Dﬁ
(a+bx)3v/c+dz

Vby/ctdz (15a*d? D+ Ab3 d(—2bc+5ad+3bdz)+4b cz(— Bd+2cDz)+a®bd(—3Cd—26cD+25d Dz)+ab® (Bd(—2c+dz)+8cz(Cd+2cD—2dDzx)) +
d(bc—ad)?(a+bx)?

input  Integrate[(A + B*x + Cxx~2 + D*x~3)/((a + b*x)~3*Sqrt[c + d*x]),x]

output ((Sqrt[bl*Sqrtlc + d*x]*(15%xa~4*d~2*D + Axb~3*d*(-2¥b*c + 5*kaxd + 3%b*d*x)
+ 4xb”4kckxx (- (Bxd) + 2xc*kD*x) + a~3xbkd*(-3*C*d - 26*c*xD + 25xd*D*x) + a
*b" 3% (Bxd* (—2*c + d*x) + 8*c*x*(Cxd + 2xc*xD — 2kd*D*x)) + a~2%b~2*(8xc~2*D
+ c*(6*%C*d - 44xd*D*x) - d"2*(B + 5*C*x - 8*D*x72))))/(d*(b*c - a*d) "2*(a
+ b*x)"2) + ((b"3*%(8*%c™2*C — 4*Bkc*d + 3*%A*d"2) - 15%xa~3*d"2*D + 3*a”2*b*
d*(C*d + 12%c*D) + axb™2x(-8*c*Cxd + Bxd"2 - 24*c~2*D))*ArcTan[(Sqrt [b]*Sq
rtlc + d*x])/Sqrt[-(bxc) + a*d]])/(-(b*c) + axd)~(5/2))/(4*b~(7/2))

3.7.3 Rubi [A] (verified)

Time = 0.84 (sec) , antiderivative size = 334, normalized size of antiderivative = 1.20,
number of steps used = 10, number of rules used = 9, number of rules _ 0.281, Rules used

integrand size
= {2124, 27, 1192, 25, 1471, 25, 27, 299, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/A+Bm+Cx2+Dac3
dz

(a+bx)3vc+dz
l 2124

4 (C_ L{;z) Dz 4(bcfad)b(ngaD)x i —dDa3+b(Cd+4cD)a? 7b2§4cC+Bd)a+b3 (4Bc—3Ad)

b dx

f - 2(a+bz)2v/ct+dz
2(bc — ad)
Ve +dz(Ab® — a(a’D — abC + b*B))
2b3(a + bx)2(be — ad)

l27

A+Bz+Cz2+Daz3
3.7. arbe)verds dx
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f _ di)éls 4 (Cd+;12cD)a2 _ (4cC-|l;Bd)a+4 (c—%ﬁ)Dz2+4Bc—3Ad+ 4(bc—ad)b(30—aD)a;
(a+bx)2/ct+dx
4(bc — ad)
Ve+dx (Ab3 — a(a2D —abC + b2B))
2b3(a + bx)?(bc — ad)

l 1192

dz

f B —4Dc3+4Cdc2—4Bd2c+3Ad3—4 (c_abd>D((c;izfjb:::(:;:;;gca-&-bzB) _ 4(bc—ad)(de—tng—zbcD)(C-‘rdw) dm
2d(bc — ad)
ve+dz (Ab3 — a(a2D —abC + bQB))
2b3(a + bx)?(bc — ad)

| 25

Da?-bCa+b2B
—~4DE+4Cde?~4Bd?c—4 e~ %) D(c-+do)?+d? sap (D0 )>—4("6_“‘”(bod_‘;?d_%cm(”dz)

b3
f (bc—ad—b(c+dz))? dve+dz
2d(bc — ad)
Ve +dz(Ab® — a(a’D — abC + b*B))
2b3(a + bzx)2(bc — ad)

l 1471
d2(-3Da2+2bCa+b2B)c ad3 (—7Da2+3bCa+b?
<—8Dc3+80dc2—4 (3D :22 + B) +3Ad3+ ( e :;,3 + B)>b2+8(bc—ad)2D(c+dz)
/- b2 (bc—ad—b(ctdz)) dvetdz n d?v/c+dz(—9a3dD+a?b(12¢D-
2(bc—ad) 2b3 (bc—ad)
2d(bc — ad)

ve+dx (Ab3 — a(a2D —abC + b2B))
2b3(a + bx)?(bc — ad)

| 25

4d2(—3Da2+2bCa+b23)c 3 a(—7Da2+3bCa+
02 B G —

<—8Dc3+80dc2—

dz\/c—i—dw(—9a3dD+a2b(12cD+5Cd)—ab2(Bd+8cC)+b3(4Bc—3Ad)) . / 2 (bo—ad—b(ctda))

2b3 (bc—ad)(—ad—b(c+dz)+bc) 2(bc—ad)
2d(bc — ad)
Ve+ dz(Ab® — a(a?D — abC + b°B))
2b3(a + bx)2(be — ad)

l 27

A+Bz+Cz2+Daz3
3.7. arbe)verds dx
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442 (—3Da2+2b0a+b23) c a(—7Da2+3bCa+
—8Dc3+8Cdc2— o2 +d3 BAf
d?v/ct+dz (—9a3 dD+a?b(12¢D+5Cd)—ab? (Bd+8cC)+b? (4Bc—3Ad)) _ S be—ad—b(ctda)
2b3 (bc—ad) (—ad—b(c+dx)+bc) 2b2(bc—ad)
2d(bc — ad)

ve+dz (Ab3 — a(a2D —abC + b2B))
2b3(a + bx)?(bc — ad)

l 299

d(—15a3d2D+3a2bd(12cD+Cd)—ab2 (—Bd2+24c2D+8ch) +b3 (3Ad2 —4Bc

d?v/c+daz(—9adD+a?b(12¢D+5Cd)—ab? (Bd+8cC)+b3(4Bc—3Ad)) 5
2b3 (bc—ad) (—ad—b(c+dzx)+bc) 2b2(bc—ad)

2d(bc — ad)

Ve +dz(Ab® — a(a’D — abC + b*B))
2b3(a + bzx)2(bc — ad)

l,221

darctanh(% VCC_‘Z‘?) (154342 D+3a2bd(12¢D+Cd)—ab? (— B2 +24c2 L

d?v/c+dz(—9a®dD+a?b(12¢D+5Cd) —ab?(Bd+8cC)+b%(4Bc—3Ad)) 372 Joo—ad
2b3 (bc—ad) (—ad—b(c+dx)+bc) B 2b2(bc—ad)
2d(bc — ad)

Ve +dz(Ab® — a(a’D — abC + b*B))
2b3(a + bzx)2(bc — ad)

-

input LInt[(A + Bxx + Cxx~2 + D*x"3)/((a + b*x) 3*Sqrt[c + d*x]),x]

|

output | -1/2*%((A*b~3 - ax(b~2*B - axb*C + a~2#D))*Sqrt[c + d*x])/(b~3*(bxc - a*d)=*
(a + b*xx)~2) + ((d"2*x(b"3*(4*B*c — 3*A*d) - axb~2*(8xc*C + Bkxd) - 9*a~3*xdx*
D + a”2xb*(5*%Cxd + 12xc*D))*Sqrt[c + d*x])/(2*b~3*(b*c - axd)*(b*c - a*xd -
bx(c + d*x))) - ((-8*(bxc - a*xd) ~2#DxSqrt[c + d*x])/b + (d*(b~3*(8*c~2*C
- 4*Bxc*d + 3*A*d"2) - 15*%a~3*%d"2#D + 3*a~2*bxd* (Ckd + 12xc*D) - a*b”~2x*(8*
cxCxd — B*d~2 + 24x%c~2#D))*ArcTanh[(Sqrt[b]*Sqrt[c + d*x])/Sqrt[b*c - axd]
1)/ (b~ (3/2)*Sqrt [bxc - a*d]))/(2*xb~2x(bxc - a*d)))/(2*d*(b*c - a*d))

N J

A+Bz+Cz2+Daz3
3.7. arbe)verds dx
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3.7.3.1 Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

rule 27

rule 221

rule 299

rule 1192

rule 1471

rule 2124

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2), x_Symbol] :> Simp[d*x
*((a + bxx~2)"(p + 1)/ (x(2*p + 3))), x] - Simp[(axd - b*cx(2*xp + 3))/(b*(2
*p + 3)) Int[(a + b*x"2)7p, x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c -
axd, 0] && NeQ[2xp + 3, 0]

Int[((d_.) + (e_.)*(x_))"(m_)*((f_.) + (g_.)*(x_)) " (m_)*((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[2/e"(n + 2*p + 1)  Subst[Int[x"(
2%m + 1)*(e*xf - dxg + g*x~2)"n*(c*d”2 - b*d*e + axe”2 - (2*c*d - bxe)*x"2 +
c*x"4)"p, x], x, Sqrtld + e*x]], x] /; FreeQ[{a, b, c, 4, e, £, g}, x] &&
IGtQ[p, 0] && ILtQ[n, 0] && IntegerQ[m + 1/2]

Int[((d)) + (e_.)*(x_)"2)"(q)*((a_) + (b_.)*(x_)"2 + (c_.)*x(x_)"4)"(p_.),
x_Symbol] :> With[{Qx = PolynomialQuotient[(a + b*x"2 + c*x74)"p, d + e*x"2
,» X], R = Coeff[PolynomialRemainder[(a + b*x"2 + c*x74)"p, d + e*x"2, x], x
» 01}, Simp[(-R)*x*((d + e*x72)"(q + 1)/(2%d*(q + 1))), x] + Simp[1/(2xd*(q
+ 1)) Int[(d + e*x"2)"(q + 1)*ExpandToSum[2*d*(q + 1)*Qx + R*(2%q + 3),
x], x1, x1] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*a*c, 0] && NeQ[c*d™
2 - bxd*e + a*e”2, 0] && IGtQ[p, 0] && LtQlq, -1]

Int[(Px_)*((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :
> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + b*xx, x]}, Simp[R*(a + b*x)"(m + D*((c + d*x)~(n + 1)/((m + 1)*(b*c -
axd))), x] + Simp[1/((m + 1)*(b*c - a*xd)) Int[(a + b*x)"(m + 1)*(c + d*x
) “n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*¥R*(m + n + 2), x], x], x]] /; Fr
eeQ[{a, b, c, d, n}, x] &% PolyQ[Px, x] && LtQ[m, -1] && (IntegerQ[m] || !
ILtQ[n, -11)

A+Bz+Cz2+Daz3
3.7. arbe)verds dx



input

output

input

CHAPTER 3. LISTING OF INTEGRALS

87

3.7.4 Maple [A] (verified)

Time = 1.84 (sec) , antiderivative size = 289, normalized size of antiderivative = 1.04

method result
2 2 2 3(_25Dg 3 2 :
4 a“(—8Dz*“+5Cx+B )b 3a°(— +C )b 2bc((2Bz+A)b°+a(8Dx“—4Cz+B )b
5<<31‘15597+a(3593+14>b3_ ( = ) _ ( 53 ) +3Da4>d2_ ( ( 5)
pseudoelliptic
3
bd (3A b3d+Bab2d—4B b3c—5C a2bd+8Ca b2 c+9a3dD—12Da2bc) (dz+c)2 (5A b3d—Bab2d—4B b3c—3C a2bd-
2d 8a2d2—16abcd+8b2 c2 + 8aa
((da:-f—c)b-f—ad—bc)2
2D+/ dz+c+
. . o e 3
derivativedivides b
3
bd (3A b3d+Bab2d—4B b3c—5C a2bd+8Ca b2 c+9a3dD—12Da2bc) (dz+c) 2 (5A b3d—Ba b2d—4B b3c—3C a2bd-
2d 8a2d2—16abcd+8b2 2 + 8ad
((da:+c)b+ad—bc)2
2D+/dz+c
b3 +
default

-

Lint ((D*x~3+C*x~2+B*x+A) / (b*x+a) ~3/(d*x+c) ~(1/2) ,x,method=_RETURNVERBOSE)

—/

1/4* (5% ((3/5*%A*b~4*x+a* (1/5*%Bxx+A) *b~3-1/5%a"2* (-8*D*x~2+5*C*xx+B) *b~2-3/5%
a” 3% (-25/3*D*x+C) *xb+3*D*a~4) *d"2-2/5*b*c* ( (2*Bxx+A) *b~3+a* (8*D*x~2-4*C*x+B
) ¥b~2-3%a~2% (-22/3*D*x+C) ¥b+13*D*a"3) *d+8/5*D*b~2*c~2* (b*x+a) ~2) * ((a*d-b*c
)*b) = (1/2) * (d*x+c) = (1/2) +3* (b*x+a) “2*arctan (b* (d*x+c) ~(1/2)/ ((a*d-b*c) *b) ~
(1/2))*((b~3*A+1/3*a*xb”2+%B+C*xa~2*xb—5*%D*a”3) *d~2-4/3*b*c* (Bxb~2+2*C*xa*b-9*D
*a~2) *d+8/3*b~2xc 2% (Cxb-3*D*a) ) *d) / ((a*xd-b*c) *b) ~(1/2) / (a*xd-b*c) “2/b~3/ (b
*x+a) ~2/d

3.7.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 824 vs. 2(258) = 516.

Time = 0.32 (sec) , antiderivative size = 1661, normalized size of antiderivative = 5.95

A+B ~+ Do’
/ + Bx + Cz* + Dx dxz = Too large to display

(a+bx)3vc+dx

‘integrate((D*x‘3+C*x‘2+B*x+A)/(b*x+a)‘3/(d*x+c)“(1/2),x, algorithm="fricas

"

A+Bz+Cz2+Daz3
3.7. arbe)verds dx
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input
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[1/8%(((15%D*a~5 - 3*%C*a~4%b - Bxa~3%b~2 - 3*A*a~2xb~3)*d~3 - 4x(9*Dxa~4*b
*c — (2*%C*a”3*%b~2 + B*a~2%b~3)*c)*d"2 + ((154%D*a"3%b~2 - 3*C*a~2*%b~3 - B*a
*b~4 - 3xAxb"5)*d"3 - 4% (9%D*a"2*b"3xc - (2*Cka*b~4 + B*b~5)*c)*d"2 + 8*(3
*Dxaxb~4*xc”2 — Ckb~5*c”2)*d)*x"2 + 8*(3*D*a”3*b~2%c”2 - C*a~2*b~3*c~2)*d +
2% ((15%D*a~4*b — 3*C*a~3*%b~2 — B*a~2%b~3 - 3xA*axb"4)*d"3 - 4*(9*D*a~3*b~
2%c — (2%C*xa”2%b~3 + B*xa*b~4)*c)*d~2 + 8*(3*D*a~2*xb"3*c"2 - Cxa*b~4*xc”2)*d
)*x) *sqrt (b"2*%c - a*b*d)*log((b*d*x + 2*%bxc — a*d + 2*sqrt(b™2*c - a¥b*d)*
sqrt(d*x + c))/(b*x + a)) + 2x(8*D*xa~2%b"4*c~3 - (15xD*a”b*b - 3*C*a~4xb~2
- B*a~3%b”~3 + 5*xA*a~2*%b~4)*d"3 + (41*%D*a"4*xb~2*c - (9*C*a~3*%b~3 - Bxa~2*b
~4 - T*Axa*b~5)*c)*d"2 + 8x(D*¥b~6*c”3 - 3*D*axb~5kxc~2xd + 3*xD*a~2%b 4d*c*xd”
2 - D*xa~3xb~3*d"3)*x"2 - 2% (17*D*a~3*%b~3*%c~2 - (3*C*a~2%b~4 - Bxaxb~5 - Ax
b"6)*c~2)*d + (16#D*a*b~5xc~3 - (26*%D*a”~4*b~2 - 5+%C*xa”~3%b~3 + Bxa~2%b~4 +
3*A*a*xb~5)*d~3 + (69*D*a”3*b~3*c - (13*%Cxa~2xb~4 - 5*B*a*b™5 - 3*A*b~6)*c)
*d"2 - 4x(15%D*a”~2xb~4*c”2 - (2%Cxa*b~5 - B*b76)*c”2)*d)*x)*sqrt(d*x + c))
/(@"2xb~T7*c"3*d - 3*a”~3*b"6*xc”2*%d"2 + 3*a~4*b"5xc*d”~3 - a~5xb"4*d"4 + (b"9
*C"3*d - 3*axb”8kc"2*d"2 + 3*%a~2*b~T7*ckd"3 - a"3*b"6*d"4)*x"2 + 2% (a*b~8*c
~3*%d - 3%a"2*%b"7*c"2*%d"2 + 3*a~3*%b"6*ckd~3 - a~4*xb~5xd"4)*x), -1/4%(((15%D
*a”5 - 3*C*a~4xb — B*a”"3%b~2 - 3*A*a”2%b"3)*d"3 - 4% (9*D*a~4*xb*c - (2*Cxa”
3*b~2 + B*a~2%b"3)*c)*d"2 + ((15%xD*a”~3*b~2 - 3*C*a~2%b~3 - Bxa*b~4 - 3*A*b
“B)*d"3 - 4x(9%D*a~2*b~3*%c - (2*Cxa*b~4 + B*b~5)*c)*d~2 + 8x(3*D*axb~4x. ..

-

N

3.7.6 Sympy [F(-1)]
Timed out.

dz = Timed out

/A+B:r+C’m2+Dm3
(a+ bz)3vc+ dx

integrate ((D*x**3+Ckx**2+B*x+A) / (b*x+a) **3/ (d*x+c) **(1/2) ,x)

~—

p
output | Timed out

_

A+Bz+Cz?+Dax?
3.7. (a+bz)3v/ct+dx d
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3.7.7 Maxima [F(-2)]

Exception generated.

A+B ?+ Da?
/ + Bz + Cz* + Dx dz = Exception raised: ValueError

(a+ bx)3vc+dz

input | integrate ((D*x~3+Cxx~2+B*x+A) / (b*x+a) ~3/(d*x+c)~(1/2) ,x, algorithm="maxima
II)

output | Exception raised: ValueError >> Computation failed since Maxima requested
additional constraints; using the 'assume' command before evaluation *mayx*
help (example of legal syntax is 'assume(a*d-bxc>0)', see ~assume?” for m
ore detail

3.7.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 529 vs. 2(258) = 516.

Time = 0.30 (sec) , antiderivative size = 529, normalized size of antiderivative = 1.90

dz =

/A+Bx+0'x2+Dx3
(a+bx)3v/c+dz

(24 Dab*c* — 8 Cb3c® — 36 Da’bed + 8 Cab?cd + 4 Bb*cd + 15 Da®d? — 3 Ca®bd? — Bab*d? — 3 Ab*d?)

4 (b5c? — 2 ab*cd + a?b3d?)v/—b%c + abd

12 (dz + ¢)? Da?b%cd — 8 (dz + ¢)? Cab®cd + 4 (dz + ¢)? Bbed — 12v/dz + cDa?b?c?d + 8 v/dz + cClal

n 2+/dx + cD
b3d

-

input  integrate ((D*x~3+C*x~2+B*x+A)/ (b*x+a) ~3/(d*x+c)~(1/2),x, algorithm="giac")

A+Bz+Cz2+Daz3
3.7. arbe)verds dx



output
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-1/4% (24*D*axb~2xc"2 - 8*C*b~3*c”2 — 36*D*xa”2xb*xcxd + 8*Ckxa*b~2*c*d + 4xBx
b~3*c*d + 15*%D*a”3*d"2 - 3*C*xa~2xb*d~2 - B¥a*b~2*d~2 - 3*A*xb~3*d~2)*arctan
(sqrt(d*x + c)*b/sqrt(-b~2xc + a*b*d))/((b"5xc”2 - 2*a*b~4xc*d + a~2*b~3*d
~2)*sqrt(-b"2xc + a*b*d)) - 1/4x(12%(d*x + c)~(3/2)*D*a”2xb~2*c*d - 8*(d*x
+ ¢c)~(3/2)*Cxaxb~3*ckd + 4*(d*x + c)~(3/2)*B*¥b~4*cxd - 12*sqrt(d*x + c)*D
*¥a"2xb"2xc"2xd + 8*sqrt(d*x + c)*Cxa*b"3*c”2xd - 4*sqrt(d*x + c)*Bxb~4xc”2
*d - 9k (d*x + c)~(3/2)*D*a”3*b*d"2 + 5*(d*x + c)~(3/2)*C*a~2xb~2+%d"2 - (d*
X + ¢)7(3/2)*Bxa*xb”3*d"2 - 3*k(d*x + c)”~(3/2)*A*b"4*d"2 + 19*sqrt(d*x + c)*
Dxa”~3*b*c*d~2 - 11xsqrt(d*x + c)*Cxa~2xb~2*c*d~2 + 3*sqrt(d*x + c)*Bxaxb~3
xckd~2 + Sxsqrt(d*x + c)*A*xb~4xcxd~2 - Txsqrt(d*x + c)*D*a”4xd~3 + 3*sqrt(
d*x + c)*C*a~3xb*d"3 + sqrt(d*x + c)*B*a"2%b~2xd"3 - bxsqrt(d*x + c)*A*a*b
~3%d"3)/((b"5*c™2 - 2*a*b~4*c*kd + a~2*b~3*d"2)*((d*x + c)*b - bxc + axd)"2
) + 2%sqrt(d*x + c)*D/(b~3%d)

3.7.9 Mupad [F(-1)]

Timed out.
/A+Bm+0x2+Dx3d _/A+Bm+0:c2+x3Ddx
(a + bz)3/c+ dzx (a+bz)’Ve+dz
[int((A + B*x + C*x~2 + x~3*D)/((a + b*x)~3*(c + d*x)~(1/2)),x)

~—

-

Lint((A + B*x + C*x~2 + x~3%D)/((a + b*x)~3x(c + d*x)~(1/2)), x)

~—

A+Bz+Cz2+Daz3
3.7. arbe)verds dx
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3.8 A+Ba+Ca?+Da? ..
) (a+bzx)4y/c+dx

3.8.1 Optimalresult . .. ... .. ... ... .. OT]
3.8.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo 92
3.8.3 Rubi [A] (verified) . . . . . ... .. 92
3.84 Maple [A] (verified) . . . ... .. .. ... 951
3.8.5 Fricas [B] (verification not implemented) . . . . . . .. ... ... .. .... 96!
3.8.6 Sympy [F(-1)] . . . . o 97
3.8.7 Maxima [F(-2)] . . . . . . 98
3.8.8 Giac [B] (verification not implemented) . . . ... ... ... ... ..... 98
3.8.9 Mupad [F(-1)] . . . . oo 99

3.8.1 Optimal result

Integrand size = 32, antiderivative size = 375

/ A+ Bz + Cz? + Dz? dp — — (Ab® — a(b?’B — abC + a®’D)) Ve + dz
(a +bx)*Vc+dz B 3b3(bc — ad)(a + bx)3

(b3(6Bc — 5Ad) — ab*(12¢C + Bd) — 13a3dD + a?b(7Cd + 18¢D)) /¢ + dx
12b63(bc — ad)?(a + bx)?
_ (B(8¢*C — 6Bed + 5AQ?) — 116%d2D + a?bd(Cd + 30cD) — ab?(4cCd — Bl + 24¢*D)) Vo + da
8b%(bc — ad)3(a + bx)
(5a*d®D + a?bd?(Cd — 18¢D) — ab*d(4cCd — Bd? — 24¢*D) + b*(8¢>Cd — 6 Bed? + 5Ad® — 16¢°D)) o
8b7/2(bc — ad)7/?

+

output | 1/8* (5*%a~3*d"~3*D+a"~2*b*d~2* (Ckd-18*D*c) —a*xb~2*d* (-B*d~2+4*Cxcxd-24*D*xc~2) +
b~ 3% (5xA*d~3-6*B*c*xd”~2+8*Cxc~2*%d-16*D*c~3) ) *arctanh (b~ (1/2) * (d*x+c) ~(1/2)/
(-a*d+b*xc)~(1/2)) /b~ (7/2) / (maxd+b*c) ~(7/2)-1/3* (Axb~3-a* (Bkxb~2-C*a*b+D*a”2
))*x(d*x+c) " (1/2) /b~3/ (—a*d+b*c) / (bxx+a) “3-1/12% (b~ 3* (-5*xA*d+6*B*c) —axb™2x* (
Bxd+12%C*c)-13*a~3*d*D+a”~2xb* (7*Cxd+18*D*c) ) * (d*x+c) ~(1/2) /b~3/ (-a*d+b*c) "~
2/ (b*xx+a) ~2-1/8* (b~ 3* (5*A*d~2-6*B*c*xd+8*Cxc~2) —11*a~3*d~2*D+a” 2*¥b*d* (C*d+3
0*D*c) —a*xb” 2% (-Bxd~2+4*Ckc*d+24*D*c”~2) ) * (d*x+c) ~(1/2) /b~3/ (—axd+b*c) ~3/ (b*
x+a)

A+Bz+Cz2+Daz3
3.8. Sarbe)iverds dx
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3.8.2 Mathematica [A] (verified)

Time = 1.23 (sec) , antiderivative size = 409, normalized size of antiderivative = 1.09

dr =

/U4+Bx+C&L+Dﬁ

(a+bx)*/c+dz
Ve + dz(—15a°d? D + 6b°cz(2Bc + 4cCx — 3Bdz) + a*bd(—3Cd + 44¢D — 40dDzx) + ab*(—12cz(—2

(=5a*d*D + a®bd*(—C'd + 18¢D) — ab*d(—4cCd + Bd? + 24¢*D) + b*(—8c*C'd + 6 Bed® — 5Ad® + 16
a 8b7/2(—bc + ad)"/?

input‘ Integrate[(A + B*x + C*x~2 + D*x"3)/((a + b*x)“4*Sqrt[c + d*x]),x]

output

-1/24%(Sqrtc + dkx]*(-15%a~5xd"2*D + 6%b~Bkckxx*(2xB*xc + 4xcxCkx - 3xBxd*x
) + a”4xbkxd*x (-3*%C*d + 44xcxD - 40*d*D*x) + a*b~4*(-12%c*x*(-2xc*xC + Ckd*x
+ 6%c*D*x) + B*x(4*c”2 - B0*ckd*x + 3*%d"2%x72)) + Axb~3%(33*a”"2*d"2 + 2*axb
*d* (—13*c + 20*d*x) + b"2%(8*c”2 - 10*cxd*x + 15%d"2%x"2)) - a~3*b~2x(44x*c
~2xD - 2xckd* (5*C + 59*D*x) + d"2x(3*B + 8*C*x + 33*%D*x72)) + a”2xb"3*(d"2
*x* (8%B + 3*%Ckxx) + 4%c™2%(2+%C - 27*D*x) + 2kckd*(-8%B + T*Cxx + 45%D*x"2))
))/(b~3*(b*c - a*xd)~3*(a + b*x)~3) - ((-5%a~3*%d”3*D + a~2*b*d~2*(-(Cxd) +
18%c*D) - a*b~2xd*(-4*cxCxd + B*xd~2 + 24%c”2*D) + b~ 3%(-8*c~2+Cxd + 6*B*cx
d™2 - B*Axd~3 + 16*c~3*D))*ArcTan[(Sqrt[b]l*Sqrt[c + d*x])/Sqrt[-(b*c) + a*
dl1)/(8*b~(7/2)*(-(b*c) + axd)~(7/2))

3.8.3 Rubi [A] (verified)

Time = 0.86 (sec) , antiderivative size = 431, normalized size of antiderivative = 1.15,
number of steps used = 8, number of rules used = 7, Mumber of rules _ ( 919 Ryles used

integrand size
= {2124, 27, 1192, 1471, 27, 298, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dx

/A+Bzc+C:c2+Dx3
(a + bx)*c+dz

l 2124

A+Bz+Cz2+Daz3
3.8. Sarbe)iverds dx
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6(bc—ad)(bC—aD —dDa3+b(Cd+6cD)a’—b2(6cC+Bd)a+b3(6Bc—5A4d
6<c_aTd)Dx2+(c a)b(2 a):c_l_ a®°+b(Cd+6cD)a §c+ )a+b° (6Bc )

_f - 2(a+bzx)3v/c+dz : dz _
3(bc — ad)
ve+dx (Ab3 — a(a2D —abC + b2B))

3b3(a + bx)3(be — ad)

| 27

2
_dDa3 n (Cd+£5§D)a _ (GCCzBd)a+6(C—%)D$2+GBC—5Ad+6(bC;‘m)b(2M

I
(a+bx)3v/c+dz
6(bc — ad)
m(Ab3 - a(azD —abC + bQB))
3b3(a + bx)3(be — ad)

dz

l 1192
d ad3 (Daz—bc'a+b23) 6(bc—ad)(bCd—aDd—2bcD)(c+dzx)
—6Dc3+6Cdc?—6Bdc+5Ad8 —6(c— 42 ) D(c+dz)>+ 3 - 2 =
(bc—ad—b(c+dzx))3 dve+dz _
3(bc — ad)

Ve +dz(Ab® — a(a’D — abC + b*B))
3b3(a + bx)3(be — ad)

l 1471
3(—((-8Dc3+8Cdc2—6Bd2c+5Ad3 )b3) +ad?(4cC—Bd)b% —a2d2(Cd+6cD)b—8(bc—ad)2 D(c+dz)b+3a3d3 D
o (= )¥) e  avera _ &®etdo(—13a3dD+ab(
4(bc—ad) 4b3 (be-
3(bc — ad)

Ve +dz(Ab® — a(a’D — abC + b*B))
3b3(a + bx)3(bc — ad)

l 27

—((-8Dc3+8Cdc2—6Bd2c+5Ad3)b3) +ad? (4cC— Bd)b2 —a?d?(Cd+6cD)b—8(bc—ad)? D(c+dz)b+3a3d3 D
_3J (« ) (re—ad—b{cTdn))? dvetds  §2./ctdw(—13a3dD+ab(18
4b3 (bc—ad) 4b3 (be—c
3(bc — ad)

Ve+dzx (Ab3 — a(a2D —abC + b2B))
3b3(a + bx)3(be — ad)

l 208

(5a3a® D+a2bd? (Cd—18cD)—ab?d(— Bd? —24c? D+4cCd) +b3 (54d3 ~6Bed? ~16c3 D+8c%Cd) ) | md\/c-kdx dv/eTds(~11a3d2 D-+a2bd
3| — —ad— —
2(bc—ad)

4b3 (bc—ad)

3(bc —
Ve+ dz(Ab® — a(a?D — abC + b°B))
3b3(a + bx)3(be — ad)

A+Bz+Cz2+Daz3
3.8. Sarbe)iverds dx
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l 221

Vby/ctd 3,43 2,42 2 2 2 3 3 2 3 2
3(_ arctanh(ﬁ (5a3d3 D+a2bd?(Cd—18cD)—ab?d(—Bd?~24c? D+4cCd ) +b% (5443 ~6Bed® —16¢3 D+8c%Ca) ) _dm(711a3d2D+02bd(3

2\/B(bc—ad)3/2

463 (bc—ad)

3(bc — ¢
Ve+dzx (Ab3 — a(a2D —abC + b2B))
3b3(a + bx)3(bc — ad)

-

input LInt[(A + B*x + C*xx"2 + D*x~3)/((a + b*x)“4xSqrt[c + d*x]),x]

~—

output | -1/3*((A*b~3 - ax(b~2*B - a*b*C + a~2+D))*Sqrt[c + d*x])/(b~3*(b*c - a*d)*
(a + b*x)"3) + (-1/4%(a"2*%(b~3*(6*%B*c - 5*A*d) - axb~2%(12*c*C + B*xd) - 13
*a~3*%d*D + a~2*b*(7*C*d + 18xc*D))*Sqrtlc + d*x])/(b~3*(b*c - axd)*(b*c -
a*d - b*(c + d*x))"2) - (3*%(-1/2*%(d*(b"3*(8*c"2*xC - 6*Bxc*d + 5*A*d~2) - 1
1*¥a~3*d"2*D + a~2¥b*d*(C+xd + 30*c*xD) - a*b”~2%(4*c*C*d - Bxd~2 + 24*c~2*D))
*Sart[c + d*x])/((b*c - a*d)*(bxc - a*d - b*(c + d*x))) - ((5%a~3*d"3%D +
a~2%b*d"2* (Cxd — 18*c*D) - a*b”2*d*(4*c*Cxd - Bxd~2 — 24*c”2+D) + b~3*(8*c
~2*%Cxd - 6%Bxc*d"2 + 5xA*d~3 - 16*c”3*D))*ArcTanh[(Sqrt[b]*Sqrt[c + d*x])/
Sqrt[b*c - a*d]])/(2*Sqrt[bl*(b*xc - a*d)~(3/2))))/(4*b~3*(bxc - ax*d)))/(3*
(b*c - axd))

3.8.3.1 Defintions of rubi rules used

rule 27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma ‘
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]] \

rule 221 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 2]], x] /; FreeQ[{a, b}, x] && NegQ[a/bl

rule 298 Int[((a_) + (b_.)*(x_)~2)~(p_)*((c_) + (d_.)*(x_)"2), x_Symboll :> Simp[(~(
b*c - axd))*x*((a + b*x"2)"(p + 1)/(2*axb*(p + 1))), x] - Simp[(a*d - b*cx(
2xp + 3))/(2*xaxbx(p + 1)) Int[(a + b*xx~2)"(p + 1), x], x] /; FreeQ[{a, b,
c, d, p¥, x] & NeQ[b*c - axd, 0] && (LtQ[p, -1] || ILtQ[1/2 + p, 01)

& J

A+Bz+Cz2+Daz3
3.8. —751&51—212;—dz



rule 1192

rule 1471

rule 2124

CHAPTER 3. LISTING OF INTEGRALS

95

Int[((d_.) + (e_.)*(x_))"(m )*((£f_.) + (g_.)*x(x_)) " (n_)*((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[2/e"(n + 2*p + 1)  Subst[Int[x"(
2xm + 1)x(exf - d*g + g*xx~2) n*(c*d”2 - bxd*e + axe”2 - (2%cxd - b*e)*x"2 +
c*x~4)7p, x], x, Sqrt[d + exx]], x] /; FreeQ[{a, b, c, d, e, £, g}, x] &
IGtQ[p, 0] && ILtQ[n, 0] && IntegerQ[m + 1/2]

Int[((d_ ) + (e_.)*(x_)"2)"(q)*((a_) + (b_.)*(x_)"2 + (c_.)*x(x_)"4)"(p_.),
x_Symbol] :> With[{Qx = PolynomialQuotient[(a + b*x"2 + c*x74)"p, d + e*x"2
,» x], R = Coeff[PolynomialRemainder[(a + b*x"2 + c*x"4)"p, d + e*x"2, x], X
, 01}, Simp[(-R)*x*x((d + exx"2)"(q + 1)/(2xd*(q + 1))), x] + Simp[1/(2*d*(q
+ 1)) Int[(d + e*x"2)"(q + 1)*ExpandToSum[2*d*(q + 1)*Qx + R*x(2*q + 3),
x], x], x]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && NeQ[c*d~
2 - b*d*e + axe”2, 0] && IGtQ[p, 0] && LtQ[q, -1]

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol]

> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + bxx, x]}, Simp[R*(a + b*x)~(m + 1)*((c + d*x)"(n + 1)/((m + 1)*(b*c -
axd))), x] + Simp[1/((m + 1)*(b*c - a*xd)) Int[(a + b*x)"(m + 1)*(c + d*x
) “n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*R*(m + n + 2), x], x], x]] /; Fr
eeQ[{a, b, c, d, n}, x] && PolyQ[Px, x] && LtQ[m, -1] && (IntegerQ[m] || !
ILtQ[n, -11)

3.8.4 Maple [A] (verified)

Time = 1.83 (sec) , antiderivative size = 382, normalized size of antiderivative = 1.02

method result

5

2 2,2
ad( B d“—4Ccd+24Dc” )b 2, ;2 _
5<(A ds—ch d2+%Cc2d—%Dc3)b3+ ( ) +a bd (C5d 18Dc) +a3d3D) (bz+a)3 arctan(

pseudoelliptic =

d(5A b3d2+ Bab2d2 —6B b3cd+a2bC d2 —4Ca b2cd+8C b3c2 —11a3d2 D+30Da%bed—24Da b2c2) (dz+c)

(5A b3d2+Ba b2d2 6B

8b (a3d373a2bc d2+43a b2 c2d7b3c3)

derivativedivides
5
d(sA b3d2+Ba b2d2—6B b3cd+a2bC d2—4Ca b2cd+8C b3c2—11a3d2 D+30Da2bed—24Da b2c2) (dz+c)2 N (5A b3d2+Ba b2d2 6B
8b (a3d3—3a2bc d2+3a b2 c2d—b3c3)
default
2 3
3.8. A+Bz+Cz“+Dx dz

(a+bz)*V/ct+dx
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input ‘ int ((D*x~3+Cxx~2+B*x+A) / (b*x+a) ~4/ (d*x+c) ~(1/2) ,x,method=_RETURNVERBOSE)

output

11/8/ ((a*d-b*c) *b) ~(1/2)*(5/11*% ((A*d~3-6/5*%B*c*xd~2+8/5*C*c~2*d-16/5*D*c~3)
*b~3+1/5xaxd* (Bkd~2-4*C*c*d+24*D*xc~2) *b~2+1/5*%a"2*¥b*d~2* (Cxd-18*D*c)+a”~3*d
~3%D) * (b*x+a) “3*arctan (b* (d*x+c) ~(1/2) / ((a*d-b*c) *b) ~(1/2) )+ ((a*d-b*c) *b) ~
(1/2)*(d*x+c) " (1/2) * ((5/11%A*d"2*x"2-10/33*x*Cc* (9/5*%B*x+A) *d+8/33* (3*C*xx~2
+3/2%B*x+A) *¥c~2) *b~5-26/33*a*x (-20/13% (3/40*B*x+A) *x*d~2+c* (6/13*C*x~2+25/1
3*B*x+A) *d-2/13*c” 2% (—18*D*x " 2+6*C*x+B) ) *b~4+a~2* ((A+8/33*B*x+1/11*C*x"2) *
d~2-16/33*(-45/8%D*x~2-7/8%C*x+B) *c*xd+8/33* (-27/2%D*x+C) *c~2) *b~3-1/11%((1
1%D*x~2+8/3*C*x+B) *d~2-10/3*c* (59/5%D*x+C) *d+44/3*%D*c~2) *a~3*%b~2-1/11*a"~4x*
((40/3*D*x+C) *d-44/3%D*c) *d*b-5/11*D*a"~5*d~2) ) / (b*x+a) 3/ (a*d-b*c) ~3/b~3

3.8.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1216 vs. 2(354) = 708.

Time = 0.37 (sec) , antiderivative size = 2446, normalized size of antiderivative = 6.52

/A+Bx+0'x2+Dx3
(a+ bx)*/c+dz

dx = Too large to display

input ‘ integrate ((D*x~3+Cxx~2+B*x+A) / (b*x+a) 4/ (d*x+c)~(1/2) ,x, algorithm="fricas

n)

A+Bz+Cz2+Daz3
3.8. Sarbe)iverds dx



output

input

output
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[1/48* (3% (16%D*a~3*%b~3*%c~3 - (5*xD*a~6 + C*a~5xb + B*a~4%b~2 + 5xA*a~3%b~3)
*d~3 + (16*D*b~6*c”3 - (54%D*a”3%b~3 + C*xa~2%b~4 + B*a*xb~™5 + 5xA*b~6)*d"3 +
2% (9*D*a~2xb~4*xc + (2*Ckxa*b~5 + 3*B*b~6)*c)*d~2 — 8*(3*D*a*b~5%c”2 + Cxb~
6%c”2)*d)*x"3 + 2x(9*D*a”5*b*c + (2*%C*a~4*xb~2 + 3*B*a~3*b~3)*c)*d"2 + 3*(1
6*Dxaxb~5*%c~3 - (5*%D*a”~4*b~2 + C*a”~3*b~3 + B*a~2*xb~4 + 5*xAxaxb~5)*d"3 + 2%
(9*D*a~3*xb"3*c + (2*%C*xa”2%b~4 + 3*B*a*b~5)*c)*d~2 - 8*(3*D*a”~2*b~4*c"2 + C
*axb"5*xc”2) *d) *x"2 - 8% (3*%D*a”4*b"2*c”2 + C*a~3*b"3*c”2)*d + 3*(16*D*a~2*b
“4xc~3 - (5*%D*a”5*b + C*a~4*xb~2 + B*a~3*b~3 + 5xA*a~2xb"4)*d"3 + 2x(9*D*a”
4xb~2%c + (2%Cxa~3%b~3 + 3*B*a~2xb~4)*c)*d"2 - 8*(3*Dxa~3*%b"3*c”2 + C*xa~2*
b~4*c~2) *d) *x) *sqrt (b"2*c - axbxd)*log((bxd*x + 2%bxc - a*d - 2*sqrt(b~2xc
- axb*d)*sqrt(d*x + c))/(bxx + a)) + 2%(44*D*a"3*b~4*c™3 - 4x(2xC*a~2*b~5
+ B*a*b™6 + 2*%A*b~7)*c~3 - 3*(5xD*a”~6%b + C*a~5xb~2 + Bxa~4*b~3 - 11kA*a”
3*¥b~4)*d"3 + (59*D*a~5*xb"2xc + (13*C*xa~4%b~3 - 13*%B*a~3*b~4 - 59*%A*a”~2*b~5
Yxc)*d"2 + 3% (24*D*a*xb"6*c~3 - 8*xCxb~7*c"3 - (11*%D*a~4*b~3 - C*xa"3*b"4 - B
*a"2*%b"5 - B*A*axb~6)*d"~3 + (41xD*a”3*b~4*c - (5xCxa~2%b~5 + 7*Bxa*b”™6 + 5
*A*xb"T7)*c) *d"2 — 6% (9*D*a~2xb"5*xc”2 - (2*C*a*b~6 + Bxb~7)*c~2)*d)*x"2 - 2%
(44*D*a~4*b"3*c”2 + (C*a~3*b"4 - 10*B*a~2*b~5 — 17*A*a*b”6)*c”2)*d + 2x(54
*D*a"2%b"5*%c”3 — 6% (2*xC*a*b~6 + B*xb~7)*c”3 - 4x(5+4D*a”~5*%b~2 + C*a~4*b~3 -
B*a~3*%b~4 - 5xA*a~2%b”~5)*d"3 + (79%D*a~4*b~3*c + (11*%C*a~3*b~4 - 29%Bka~2%

b~5 - 25%A*a*b”6)*c)*d~2 - (113*D*xa”~3*%b~4*c~2 - (5*%C*a~2*b~5 + 31*B*ax*b...

3.8.6 Sympy [F(-1)]
Timed out.

dz = Timed out

/A+B:r+C’m2+Dm3
(a+ bzx)*vc+ dx

-

integrate ((D*x**3+Ckx**2+B*x+A) / (b*x+a) **4/ (d*x+c) **(1/2) ,x)

N

~—

p
Timed out

_

A+Bz+Cz?+Dax?
3.8. (a+bz)*V/ct+dx d
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3.8.7 Maxima [F(-2)]

Exception generated.

A+B ?+ Da?
/ + Bz + Cz* + Dx dz = Exception raised: ValueError

(a + bx)*v/c+ dz

input | integrate ((D*x~3+Cxx~2+B*x+A) / (b*x+a) ~4/(d*x+c)~(1/2) ,x, algorithm="maxima
II)

output | Exception raised: ValueError >> Computation failed since Maxima requested
additional constraints; using the 'assume' command before evaluation *mayx*
help (example of legal syntax is 'assume(a*d-bxc>0)', see ~assume?” for m
ore detail

3.8.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 976 vs. 2(354) = 708.

Time = 0.31 (sec) , antiderivative size = 976, normalized size of antiderivative = 2.60

dz

A+ Bz + Cz? + Dz?
/ (a+bz)*Vc+dx
(16 Db*c® — 24 Dab*c*d — 8 Cb*c*d + 18 Da?bed? + 4 Cab*cd? + 6 Bb*cd? — 5 Da*d® — Ca*bd® — Bab?*d?
8 (b8¢c3 — 3abSc2d + 3 a2bicd? — a3b3d3)/—b2c + abd
L T2(dz+ ¢)% Dab'c?d — 24 (dz + ¢)3 Cbc2d — 144 (dz + c)? Dabic®d + 48 (dz + ¢)?Cbc3d + 72 v/dz +

-

input Lintegrate ((D*x~3+C*x~2+B*x+A) / (bxx+a) ~4/ (d*x+c) ~(1/2) ,x, algorithm="giac")

-/

A+Bz+Cz2+Daz3
3.8. Sarbe)iverds dx



output
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1/8% (16*D*b~3*c"3 - 24*D*axb~2*c”2*%d - 8*C*b~3*kc”2*d + 18*D*a”2xbkc*d~2 +

4*Cxa*xb"2*%cxd"2 + 6*xB*b~"3*c*xd"2 - 5*D*a”3*%d"3 - C*xa”"2%b*d~3 - Bxa*b"2*d~3

- b*Axb~3*d"3) *arctan(sqrt(d*x + c)*b/sqrt(-b~2*c + axb*d))/((b~6*c~3 - 3%
a*xb~5*c”2*d + 3%a"2xb"4*c*d"2 - a~3*b"3*%d"3)*sqrt(-b~2*c + axb*d)) + 1/24x
(72%(d*x + c)~(5/2)*D*a*b~4*xc”2+d — 24*(d*x + c)”(5/2)*C*b~5*kxc™2xd - 144x*(
d*x + c)~(3/2)*Dxa*b~4*c~3*d + 48*(d*x + c)~(3/2)*C*b~5*c~3*d + 72*sqrt(d*
X + c)*D*a*b”4*c”4*d - 24xsqrt(d*x + c)*Cxb~5xc~4xd - 90*(d*x + c)~(5/2)*D
*¥a"2xb"3xc*d"2 + 12x(d*x + c)~(5/2)*Cxa*b~4*c*d~2 + 18*(d*x + c)~(5/2)*B*Db
“Bxcxd”2 + 288x(d*x + )~ (3/2)*D*xa”2xb"3%c"2+d"2 - 48*(d*x + c)”(3/2)*Cxax
b~4*c"2+d"2 - 48x(d*x + c)~(3/2)*Bxb~5*c"2+%d"2 - 198*sqrt(d*x + c)*D*a”2%b
“3*%c"3%d"2 + 36*xsqrt(d*x + c)*Ckaxb~4*c~3*%d"2 + 30*sqrt(d*x + c)*B*b~5xc”3
*d"2 + 33*%(d*x + c)~(5/2)*D*a"3xb"2*d"3 - 3*(d*x + c)~(5/2)*C*a~2xb~3*d"3

- 3*%(d*x + c)~(5/2)*B*axb"4*d"3 - 15*%(d*x + c)~(5/2)*A*b~5%d"3 - 184x*(d*x

+ ¢)~(3/2)*D*a”3*%b"2xc*d"3 - 8*(d*x + c)”(3/2)*C*a~2+b"3*c*d~3 + 56*(d*x +

c) " (3/2)*Bxa*b~4*c*xd~3 + 40*%(d*x + c)~(3/2)*A*b~5*xc*d~3 + 195*%sqrt(d*x +

c)*D*xa”3xb"2xc~2*d"3 + 3*sqrt(d*kx + c)*C*xa"2xb~3xc"2*xd"3 - 57*sqrt(d*x + c
) #Bkaxb~4*c"2*d"3 - 33*sqrt(d*x + c)*Axb~5*c"2xd"3 + 40%(d*x + c)~(3/2)+*Dx
a~4xbxd"4 + 8*(d*x + c)~(3/2)*Cxa~3*b~2*d"4 - 8*(d*x + c)~(3/2)*B*a~2*b~3*
d~4 - 40*(d*x + c)~(3/2)*Axa*b~4%d"4 - 84xsqrt(d*x + c)*D*a"4xbkc*d~4 - 18

*sqrt (d*x + c)*C*a~3xb~2*c*d~4 + 24xsqrt(d*x + c)*B*a"2xb~3*c*d"4 + 66x. ..

3.8.9 Mupad [F(-1)]

Timed out.

/A+Bz—|—C’x2—|—Dx3 _/A+Bm+Cx2+x3Ddx

(@ + bx)*Vc + dz (a+bz)' Ve+da

-

inputtint((A + Bxx + C*xx~2 + x~3%D)/((a + bkx)~4x(c + d*x)~(1/2)),x)

| —

output]int((A + Bxx + Cxx”2 + x73xD)/((a + b*x)~4x(c + d*x)~(1/2)), x)

A+Bz+Cz2+Daz3
3.8. _YZIEBZ_ZIZF_dz
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3.9 A+Ba+Caz?+Da? ..
) (a+bx)5/c+dx

39.1 Optimalresult . .. ... ... ... .. ... 100
3.9.2 Mathematica [A] (verified) . . . . . .. ... .. . L 10T
3.9.3 Rubi [A] (verified) . . . . . . ... 107
3.94 Maple [A] (verified) . . . ... . ... ... 106!
3.9.5 Fricas [B] (verification not implemented) . . . . . ... ... ... ... ... 107
3.9.6 Sympy [F(-1)] . . . . o 107
3.9.7 Maxima [F(-2)] . . . . . . 108
3.9.8 Giac [B] (verification not implemented) . . . ... ... ... ... ..... 108
3.9.9 Mupad [F(-1)] . . . . o 1091

3.9.1 Optimal result

Integrand size = 32, antiderivative size = 495

/ A+ Bz + Cz? + Dz? dp — — (Ab® — a(b?’B — abC + a®’D)) Ve + dz
(a + bz)®vc+dz B 4b3(bc — ad)(a + bx)*

(b3(8Bc — 7TAd) — ab*(16¢C + Bd) — 17a3dD + 3a*b(3Cd + 8¢cD)) V¢ + dx
24b3(bc — ad)?(a + bz)3
_ (B*(48¢*C — 40Bed + 35Ad?) — 59a°d2D + 3a%bd(Cd + 56¢D) — ab*(16cCd — 5Bd? + 144¢2D)) Ve +
966 (be — ad)3(a + bx)?
N (5a3d®D + 3a%bd?(Cd — 8¢D) — ab*d(16cCd — 5Bd? — 48¢2D) + b*(48c¢2C'd — 40Bed? + 35Ad® — 64c
6463(bc — ad)*(a + bx)
d(563d3D + 3a2bd?(Cd — 8¢D) — ab?d(16cCd — 5Bd? — 48¢2D) + b3(48¢2Cd — 40Bed? + 35Ad® — 64
64b7/2(bc — ad)9/?

output | -1/64*d* (5%a~3*d~3*D+3*a~2*b*d~2* (Cxd-8*D*c) —a*b~2*d* (-5*B*xd~2+16+C*kc*xd-48
*D*c”2) +b 3% (35%A*d~3-40*B*c*d~2+48%C*c~2+d-64*D*c~3) ) *arctanh (b~ (1/2) * (d*
x+c) " (1/2)/ (maxd+b*xc) ~(1/2)) /b~ (7/2) / (—axd+b*c) ~(9/2) -1/4% (A*b~3-a* (Bxb~2-
C*axb+D*a~2) ) * (d*x+c) ~(1/2) /b~3/ (—a*xd+b*c) / (b*x+a) “4-1/24* (b~ 3* (-7*A*xd+8%*B
*c)—axb~2x (Bxd+16*C*c) —17+a~3*d*D+3*a~2xb* (3*xCkd+8*D*c) ) * (d*x+c) ~(1/2) /b~3
/ (ma*d+b*c) ~2/ (bxx+a) “3-1/96* (b~ 3* (35%A*d~2-40*Bxc*xd+48*C*c~2) -59*a~3*d~2*
D+3*a” 2*b*xd* (C*d+56*D*c) —a*xb~2* (—5*B*d~2+16*C*c*d+144*D*c”~2) ) * (d*x+c) ~(1/2
)/b"3/ (—a*d+bxc) "3/ (b*x+a) “2+1/64* (5xa~3*d~3*D+3*a”~2xb*d~2* (C*d-8*D*c) —a*b
~2xd* (-5*B*d~2+16%C*c*xd-48*D*c”2) +b~3* (35%A*d~3-40*B*c*d~2+48*C*c”~2*d-64*D
*c~3) ) *x(d*x+c) ~(1/2) /b~3/ (—a*xd+b*c) "4/ (bxx+a)

A+Bz+Cz2+Daz3
3.9. Sarbe)verds dx
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3.9.2 Mathematica [A] (verified)

Time = 3.20 (sec) , antiderivative size = 602, normalized size of antiderivative = 1.22

dr =

/U4+Bx+C&L+Dﬁ

(a+ bx)5vc+dz
Ve + dz(15a°d3 D + a®bd?(9Cd — 62¢D + 55dDzx) + 8bbcx(6¢cz(2¢C — 3Cdx + 4cDx) + B(8c? — 10cc

(563D + 3a°bd®(Cd — 8¢D) + ab?d(—16cCd + 5Bd? + 486 D) + b3(48c2Cd — 40Bed® + 35Ad® — ¢
64b7/2(—bc + ad)*/?

+

input‘Integrate[(A + Bxx + Cxx"2 + D*x"3)/((a + b*x) 6*Sqrt[c + d*x]),x]

output

-1/192x(Sqrt[c + d*x]*(15%a~6xd"3*D + a~b5*b*d~2%(9*Cxd - 62%c*D + 55xd*D*x
) + 8*b76kckx*k (6*cHkx* (2%c*xC — 3*Ckxd*xx + 4*c*D*x) + B*(8%c™2 - 10*ckxd*x + 1
5%d~2*x72)) + a~3*b"3*(48%c”3*D + c~2*(-88*Ckd + 296*d*D*x) + 2kc*kd 2% (73*
B - 26%C*x - 119%D*x72) - d"3*x*(73*%B + 33*C*x + 15xD*x"2)) + a”~2*b~4*(-(d
~3%x"2*%(55%B + 9*Cxx)) + 16%c™3*x(C + 12xD*x) - 24*c~2*d*(3*B + 15xC*x - 8%
D*x~2) + 2%c*d"2*x*(310%B + 91*Cxx + 36*D*x"2)) + a~4*b~2xd*(104*c~2*D - 6
*ckdx (7%C + 38#D*x) + d~2+(15%B + 33*Ckx + 73*D*x"2)) + A*b~3%(-279*a~3*d"
3 + a~2%bxd"2*(326%c - 511*d*x) + axb ~2kd*(-200%c~2 + 252kc*d*x - 385*%d~2*
X"2) + b"3%(48%c”3 - 56%c™2xd*x + TO*c*xd™2%x~2 - 105%d~3*x~3)) + axb~5*(B*
(16*%c™3 — 296*c”2*d*x + 450*c*kd™2*x"2 - 15%d"3*x"3) + 16*c*x*(3*%Cxd~2*x~2

+ 2%c”2%(2%C + 9*D*xx) - cxd*x*(35*%C + 9*D*x)))))/(b"3*(b*xc - a*xd)“4*(a + b
*x)74) + (d*x(5*%a”~3*d"3*D + 3*a~2xbxd~2x(Ckxd — 8%c*D) + a*xb~2xd*(-16*c*xC*d

+ 5xB*d"2 + 48*c”2%D) + b~3*(48*%c"2*%C*d - 40*Bxc*d~2 + 35%A*d"3 - 64*c”3*D
))*ArcTan[(Sqrt [b]*Sqrt[c + d*x])/Sqrt[-(bxc) + a*d]])/(64xb~(7/2)*(-(b*c)
+ axd)~(9/2))

3.9.3 Rubi [A] (verified)

Time = 0.96 (sec) , antiderivative size = 497, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.312, Rules

number of steps used = 11, number of rules used = 10,
used = {2124, 27, 1192, 25, 1471, 25, 27, 298, 215, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

A+Bz+Cz2+Daz3
3.9. Sarbe)verds dx



CHAPTER 3. LISTING OF INTEGRALS 102

dz

/A+B:c+0x2+Dx3

(a+bx)5vc+dz
l 2124
f B S(C_Lbd>Dw2+ S(bc—ad)b(gC—aD)z n 7dDa3+b(Cd+8cD)a27b12)§8cC+Bd)a+b3(SBc77Ad) o
_ 2(a+bz)4v/ct+dz _
4(bc — ad)
Ve +dz(Ab® — a(a’D — abC + b*B))
4b3(a + bx)*(be — ad)

| 27

f _ d€>;3 " (Cd+:2cD)a2 _ (SCCth)a_l_S (c—%f)Dac2+8Bc—7Ad+ S(bc—ad)b(gc—aD):c
(a+bz)*V/ct+dx
8(bc — ad)
Ve+dz(Ab® — a(a®D — abC + b°B))
4b3(a + bz)*(be — ad)

dx

l 1192
wd3(Da2—bCatb?
~8Dc* +80dc? ~8Bd2e+7Ad 8 (o4 ) D(ctda)2+ " (P mSa B)_8<bc—ad><b0d—igd—2bcD><c+dw>
d f B (bc—ad—b(c+dx))* dvec+dz _
4(bc — ad)

ve+dz (Ab3 — a(a2D —abC + b2B))
4b3(a + bz)*(be — ad)

| 25

—8Dc3+8Cdc?2—8Bd2c—8 (c— %d> D(c+dac)2+d3 TA+ a(Daz—Z§a+b23) > _ 8(bC—ad)(de—(Z§d—2bcD)(c+dz)
_ d f (bc—ad—b(c+dz))% dvec+dx B
4(bc — ad)
Ve + dz(Ab® — a(a®D — abC + ¥’B))
4b3(a + bz)*(be — ad)

l 1471
(—48Dc3+480dc2 ~ 842 (—3Da2 +bzbc¢z+5b23) © s adds ad3 (—11Da2b4;3b0a+5b2B) ) b2 48 (b ad)? D (o do)
d /- b2 (be—ad—b(c+dx))3 dvetdz + d?v/c+dz(—17a%dIL
6(bc—ad)
4(bc — ad)
Ve+dz (Ab3 — a(a2D —abC + b2B))
4b3(a + bz)*(be — ad)
l 25
3.9 A+Bz+Cz?+D1% ..

(a+bz)5v/ct+dx
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2 2 2
(—48D03+480dc2— 8 (_3Da t)zbca%b B>C+d3 35A+—a(_1]
d d2\/c—i—dx(—17a3dD-|—3a2b(80D+30d)—ab2 (Bd+16cC)+b3 (8Bc—7Ad)) / 22 (bo—ad—b(ctda)).
6b3 (bc—ad) (—ad—b(c+dzx)+bc)3 - 6(bc—ad)
4(bc — ad)

ve+ dx (Ab3 — a(azD —abC + bQB))
4b3(a + bx)*(bc — ad)

l 27

(—48Dc3+480dc2_ 82 (~3Da? :“;bC“'FSbQB) € tad (35442 (v
| @VeFde(-1763dD+302b(8cD+3Cd)—ab? (Bd+16cC)+b?(8Be~TAd) _ / (ho—ad—b(eTd))?
6b3 (bc—ad)(—ad—b(c+dx)+bc)3 6b2(bc—ad)

4(bc — ad)

ve+dz (Ab3 — a(a2D —abC + b2B))
4b3(a + bz)*(be — ad)

l 208

3(5a3d3D+3a2bd2(Cd—8cD)—ab2d(—5Bd2 —48c2D+16ch) +b3 (35;

d d%/c+dz(—17a3dD+3a?b(8cD+3Cd)—ab?(Bd+16cC)+b% (8 Be—7Ad))

4b(bc—ac
6b3 (bc—ad)(—ad—b(c+dx)+bc)3

4(
Ve +dz(Ab® — a(a’D — abC + b°B))

4b3(a + bz)*(be — ad)

l 215

3(5a3d3D+3a2bd2(CdfscD)fabzd(ff)de 748c2D+16ch) +b3 (351

d d?v/c+dz(—17a3dD+3a2b(8cD+3Cd)—ab? (Bd+16cC)+b% (8 Be—7Ad))
6b3 (bc—ad)(—ad—b(c+dx)+bc)3

ve+dz (Ab3 — a(a2D —abC + sz))
4b3(a + bz)*(be — ad)

l 921

A+Bz+Cz2+Daz3
3.9. Sarbe)verds dx
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Vet+dz

Qﬁ(bc_ad)S/_Qa +2(bc—ad)(—ad—b(c+dm)+bc)

\ (arctanh(\/%iidf)

(5a3d3E

d d2+/c+dz(—17a3dD+3a2b(8cD+3Cd)—ab?(Bd+16cC)+b3 (8 Be—TAd)) _

6b3 (bc—ad) (—ad—b(c+dz)+bc)3

Ve +dz(Ab® — a(a’D — abC + b*B))
4b3(a + bx)*(bc — ad)

input Int[(A + B*x + C*xx~2 + D*x~3)/((a + b*x) 5*xSqrt[c + d*x]),x]

output | -1/4*((A*b~3 - ax(b~2*B - a*b*C + a~2+D))*Sqrt[c + d*x])/(b~3*(b*c - a*d)*
(a + b*x)~4) + (A*((d"2*%(b~3*(8*%Bxc - TxA*d) - a*b~2*x(16*c*C + Bxd) - 17x*a
“3%d*D + 3*a”~2*b*(3*C*d + 8%cx*D))*Sqrt[c + d*x])/(6*xb~3*(b*c - a*d)*(bxc -
a*d - bx(c + d*x))~3) - ((d*(b"3*(48*c~2*%C - 40*Bxc*d + 35*%A*d"2) - 59*a”
3*%d"2+D + 3*a~2xbxd*(Ckxd + 56%c*D) - a*xb~2*(16*xc*xCxd — 5*B*d"2 + 144%c~2xD
))*Sqrt[c + d*x])/(4*%b*(b*c - axd)*(b*c - a*xd - b*x(c + d*x))"2) + (3x(5xa”
3*%d"3*D + 3*a”2xbkd"2*(Ckd - 8*c*D) - a*b~2*d*(16*c*Cxd — 5xB*d"2 - 48+%c~2
*D) + b~3%(48%c”2*C*d - 40%Bxcxd~2 + 35%A*d~3 - 64xc~3*D))*(Sqrtlc + d*x]/
(2% (b*c - axd)*(bxc - a*d - b*(c + d*x))) + ArcTanh[(Sqrt[b]l*Sqrtlc + d*x]
)/8qrt [bxc - a*d]]/(2xSqrt[b]l*(b*c - axd)~(3/2))))/(4*b*(bxc - a*d)))/(6%b
~2x(b*c - a*d))))/(4x(b*c - a*xd))

3.9.3.1 Defintions of rubi rules used

-

rule 25 LInt [-(Fx_), x_Symboll :> Simp[Identity[-1]  Int[Fx, x], x]

|

e

rule 27

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
LtchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 215 ‘{Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(-x)*((a + b*x"2)"(p + 1)
\/(2*a*(p + 1))), x] + Simp[(2*p + 3)/(2*ax(p + 1)) Intl[(a + b*xx"2)"(p + 1
), x1, x] /; FreeQ[{a, b}, x] && LtQlp, -1] && (IntegerQ[4+p] || IntegerQ[6
\*p])

A+Bz+Cz2+Daz3
3.9. Sarbe)verds dx
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rule 221 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

rule 298 | Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2), x_Symbol] :> Simp[(-(

b*c - axd))*x*x((a + b*x"2)"(p + 1)/(2*%axb*(p + 1))), x] - Simp[(a*xd - b*c*(

2xp + 3))/(2%axb*x(p + 1)) Int[(a + b*x"2)"(p + 1), x], x] /; FreeQl[{a, b,
c, d, p}, x] && NeQ[b*c - a*d, 0] && (LtQ[p, -11 || ILtQ[1/2 + p, 0]1)

rule 1192 Int[((d_.) + (e_.)*(x_))~(m_)*((f_.) + (g_.)*(x_)) (@ )*((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[2/e~(n + 2*p + 1) Subst [Int [x~(
2xm + 1)x(exf - dkg + g*x~2) nk(c*d"2 - b*d*e + a*xe”™2 - (2%cxd — bke)*x"2 +
c*x"4)"p, x], x, Sqrtld + e*x]], x] /; FreeQ[{a, b, c, d, e, £, g}, x] &&
I1GtQ[p, 0] && ILtQ[n, 0] && IntegerQ[m + 1/2]

rule 1471 Int[((d_) + (e_.)*(x_)"2)" (g )*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_.),
x_Symbol] :> With[{Qx = PolynomialQuotient[(a + b*x"2 + c*x74)"p, d + e*x"2
, x], R = Coeff[PolynomialRemainder[(a + b*x~2 + c*x"4)"p, d + e*x"2, x], X
, 01}, Simp[(-R)*x*((d + e*x~2)"(q + 1)/(2%d*(q + 1))), x] + Simp[1/(2*d*(q
+ 1)) Int[(d + e*x"2)"(q + 1)*ExpandToSum[2*d*(q + 1)*Qx + R*(2%q + 3),
x], x], x]J] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d~
2 - bxd*e + a*e”2, 0] && IGtQ[p, 0] && LtQlq, -1]

rule 2124 Int[(Px_)*((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :
> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + b*x, x]}, Simp[R*(a + b*x)"(m + D*((c + d*x)"(n + 1)/((m + 1)*(b*c -
a*d))), x] + Simp[1/((m + 1)*(b*c - axd)) Int[(a + bxx)"(m + 1)*(c + d*x
) “n*xExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*R*x(m + n + 2), x], x], x]] /; Fr
eeQ[{a, b, c, d, n}, x] &% PolyQ[Px, x] && LtQ[m, -1] && (IntegerQ[m] || !
ILtQ[n, -11)

A+Bz+Cz2+Daz3
3.9. _T31553_213§_'dw
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3.9.4 Maple [A] (verified)

Time = 1.92 (sec) , antiderivative size = 540, normalized size of antiderivative = 1.09

method result
Bd?-160cd+48Dc?)db? 5,2, 42
35(bz+a)4((Ad3_§Bcd2+%§cczd_%Dcs)b?,Jr“( 5 °7+5 c ) 4 3a%bd %Csd—SDC)+a3¢173D>darcmn<
pseudoelliptic 64

(35A b3d3 +5Ba b2d3 —40B b3c d2+3a2bC d3 —16Ca b2c d2+48C b3 c2d+5a3d3 D—24Da?be d2 +48Da b2c2d—64Db3 c3) (dz+c

. . L. 128a4d4-512a3bc d3+768a2b2c2d2 —512a b3c3d+128b4c2
derivativedivides | 2d

(35A b3d3+5Ba b2d3 —40B b3c d2+3a2bC d3 —16Ca b2c d2+48C b3 c2d+5a3d3 D—24Da2bc d2+48Da b2 c2d—64Db?’c3) (dz+c

128a4d% —512a3bc d3+768a2b2c2d2 —512a b3 c3d+128b%c

default 2d

input ‘ int ((D*x~3+Cxx~2+B*x+A) / (b*x+a) ~5/ (d*x+c) ~(1/2) ,x,method=_RETURNVERBOSE)

output

93/64% (35/93* (b*x+a) ~4* ((A*d~3-8/T*Bxc*d~2+48/35*C*xc~2*xd—-64/35*D*c~3) *b~3+
1/7*xa*x (B*xd~2-16/5%C*c*d+48/5*%D*c”~2) *d*b~2+3/35*%a"2*b*d~2* (Cxd—-8*D*xc)+1/7*a
~3*d~3*D) *d*arctan (b* (d*x+c) ~(1/2) / ((a*xd-b*c) *b) ~(1/2) ) +((a*d-b*c)*b) ~(1/2
)*(1/93*% (35%xA*d"3*x"3-70/3* (12/7*B*x+A) *x~2%c*d~2+56/3*x*xc~ 2% (18/7*C*xx~2+1
0/T7*B*x+A) *d—16*c” 3% (4*D*kx~3+2*C*x"2+4/3*B*x+A) ) xb~6+200/279*a* (77/40%x~2*
(3/77*Bxx+A) *d~3-63/50% (4/21*C*x~2+25/14*B*x+A) *x*Cc*d"~2+c~2* (18/25*D*x~3+1
4/5%Cxx~2+37/25%B*x+A) *d—2/25%c~3* (18*D*x~2+4*C*x+B) ) xb~5-326/279*a~2* (-51
1/326%x*(9/511*C*x~2+55/511%B*x+A) *d~3+c*(36/163*D*x"3+91/163*%C*x~2+310/16
3*Bxx+A) *d~2-36/163* (-8/3*D*x~2+5*C*x+B) *c~2+d+8/163*c~3* (124D*x+C) ) *b~4+a
~3%((5/93*D*x~3+11/93*C*kx~2+73/279*B*x+A) *d~3-146/279*c* (-119/73*%D*x~2-26/
73*Cxx+B) *d~2+88/279%c~2* (-37/11%D*x+C) *d-16/93*D*c~3) *b~3-5/93*a~4* ((73/1
5+D*x"2+11/5%Cxx+B) *d~2-14/5%c* (38/7*D*x+C) *d+104/15*D*c~2) *d*b~2-1/31*a"5
* ((55/9*D*xx+C) *d-62/9*D*c) *d~2*¥b-5/93*D*a”~6*d"3) * (d*x+c) ~(1/2) )/ ((a*xd-b*c)
*b) ~(1/2) / (bxx+a) "4/ (a*d-b*c) ~4/b"3

A+Bz+Cz2+Daz3
3.9. Sarbe)verds dx




input

output
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3.9.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1805 vs. 2(469) = 938.

Time = 0.49 (sec) , antiderivative size = 3624, normalized size of antiderivative = 7.32

dxz = Too large to display

/A—l—B:z:+Cm2+Dm3
(a+ bzx)5vc+dz

II)

integrate ((D*x~3+Cxx~2+B*x+A) / (b*x+a) "5/ (d*x+c)~(1/2) ,x, algorithm="fricas

[-1/384%* (3% (64*D*a”~4*b~3*c~3*d - (5%D*a”7 + 3*C*xa”~6*b + 5*%B*a~5%b~2 + 35*A
*a~4xb~3)*d"4 + (64*D*b"7*c"3*d - (5xD*a~3*b"4 + 3*C*a~2%b~5 + 5xBxaxb~6 +
35%A*b~7)*d"4 + 8x(3*%D*a”~2*b~5xc + (2*xC*a*xb~6 + 5xB*b~7)*c)*d~3 - 48*(D*a
*b"6%Cc”2 + C*b~7*c"2)*d"2)*x"4 + 8*(3*%D*a”6*bxc + (2*xC*a~5xb~2 + 5*B*a~4x*b
~3)*c)*d~3 + 4%(64*D*axb"6xc~3*d - (5xD*a~4*b~3 + 3*%C*ka~3*%b~4 + 5*Bxa~2*b~
5 + 35%A*a*xb~6)*d"4 + 8x(3*%D*ka~3*b~4*c + (2%Cxa~2xb~5 + 5*Bxaxb~6)*c)*d"~3
- 48%(D*a”~2%b~5%c”2 + Cxa*b~6%c~2)*d"2)*x~3 - 48*(D*a~5%b~2%c”~2 + Cxa~4xb~
3*%c"2)*d"2 + 6% (64*D*a~2*b"5*xc"3*%d - (5%D*a”~5*%b~2 + 3*%C*xa~4%b~3 + 5xBka~3*
b~4 + 35%A*a~2*b"5)*d"4 + 8*%(3*%D*a”~4*b~3*kc + (2*C*a~3*b~4 + 5*B*xa”~2%b~5)*c
)*d~3 - 48*(D*a~3*b"4*c~2 + C*ka~2xb~5*c”2)*d"2)*x"2 + 4*(64*D*a”3*xb~4*c”3*
d - (5*%D*a"6%b + 3*C*xa~5xb~2 + 5*B*a~4%b~3 + 35%A*a~3*b~4)*d"4 + 8% (3*D*a”
5%b"2%c + (2*%C*xa~4*b~3 + 5*B*a”3%b~4)*c)*d~3 — 48*%(D*a"4*b~3*c”2 + C*xa~3*b
“4x%c”2)*d"2) #x) *sqrt (b"2*%c - a¥b*d)*log((b*d*x + 2*bxc — a*d - 2*sqrt(b~2%
c - axb*d)*sqrt(d*x + c))/(b*x + a)) + 2*(48xD*a"3*b~5%c”4 + 16*(C*a~2xb~6
+ B*axb~7 + 3xA*b~8)*c”4 - 3x(5xD*a”~7*b + 3*C*xa~6xb~2 + 5xB*a~5%b~3 - 93x%
A*xa~4xb~4)*d"4 + (77*D*a~6*b~2%c + (51*%C*a~5*b~3 - 131xB*a~4%b~4 - 605%A*a
~3%b~5)*c)*d~3 + 3*(64*D*b~8*c~4 + (5xD*a~4*b~4 + 3*%C*xa~3%b~5 + 5*Bxa~2*b~
6 + 35*%A*xaxb”7)*d"4 - (29*%D*a”~3*b~5xc + (19*C*a~2*xb~6 + 45*%Bxaxb”7 + 35*A*
b~8)*c)*d"3 + 8% (9*D*a~2xb"6xc”2 + (8*C*a*b~7 + 5*xBxb~8)*c”2)*d"2 - 16*(7*

D*a*b~7*c~3 + 3*C*xb~8%c~3)*d)*x~3 - 2%(83*D*a"5*b~3*xc"2 - (23%C*a~4*b~4...

3.9.6 Sympy [F(-1)]
Timed out.

dz = Timed out

/H4+Bx+Ch”+Dﬁ
(a+ bx)®v/c+ dz

input{integrate((D*x**3+C*x**2+B*x+A)/(b*x+a)**5/(d*x+c)**(1/2),x)

A+Bz+Cz2+Daz3
3.9. Sarbe)verds dx
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output‘Timed out

input

output

3.9.7 Maxima [F(-2)]

Exception generated.

/A+Bx+C’w2+Da:3
(a+ bzx)d5vc+ dx

dx = Exception raised: ValueError

integrate ((D*x~3+C*x~2+B*x+A) / (b*x+a) "5/ (d*x+c)~(1/2) ,x, algorithm="maxima
n
)

p

Exception raised: ValueError >> Computation failed since Maxima requested

additional constraints; using the 'assume' command before evaluation *mayx*
help (example of legal syntax is 'assume(a*d-b*c>0)', see ~assume?” for m
ore detail

3.9.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1512 vs. 2(469) = 938.

Time = 0.32 (sec) , antiderivative size = 1512, normalized size of antiderivative = 3.05

A+B *+ Do’
/ + Bx + Cx? + Dx dz = Too large to display

(a+ bzx)5vc+ dz

inputLintegrate((D*x“3+C*x‘2+B*x+A)/(b*x+a)“5/(d*x+c)“(1/2),x, algorithm="giac")

A+Bz+Cz2+Daz3
3.9. Sarbe)verds dx




output
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-1/64% (64*xD*xb~3*c~3*d - 48*D*a*b~2*%c”2*xd"2 - 48*Cxb~3*c”2*%d"2 + 24xD*xa~2x*b
*¥c*d"3 + 16*%Cxaxb”2*%c*d~3 + 40*B*b~3*c*kd~3 - 5*D*a~3*d"4 - 3*Cxa~2xbxd~4 -
5xB*axb~2*xd~4 - 35*%A*b~3*d"4)+*arctan(sqrt(d*x + c)*b/sqrt(-b~2*c + axbx*d)
)/ ((b"7*c™4 - 4*a*xb”~6xc~3*d + 6*a~2xb~5*xc”2*xd"2 - 4*a~3*b~4*c*d"3 + a~4*b”
3*d~4)*sqrt (-b"2xc + a*bxd)) - 1/192%(192%(d*x + c)~(7/2)*D*¥b~6*c~3*d - 57
6*%(d*x + c)~(5/2)*D*b"6*c"4*d + 576x(d*x + c)~(3/2)*Dxb~6xc~5xd - 192*sqrt
(d*x + c)*D*b~6*c"6*d — 144*x(d*x + c)~(7/2)*D*axb”5*xc~2*d"2 - 144x(d*x + c
)= (7/2)*C*xb~6*xc"2+%d"2 + T720*(d*x + c)~(5/2)*D*a*b”5xc"3*d~2 + 528*(d*x + c
)~ (5/2)*C+b~6*%c~3*%d"2 - 1008*(d*x + c)~(3/2)*Dxa*b”~5xc~4*xd"2 - 624*(d*x +
c)~(3/2)*Cxb~6*c"4xd"2 + 432xsqrt(d*x + c)*D*a*b~5xc”5*d"2 + 240*sqrt(d*x
+ c)*Cxb~6*xc™5xd"2 + 72x(d*x + c)~(7/2)*#D*a~2xb~4*cxd~3 + 48+(d*x + c)~(7/
2)*Cxa*b~5xc*d~3 + 120*(d*x + c)~(7/2)*B*b~6*c*d~3 - 24*x(d*x + c)~(5/2)*D*
a~2%b"4*c"2x%d"3 - 704*x(d*x + c)~(5/2)*C*a*xb~5xc~2*xd"3 - 440*(d*x + c)~(5/2
)*B*xb~6*%c"2*%d"3 + 24*x(d*x + c)~(3/2)*D*a”"2xb~4*c"3*d"3 + 1328*%(d*x + c)~(3
/2) *C*a*b~5xc~3*%d"3 + 584*(d*x + c)~(3/2)*B*b~6xc”3*%d"3 - 72xsqrt(d*x + c)
*D*a~2*%b"4*c"4*d"3 - 672*ksqrt(d*x + c)*Cka*b~5*xc"4*d"3 - 264*sqrt(d*x + c)
*Bxb~6%c~4*d"3 - 15%(d*x + c)~(7/2)*D*a~3*b"3*d"4 - 9x(d*x + c)~(7/2)*C*xa”
2xb~4%d~4 - 15x(d*x + c)~(7/2)*Bxaxb~5xd~4 - 105*(d*x + c)~(7/2)*A*b~6*xd"4
- 193%(d*x + c)~(5/2)*D*a"~3*b~3*c*d~4 + 209%(d*x + c)~(5/2)*C*a~2%b~4*c*xd
~4 + 495x(d*x + c)~(5/2)*Bxa*xb~5xcxd~4 + 385%(d*x + c)~(5/2)*A*xb~6*cxd". ..

3.9.9 Mupad [F(-1)]

Timed out.

/A+Bz—|—C’x2—|—Dx3 _/A+Bm+Cx2+x3Ddx

(a + bx)>vc+ dz (a+bz)°Vet+dz

-

inputtint((A + Bxx + C*xx~2 + x~3%D)/((a + bkx)“5%(c + d*x)~(1/2)),x)

| —

output]int((A + Bxx + Cxx”2 + x73xD)/((a + b*x)~5x(c + d*x)~(1/2)), x)

A+Bz+Cz2+Daz3
3.9. Sarbe)verds dx
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(a+bz)3(A+Bz+Cx?+Dx3)
310 | d
(c+dzx)3/2
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3.10.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 113l
3.10.6 Sympy [A] (verification not implemented) . . . . ... ... ... ... ... . 114
3.10.7 Maxima [A] (verification not implemented) . . ... ... ... ... . ... 115
3.10.8 Giac [B] (verification not implemented) . . . ... ... ... ... ..... 116
3.10.9 Mupad [F(-1)] . . . . o o 117

3.10.1 Optimal result

Integrand size = 32, antiderivative size = 434

/ (a+bx)3 (A + Bz + Cx? + Dz?) g — 2(bc — ad)? (c*Cd — Bed? + Ad® — ¢3D)
(c + dx)3/ B d’/c+ dx
_ 2(bc — ad)? (ad(2¢Cd — Bd* — 3¢’ D) — b(5¢*Cd — 4Bcd? + 3Ad* — 6¢°D)) Ve + da
d7

_ 2(bc — ad) (a’d*(Cd — 3cD) — abd(8cCd — 3Bd* — 15¢° D) + b*(10c’Cd — 6Bed? + 3Ad® — 15¢° D)) (c +
3d”

N 2(a®d®D + 3a*bd*(Cd — 4¢cD) — 3ab*d(4cCd — Bd? — 10¢*D) + b*(10c>Cd — 4Bed? + Ad® — 20¢3D)) (c-
5d”

N 2b(3a%d*D + 3abd(Cd — 5¢D) — b?(5¢Cd — Bd? — 15¢2D)) (¢ + dz)"/?

7d7
N 2b%(bCd — 6bcD + 3adD)(c + dz)®/? N 26D (c + dz)11/?
9d" 11d7

output | -2/3* (—axd+b*c) * (a~2*d"2* (C*d-3*D*c) —axbxd* (-3*B*d~2+8*C*c*d-15%D*c~2) +b~2
* (3*%A*xd~3-6*Bxc*d~2+10*%C*c~2*d-15%D*c”~3) ) * (d*x+c) ~(3/2) /A" 7+2/5% (a~3*d~3*D
+3%a”2%b*d " 2% (C*d—-4*D*c) —3*a*xb~2kd* (-B*d~2+4*C*c*d—-10*D*c~2) +b~3* (A*d~3-4*
B*c*xd~2+10*Cxc~2*%d—20*D*c”3) ) * (d*x+c) ~(5/2) /d~7+2/T*b* (3*xa~2+d~2*D+3*axb*d
* (Ckd-5*D*c) b~ 2% (-B*d~2+5*Ckc*d-15*D*c~2) ) * (d*x+c) ~(7/2) /d"7+2/9*b~2* (C*b
*Q+3*D*kaxd-6+D*bxc) * (d*x+c) ~(9/2) /d"T+2/11xb~3*D* (d*x+c) ~(11/2) /A" 7+2* (-ax*
d+bxc) ~3% (Axd~3-Bxcxd~2+Cxc~2xd-Dxc~3) /d"7/ (d*x+c) " (1/2) -2* (-a*d+b*c) ~2*(a
*d* (—B*d~2+2*C*ckxd-3*D*c~2) ~b* (3*A*d~3-4*Bkcxd~2+5*%Ckc~2kd-6*D*xc~3) ) * (d*x+
c)~(1/2)/4°7

3.00. [ IR d




CHAPTER 3. LISTING OF INTEGRALS 111

3.10.2 Mathematica [A] (verified)

Time = 0.47 (sec) , antiderivative size = 500, normalized size of antiderivative = 1.15

o — 2(231a3d3(48¢3 D — 8¢?d(5C — 3Dx) + 2¢d*(15B — z(10C + 3L

/ (a+bx)3 (A + Bz + Cx? + Dz?)
(c+ dz)3/?

input{Integrate[((a + bxx) 3% (A + B*x + C*x"2 + D*x73))/(c + d*x)~(3/2),x]

output | (2% (231*%a~3*%d"3%(48%c~3*%D - 8xc~2*d*(5*C - 3*D*x) + 2*xc*d"2*(15%B - x*(10x%
C + 3*D#*x)) + d~3*(-15%A + x*(15*%B + 5*C*x + 3*D*x72))) + 99*a~2*b*d~2* (-3
84%c”4*D + 48*c”3xdx(7*C — 4*D*x) - 8%c~2*%d"2x(35%B — 3*kxk(7*C + 24D*x)) +
2%c*d" 3% (105%A — x*x(70*B + 3*x*(7+C + 4*D*x))) + d~4*x*x(105*%A + x*(35%B +
3kx* (7#C + 5*D*x)))) + 33*axb~2*d*(1280*c~5%D — 128*c”~4*xd* (9*C - 5%D*x) +
16*c~3*d"2% (63*%B — 2*x*(18*%C + 5*D*x)) + 8%c~2*%d"3*(-105%A + x*(63*B + 2%
x*(9%C + 5xD*x))) + d"5*xx"2*%(105*%A + x*(63*%B + 5*x*x(9*%C + 7*D*x))) - 2*c*d
~4xxx (210%A + x*(63*%B + x*(36%C + 25%D*x)))) + b~3%(-15360%c~6%D + 1280%*c~
5xd* (11%C - 6*D*x) - 128%c~4*d~2*%(99%B - 5xx*(11%C + 3*D*x)) + 16%c~3*d~3*
(693%A - 2%x*(198%B + 5*x*(11%C + 6*D*x))) + d~6%x~3%(693%A + 5xx*(99%B +
Txx* (11%C + 9*D*x))) + 8kc~2kd 4*x*(693*%A + x*x(198*%B + 5xx*(22%C + 15%D*x)
)) - 2%c*kd"b*x"2%(693%A + x*(396%B + 5*x*(55%C + 42xD+*x))))))/(3465%d"7*Sq
rtlc + d*x])

3.10.3 Rubi [A] (verified)

Time = 0.69 (sec) , antiderivative size = 434, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, number of rules _ 0.062, Rules used
integrand size

= {2123, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (a+bz)® (A+ Bz + Cz? + Dz?) p
T

(c+ dx)3/2
J 2123

/ (\/c + dz(bc — ad) (—a?d?(Cd — 3¢D) + abd(—3Bd? — 15¢2D + 8¢Cd) — (b?(3Ad® — 6Bcd? — 15¢3D + 10c?
46

l 2009

3.00. [ IR d
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2(c + dz)%/2(bc — ad) (a*d*(Cd — 3cD) — abd(—3Bd? — 15¢*D + 8cCd) + b? (3Ad® — 6Bcd? — 15¢3D + 10c2C

3d”
2b(c + dz)"/2 (3a2d2D + 3abd(Cd — 5¢D) — (b?(—Bd? — 15¢2D + 5¢Cd))) N
7d7
2(c+ dz)®/? (a3d3D + 3a%bd?(Cd — 4cD) — 3ab?d(—Bd? — 10c2D + 4cCd) + b3(Ad® — 4Bcd? — 203D + 10c¢*C
5d7
2v/c + dz(be — ad)? (ad(—Bd? — 3¢>D + 2cCd) — b(3Ad3 — 4Bcd? — 6¢3D + 5¢°Cd)) N
d7
2(bc — ad)® (Ad® — Bed? + 3(—D) + *>Cd) + 2b%(c + dz)*/?(3adD — 6bcD + bCd) +
d’\/c+dx 9d7
2b3D(C 4 dm)11/2
11d7

;
input\Int[((a + b*x)"3*%(A + B*x + C*x~2 + D*x73))/(c + d*x)~(3/2),x]

output | (2x(b*c - a*d) “3*(c”2*Cxd - Bxc*d~2 + A*d~3 - c¢~3%D))/(d"7*Sqrt[c + d*x])
- (2% (b*c - a*d) " 2*(axd*(2*cxCkd - B*d"2 — 3*%c~2*D) - b*(5*xc™2*C*d — 4*B*c
*d"2 + 3xA*d"3 - 6xc”3*D))*Sqrtlc + d*x])/d"7 - (2x(b*c - a*d)*(a~2+%d"~2*(C
*d - 3xc*xD) - axbkd*(8*c*C*d - 3*%Bx*d~2 - 15%c”2*D) + b~2*(10*c~2*Cxd - 6*B
xc*d”™2 + 3*¥A*d~3 - 15xc”3*D))*(c + d*x)~(3/2))/(3*%d"7) + (2%(a~3*%d"3*D + 3
*3 " 2xbxd " 2% (Ckd — 4*c*D) - 3*axb~2xd*(4*cxCkxd — B*d"2 - 10*c~2xD) + b~ 3*(1
O*c™2*Ckd — 4*Bkckd™2 + Axd~3 - 20%c~3#D))*(c + d*x)~(5/2))/(5*%d"7) + (2*b
*(3*%a"~2xd"2+D + 3*axbxd*(Cxd — 5*c*D) - b~2*(5xc*kC*d — B*d~2 - 15%xc”2%D))*
(c + d*x)~(7/2))/(T*d"7) + (2*b~2*%(b*C*d — 6*b*c*D + 3*a*d*D)*(c + d*x)~(9
/2))/(9%d"7) + (2%b~3*D*(c + d*x)~(11/2))/(11*d"7)

3.10.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

Int[(Px)*((a_.) + (b_.)*(x_))~(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] |
‘ :> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c ‘

rule 2123

L, d, m, n}, x] & PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) J
(a+bz)3 (A+Bz+Cx2+ D3
310. [ lxellaBelenbe) gy
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3.10.4 Maple [A] (verified)

Time = 1.77 (sec) , antiderivative size = 440, normalized size of antiderivative = 1.01

method result
3(5 DeB343Ca248Beta)s?

2 ( <— il (H Sl sz kit ) —azx? (%Dm3+%Cx2+%Bx+A)b2—3a2 (A+%Dx3+%0 x2+%Bx)xb-l—a3 (—%1
pseudoelliptic —
gosper 2(—315Db3z%d5—385C b3d®a®—1155Da b2dSx5+420Db3c d525 —495B b3dS x4 —1485Ca b2dSz4+550C b3c d®zt—14
trager _2(—315Db32%d®—385C b3d®a5 —1155Da b2dSa5+420Db3c d°25 —495B b3dOz* —1485Ca b*dSx* +550C bPc doz* —14
derivativedivides | Expression too large to display
default Expression too large to display

input | int ((b*x+a) ~3* (D*x~3+C*x~2+B*x+A) / (d*x+c) ~(3/2) ,x,method=_RETURNVERBOSE)

output | -2/ (d*x+c) ~(1/2) *((-1/5%x"3%(5/11*D*x~3+5/9*C*x~2+5/7*B*x+A) ¥b~3-a*x~2% (1/
3*%D*x"3+3/7*C*x~2+3/5*B*x+A) *b~2-3*a~ 2% (A+1/7*D*x"3+1/5*C*x~2+1/3*B*x) *x*b
+a” 3% (-1/5%D*x"3-1/3*Cxx"2-B*x+A) ) *d~6-6%c* (-1/15*%x" 2% (10/33*D*x~3+25/63*C
*x"2+4 /T*Bxx+A) *b~3-2/3*a* (5/42%D*x"3+6/35*C*x~2+3/10*B*x+A) *x*¥b~2+a~2* (-4
/35%D*x"3-1/5%Cxx~2-2/3*B*x+A) ¥b+1/3*a"3* (—1/5*D*x"2-2/3*%C*x+B) ) *d"5+8* (-1
/5% (25/231*D*x"3+10/63*C*kx~2+2/7*B*x+A) *x*¥b~3+a*x (-2/21*D*x~3-6/35*%C*x~2-3/
5%B*x+A) *b~2+a~ 2% (—6/35*D*x~2-3/5%C*x+B) *b+1/3*a”~3* (-3/5*D*x+C) ) *c~2*d~4-1
6/5%c™ 3% ((-20/231*D*x~3-10/63*C*x"2-4/T*B*x+A) *b~3+3*a* (-10/63*%D*xx~2-4/7*C
*x+B) ¥xb~2+3%a~ 2% (-4/7*D*x+C) ¥*b+D*a"~3) *d~3+128/35*b*c~4* ((-5/33*xD*x~2-5/9*C
*x+B) ¥b~2+3%ax (-5/9*D*x+C) ¥xb+3*D*a"~2) *d~2-256/63%* ((-6/11*D*x+C) ¥b+3*D*a) *b
~2%c~5%d+1024/231%D*b~3*c~6) /d"~7

3.10.5 Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 677, normalized size of antiderivative = 1.56

_ 2(315 Db*d®z® — 15360 Db3c® — 3465 Aa’d® — 9240 (Ca® + 3 Bc

/ (a + bzx)® (A+ Bz + Cz* + Dz?)
(

dzr =

¢+ dzx)3/?

input‘integrate((b*x+a)“3*(D*x“3+C*x‘2+B*x+A)/(d*x+c)“(3/2),x, algorithm="fricas

II)

3.00. [ IR d



output

.
input | integrate ((b*x+a) **3% (Dxx**3+Ckx**2+Bxx+A) / (d*x+c) **(3/2) ,x)
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2/3465% (315*%D*b~3*d"6*x"6 - 15360*%D*b~3*c~6 - 3465*A*a”~3*d"6 - 9240*(Cxa”~3
+ 3%B*a”2%b + 3*A*a*xb~2)*c"2+%d"4 + 6930* (B*xa~3 + 3*kA*a~2*b)*cxd~5 - 35*(1
2+%D*b"3*c*d”5 - 11x(3*D*a*b”™2 + C*b~3)*d"6)*x"5 + 5*x(120*D*b~3*c~2*%d"4 + 9
9% (3*%D*a~2*b + 3*Cxaxb~2 + B*b~3)*d"6 - 110*(3*D*a*b”~2*c + C*b~3*c)*d~5)x*x
~4 + 11088* (D*a"~3*c~3 + (3*Cxa~2*b + 3*Bxa*xb~2 + A*xb~3)*c~3)*d~3 - (960*Dx*
b~3%c"3*d"3 - 693*%(D*a”3 + 3*Cxa”~2*b + 3*B*axb"2 + A*b~3)*d"6 + 792*(3*D*a
~2xb*c + (3*%Cxa*xb”2 + B*b~3)*c)*d~5 - 880*(3*D*a*b~2*xc”~2 + Ckb~3*c”2)*d~4)
*x"3 - 12672*(3*D*a~2*xb*c~4 + (3*%Cxa*b™2 + B*b~3)*c"4)*d"2 + (1920*D*b~3*c
~4%d~2 + 1155%(C*a~3 + 3*Bxa~2%b + 3*xA*a*b~2)*d~6 - 1386%(D*a~3*c + (3*C*a
~2%b + 3*B*a*b~2 + A*b~3)*c)*d”~5 + 1584 (3*D*a~2%b*c~2 + (3*Cxa*b~2 + B*b~
3)*c™2)*d"4 - 1760%(3*D*a*b~2%c~3 + Cxb~3%c~3)*d~3)*x~2 + 14080* (3*D*a*xb~2
*Cc”5 + Cxb~3*c~5)*d - (7680*D*b~3*c”~5*%d + 4620*(C*a~3 + 3*Bxa~2%b + 3*Axax
b~2) *c*d"5 - 3465%(B*a~3 + 3xA*xa~2*b)*d"6 - 5544*(D*a~3*c”2 + (3*C*xa~2*b +
3*B*a*b~2 + A*b"3)*c"2)*d"4 + 6336*(3*%D*a"2*b*xc~3 + (3*Cka*b~2 + B*b~3)*c
~3)*d"3 - 7040%(3*#D*a*b~2%c”™4 + Cxb~3*c~4)*d~2)*x)*sqrt(d*x + c)/(d"8*x +

cxd~7)

3.10.6 Sympy [A] (verification not implemented)

Time = 70.97 (sec) , antiderivative size = 853, normalized size of antiderivative = 1.97

9 7

1
o D (cran) > | (c+da)2 (cv3d+3Dab?d—6Dbc) N (ct+da) 2 (Bb3d2+3Cab2d? —5Cbcd-
1146 9d6 7d8

dz =

/ (a + bzx)® (A+ Bz + Cz* + Dz?)
(

3/2
c+ dx) / 3 7 z8(cb3+3Dab?) 2% (Bb3+3Cab2+3Da?b) 2% (Ab3+3Bab?+3Ca2b+Da
3 Dbz
Aa’z+ 7+ 6 + 5 + 1
3

3.00. [ IR d
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output | Piecewise ((2*x (Dxb**3*(c + d*x)**(11/2)/(11*d**6) + (c + dkx)**(9/2)* (Ckb*x*
3xd + 3%Dxaxb**x2k%d — 6*D¥b**3%c)/(9*d**6) + (c + d*xx)**(7/2)* (Bxb**x3*kd**2

+ 3%Cxaxbxk2xd**2 — 5xCkxb**3*xckd + 3*Dkax*x2xbxd**2 - 15xDxa*xb**x2kxcxd + 15%
Dxb**3%c**2) / (7T*d*x*6) + (c + d*x)**(5/2)* (Axb**3*d**3 + 3*Bka*xb**x2kd*x*3 -

4xBxb**3kckd*x*2 + 3xCkax*x2xbkd**x3 — 12%Ckaxbx*x2*xckd**x2 + 10%*Cxbk*kx3kc**2%d

+ D*a**3%xd**x3 — 12%Dkax*x2*bkckd**x2 + 30%*Dkaxbx*2kc**x2xd — 20%Dxb**x3*c**3)/
(5xd**6) + (c + d*x)**x(3/2)*(3*kAkaxb*k2*xd**x4 — 3*xAkbk*3kckd*k*x3 + 3*Bka**x2x*
bxd**4 — 9xBxaxb¥*2kckd**3 + 6kBxb**3kckk2xd**2 + Ckax*x3*d**4d — 9xCkxa*x*2%b
*ckd**3 + 18%Ckaxbxkx2kck*2kd*x*x2 — 10%Ckbx*x3*c*k*3kd — 3*Dka*x*x3kxckd**3 + 18%
Dxax*2xbkcx*x2kd**2 — 30*Dkaxb**2*xc**3*d + 15*¥Dxbk*3xck*4)/(3*d**6) + sqrt(
c + d*xx)*(3xA*axk2xbxd**5 — GxAxaxbkxx2kckd**x4 + 3kAxb**3kckk2xd**3 + Bkakx
3xd*xx5 — 6*Bkaxx2xbkxckdkkx4d + O*Bkxakbkxx2kxck*2kdx*x3 — 4*xBkbkkx3kc*k*3kd*x*x2 - 2
*Ckaxk3kckd**4d + 9xCkax*2kxbkck*x2*xd**3 — 12%Ckaxbk*x2kxc*x*3xd**2 + 5*xCxb*x*x3%c
*k4xd + 3*kDkaxk3kck*x2kxd**3 — 12*Dkaxk2xbkxckx*3kd*x*x2 + 15%Dkaxbx*2kckx*x4*xd -

6*D*b**x3kc*x*5) /d*x*6 + (axd - bxc)**x3x (—Axd**3 + Bkckd**2 — Ckc**2%xd + D*cx*
*3) / (d*x6*sqrt(c + d*x)))/d, Ne(d, 0)), ((A*a*x*3xx + D¥b**3xx**x7/7 + x**6x
(Cxb**3 + 3*D*xa*xb**2)/6 + x**x5x(Bkb**3 + 3*Ckxaxb**2 + 3kD*xa*x*x2xb)/5 + x**4
* (Axb**3 + 3*Bkaxb**x2 + 3xCkax*2%xb + D*a**3)/4 + x*k*x3%(3kxA*axb**x2 + 3xBkxax
*2%b + Cxax*3)/3 + x**2x(3*Axax*2xb + Bka**3)/2)/c**(3/2), True))

\

3.10.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 629, normalized size of antiderivative = 1.45

( 315 (dz+c) 2 Db3—385 (6 Db%c—(3 Dab®+Cb3)d) (dz+c) 2 +495 (15 Db3c%—5 (3D

dzr =

/ (a+bz)® (A+ Bz + Cz? + Dx?)
(c+ dzx)3/?

input‘integrate((b*x+a)‘3*(D*x‘3+C*x‘2+B*x+A)/(d*x+c)‘(3/2),x, algorithm="maxima

L“> J

3.00. [ IR d



output
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2/3465% ((315*%(d*x + c)~(11/2)*D*b~3 - 385*(6%D*b~3*c - (3*D*a*b~2 + C*b~3)

*d)*(d*x + ¢c)~(9/2) + 495%(15*D*b~3*%c"2 — 5% (3*D*a*b~2 + Cxb~3)*cxd + (3*D
*a~2xb + 3*Cxaxb~2 + B*b~3)*d"2)*(d*x + c)~(7/2) - 693%(20%D*b~3*c~3 - 10%
(3*%D*axb~2 + C*b~3)*c~2+d + 4*(3*xD*a~2xb + 3*C*a*b~2 + B*b~3)*cxd~2 — (D*a
3 + 3*C*xa~2*b + 3*B*a*b~2 + A*b~3)*d"3)*(d*x + c)~(5/2) + 1155%(15*D*b~3x*
c”4 - 10*(3*#D*xa*xb”2 + C*b~3)*c”"3*d + 6*(3*D*a~2xb + 3*Cka*b~2 + Bxb~3)*c~2
*d"2 - 3x(D*a~3 + 3*%C*xa”2%b + 3*Bxa*b™2 + A*b~3)*c*d~3 + (Cxa”~3 + 3*B*a~2*
b + 3*%Axa*b~2)*d"4)*(d*x + c)~(3/2) - 3465%(6*Dxb~3*c~5 - 5*(3*D*a*xb~2 + C
*b~3)*c~4*d + 4%(3*xD*a”2*b + 3*Cka*b~2 + B*b~3)*c~3*%d"2 - 3*(D*a"3 + 3xC*a
“2%b + 3*B*axb~2 + A*b~3)*c"2%d"3 + 2x(C*a”3 + 3xB*a~2%b + 3*kAxaxb~2)*c*xd”
4 - (B*a"3 + 3xA*a”2%b)*d"5)*sqrt(d*x + c))/d"6 - 3465%(D*b~3*c”"6 + Axa”3x
d"6 - (3*%D*a*b~2 + Cxb~3)*c”~5*xd + (3*D*a~2*b + 3*xCxaxb~2 + B*b~3)*c~4*d"2

- (D*a"3 + 3*C*xa~2xb + 3*Bka*b~2 + A*b~3)*c"3*%d"3 + (C*a~3 + 3*B*a~2%b + 3
*xA*a*b~2) *c"2xd"4 - (B*a~3 + 3*A*a~2xb)*c*xd"5)/(sqrt(d*x + c)*d~6))/d

3.10.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1067 vs. 2(412) = 824.

Time = 0.31 (sec) , antiderivative size = 1067, normalized size of antiderivative = 2.46

/ (a+ bz)® (A+ Bz + Cz* + Dz?)

(c + du)* dz = Too large to display
c+dzx

-

inputLintegrate((b*x+a)“3*(D*x“3+C*x“2+B*x+A)/(d*x+c)“(3/2),x, algorithm="giac")

| —

3.00. [ IR d



CHAPTER 3. LISTING OF INTEGRALS

117

output

-2%(D*b"3*%c"6 - 3*xD*axb~2%c 5kd - C*b~3*c~5xd + 3*D*a”~2%b*c~4*d"2 + 3*Cxax
b~2%c"4*%d"2 + Bxb"3*xc"4*xd"2 - D*a"3*%c"3*%d"3 - 3*%C*xa~2%b*c~3*%d"3 - 3*B*a*b”
2*%c”3*%d"3 - A*b"3*%c”3*%d"3 + C*a"3*%c™2%d"4 + 3*B*xa"2%bkc"2*d"4 + 3*A*xaxb~2x*
c"2*d"4 - B*a"3%c*d"5 - 3%A*a"2xb*c*d"5 + A*a~3*d"6)/(sqrt(d*x + c)*d77) +
2/3465*(315%(d*x + ¢)~(11/2)*D*b~3*d~70 - 2310*(d*x + c)~(9/2)*D*b~3*c*d"
70 + 7425*%(d*x + c)~(7/2)*D*b~3*c~2*d~70 - 13860*(d*x + c)~(5/2)*D*b~3*c"3
*d~70 + 17325*%(d*x + c)~(3/2)*D*b~3*%c~4*d~70 - 20790*sqrt(d*x + c)*D*b~3*c
~5%d~70 + 1155%(d*x + c)~(9/2)*D*a*xb~2%d"~71 + 385*(d*x + c)~(9/2)*C*b~3*d~
71 - 7425%(d*x + c)~(7/2)*D*axb~2*xcxd~71 - 2475+ (d*x + c)~(7/2)*C*b~3*c*d"
71 + 20790%(d*x + c)~(5/2)#*D*a*b~2xc~2*d"71 + 6930*(d*x + c)~(5/2)*Cxb~3*c
~2xd"71 - 34650*%(d*x + c)~(3/2)*#D*xaxb”~2*xc~3*%d~71 - 11550*(d*x + c)~(3/2)*C
*b~3%c"3*d"71 + 51975*sqrt(d*x + c)*D*axb~2%c"4*d~71 + 17325*sqrt(d*x + c)
*Cxb~3*c~4*d"71 + 1485%(d*x + c)~(7/2)*D*a”~2*b*d~72 + 1485*(d*x + c)~(7/2)
*C*axb~2xd~72 + 495x(d*x + c)~(7/2)*B*b~3*%d"72 - 8316*(d*x + c)~(5/2)*D*a”
2%b*c*d"72 - 8316*x(d*x + c)~(5/2)*C*a*xb™2*xcxd~72 — 2772*%(d*x + c)~(5/2)*Bx*
b"3*c*d~72 + 20790*(d*x + c)~(3/2)*D*a”2xb*c~2+%d"72 + 20790*(d*x + c)~(3/2
) *Cxa*xb~2%c~2*d"72 + 6930%(d*x + c)~(3/2)*Bxb~3%c"2%d"72 - 41580*sqrt (d*x
+ c)*Dxa”2*%bxc~3+%d"72 - 41580*sqrt(d*x + c)*Cxa*b~2xc~3*%d”~72 - 13860+*sqrt(
d*x + c)*B*b~3*c”3*%d"72 + 693*(d*x + c)~(5/2)*D*a”~3*d"73 + 2079*(d*x + c)~
(56/2) *C*a~2xbxd"73 + 2079*(d*x + c)~(5/2)*B*a*b~2+%d"73 + 693*(d*x + c)~...

p
input

N

3.10.9 Mupad [F(-1)]

Timed out.

3/2

/(a—l—bx)3(A—|—Bz+C’m2—|—Dx3)dx_/(a+bw)3(A—|—Bac+C'x2—|—x3D)d

(c+ dx)3/? (c+dx)

int(((a + b*x)~"3%(A + B*x + C*x~2 + x~3%D))/(c + d*x)~(3/2),x)

output‘

int(((a + b*x)~"3%(A + B*x + C*x~2 + x~3%D))/(c + d*x)~(3/2), x)

3.00. [ IR d
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(a+bz)? (A+Bz+Cx?+Dx3)
311 | d
(c+dzx)3/2

3.11.1 Optimal result . . . . . . . . . ... . 18]
3.11.2 Mathematica [A] (verified) . . . . . . . ... .. ... L 119
3.11.3 Rubi [A] (verified) . . . . . . . . .. 119
3.11.4 Maple [A] (verified) . . . . ... .. . ... 1211
3.11.5 Fricas [A] (verification not implemented) . . . . . . .. ... ... ... ... 1211
3.11.6 Sympy [A] (verification not implemented) . . . ... ... ... ... . ... 1221
3.11.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 123
3.11.8 Giac [B] (verification not implemented) . . . ... ... ... ... ..... 123
3.11.9 Mupad [F(-1)] . . . . o o 1241

3.11.1 Optimal result

Integrand size = 32, antiderivative size = 322

2(bc — ad)? (c2Cd — Bed? + Ad® — 3 D)

/(a+bx (A+ Bz + Cz? + Dz? )dz'——
(c + dx)3/2 B ds+/c + dx
2(bc — ad) (ad(2¢Cd — Bd? — 3c¢?D) — b(4c*Cd — 3Bcd? + 2Ad® — 5¢3D)) V¢ + dx
6
N 2(a2d?(Cd — 3cD) — 2abd(3cCd — Bd? — 6¢?D) + b?(6¢2Cd — 3Bcd? + Ad® — 10¢®D)) (c + dx)3/?
3db
2(a2d?D + 2abd(Cd — 4¢cD) — b*(4cCd — Bd? — 10¢2D)) (c + dzx)®/?
5dS
2b(bC'd — 5bcD + 2adD)(c + dx)™/? N 262D (c + dz)*/?
7ds 9d*¢

output | 2/3* (a”2+d”2* (C*d—-3*D*c) —2*axb*d* (-B*d~2+3*C*cxd-6*D*c~2) +b~2* (Axd~3-3*B*c
*d~2+6*Cxc”~2+%d-10*%D*c”3) ) * (d*x+c) ~(3/2) /d~6+2/5* (a~2*d~ 2*D+2*a*b*d* (Ckd-4*
D*c)-b~ 2% (-Bxd~2+4*Ckc*d-10*D*c~2) ) * (d*x+c) ~(5/2) /d~6+2/T*b* (Cxb*d+2*D*a*d
-5*D*b*c) * (d*x+c) ~(7/2) /A" 6+2/9%b"2+D* (d*x+c) ~(9/2) /d~6-2% (—a*d+b*c) ~2* (A*
d~3-B*c*d~2+C*c"2*xd-D*c”~3) /d~6/ (d*x+c) ~ (1/2) +2* (—a*xd+b*c) * (a*d* (-B*d~2+2*C
*Cc*d—-3*D*c”2) —b* (2% A*d~3-3*B*c*d~2+4*Cxc~2*xd-5*D*c~3) ) * (d*x+c) ~(1/2) /d"6

(a+bz)? (A+Bz+Cz?+Dx?) dr

311 [ T
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3.11.2 Mathematica [A] (verified)

Time = 0.32 (sec) , antiderivative size = 326, normalized size of antiderivative = 1.01

) o — 2(21a%d?(48¢*D — 8c2d(5C — 3Dzx) + 2¢d?(15B — x(10C + 3D

/ (a+bx)? (A + Bz + Cx? + Dz?
(¢ + dx)3/2

input\’ Integrate[((a + bxx)"2%(A + B*x + C*x"2 + D*x"3))/(c + d*x)~(3/2),x]

output | (2% (21*%a~2*xd"2%(48%c~3*%D - 8*c~2*d* (5%C - 3*D*x) + 2*c*d"2*(15%B - x*(10%*C
+ 3*D*x)) + d73*(-15%A + x*x(15*%B + 5%C*x + 3*D*x72))) + 6*axb*xd*(-384*c~4
*D + 48%c”3xd* (7*C — 4*D*x) - 8*c”2xd"2x(35%B - 3*x*(7*C + 2xD*x)) + 2kc*d
~3%(105%A — x*(70*B + 3*x*(7*C + 4*D*x))) + d"4*x*(105%A + x*(35%B + 3*kx*(
7#C + 5%D*x)))) + b"2*(1280%c”5%D - 128*c~4*d*(9*C — 5*D*x) + 16%c™3*d~2*(
63*%B - 2*x*(18*C + 5*D*x)) + 8%c”2*%d"3*(-105%A + x*(63*B + 2*x*(9*%C + 5xDx*
X))) + d"5xx”"2*%(105*%A + x*(63*%B + 5*x*x(9*%C + 7*D*x))) - 2kc*kd 4*xx*(210*%A +
x*x(63*B + x*(36%C + 25%D*x))))))/(316%d~6*Sqrt[c + d*x])

\

3.11.3 Rubi [A] (verified)
Time = 0.56 (sec) , antiderivative size = 322, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, number of rules _ 0.062, Rules used

integrand size
= {2123, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dx

/ (a+bz)? (A+ Bz + Cz? + Dz?)
(c+ dx)3/2

l 2123

/ (x/c + dz(a®d?*(Cd — 3¢D) — 2abd(—Bd? — 6¢2D + 3cCd) + b?(Ad® — 3Bcd? — 103D + 6¢°Cd) ) N (c+dx
d5

l 2009

A
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2(c + dx)3/? (a?d?(Cd — 3¢D) — 2abd(—Bd? — 6¢>D + 3cCd) + b*(Ad® — 3Bcd? — 10¢D + 6¢°Cd)) N

3d6
2(c + dz)%/% (a?d?D + 2abd(Cd — 4cD) — (b?(—Bd? — 10¢?D + 4cCd))) N
5db
2v/c + dz(bc — ad) (ad(—Bd? — 3¢2D + 2¢Cd) — b(2Ad® — 3Bcd? — 5¢3D + 4c2Cd))

db a

2(bc — ad)? (Ad® — Bed? + ¢*(—D) + 2Cd) N 2b(c + dz)"/?(2adD — 5bcD + bCd) N

d%v/c+ dzx 7dS
262D (c + dzx)%/?
948
inputLInt[((a + b*x) "2+ (A + B*x + C*x"2 + D*x73))/(c + d*x)~(3/2),x] J

output | (-2*(b*c - a*d) “2*(c"2*C*kd - Bxc*d™2 + A*d~3 - c~3%D))/(d"6*Sqrtlc + d*x])
+ (2x(b*c - a*d)*(a*xd*(2xc*C*d — B*d~2 - 3*c”2*D) - b*(4*xc”™2+Cxd - 3*Bkc*
d™2 + 2%A*d”~3 - B*c~3*D))*Sqrtc + d*x])/d"6 + (2+(a”2*d"2x(Cxd - 3*c*D) -
2xaxb*d* (3%ckCxd - B*d"2 - 6%c™2xD) + b~2%(6%c"2*Cxd — 3*Bxc*d™2 + Axd"3
- 10*c”~3*D) ) *(c + d*x)~(3/2))/(3*xd"6) + (2x(a"2xd"2*D + 2xa*b*xd*(Ckd - 4*c
*D) - b~2%(4xcxCxd - Bxd~2 - 10%c~2*D))*(c + d*x)~(5/2))/(5%d"6) + (2%b*(b
*Cxd — Bxbkxc*D + 2%axd*D)*(c + d*x)~(7/2))/(7*d"6) + (2*b~2xD*(c + d*x)~(9

/2))/(9%d"6)

3.11.3.1 Defintions of rubi rules used

rule 2009

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

N

‘ :> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b,
, d, m, n}, x] && PolyQ[Px, x] &% (IntegersQ[m, n] || IGtQ[m, -21)

O

rule 2123 Tnt [(Px_)*((a_.) + (b_)*(x))~(m_)*((c_.) + (d_)*(x))"(n_.), x_Symbol] \

A
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3.11.4 Maple [A] (verified)

Time = 1.74 (sec) , antiderivative size = 289, normalized size of antiderivative = 0.90

method result

((70Dz°+90C x*+1262° B+210A 2)b2+1260a(A+ £ Da®+ £ C 22+ 1 Bz)xb—630a% (— £ D23 —  C 2% — Bz+A) ) d°+2
pseudoelliptic
gosper 2(—35Db%25d® —45C b2d®z*—90Dab d5z*+50Db%c d*x?—63 B b2d5 2> —126Cab doz3+72C b2c d*z3—63Da?d5 23 +1
trager 2 (—35Db2z5d5—45C b2dSz*—90Dab d®z*+50Db%c d*z* —63B b2d®23 —126Cab d®z3 +72C b2c d*2®—63Da?d®z3+1

2Db2 (dz+c)% 2(a?A4d5—24abcd+Ab2c2d3— B a2cdt+2Bab 2d®—Bb?Bd2 40 a?c?d3—2Cab 3a? +C b2ctd—Da?3d? +2Da
derivativedivides . i

2Db2(dote) s 2(a2Ad5—24abedt+4b2c2d3 B a2cat+2Bab 2d3~ B b2 c3d?+C a?c?a® —20ab 3d2 + O b2 ctd—Da?cPd? +2Da
default 9 Vdz+c

input‘int((b*x+a)“2*(D*x“3+C*x“2+B*x+A)/(d*x+c)‘(3/2),x,method=_RETURNVERBUSE)

output | 1/315* (((70*D*x~5+90*C*x~4+126*B*x~3+210*A*x~2) *b~2+1260*a* (A+1/7+D*x"3+1/
5%C*x"2+1/3*B*x) *x*b—630*a" 2% (-1/5%D*x"3-1/3*Cxx~2-B*x+A) ) *d~5+2520%* (-1/3*
(5/42xD*x"3+6/35*C*x~2+3/10%B*x+A) *x*b~2+a*x (-4/35*D*x"3-1/5+%C*x"2-2/3*B*x+
A) *¥b+1/2%a"2% (—1/5%D*x~2-2/3*C*x+B) ) *c*d~4-1680*c~2* ((-2/21*D*x~3-6/35*%C*x
~2-3/5%Bxx+A) *b~2+2*ax* (-6/35*D*x"2-3/5*%C*xx+B) *b+a”2* (-3/5+%D*x+C) ) *d~3+2016
*c" 3% ((-10/63*D*x"2-4/7*C*x+B) ¥b~2+2*a* (—4/7*D*x+C) ¥b+D*a~2) *d~2-2304* ((-5
/9%D*x+C) *¥b+2*D*a) ¥b*c~4*d+2560*D*b~2xc~5) / (d*x+c) ~(1/2)/d"6

3.11.5 Fricas [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 419, normalized size of antiderivative = 1.30

) 4y 2(35 DVd°a® + 1280 D’c" — 315 Aa’d® — 840 (Ca’ + 2 Bab + .

/ (a+bz)?> (A+ Bz + Cz* + Dz?
(

¢+ dx)3/?

input‘integrate((b*x+a)“2*(D*x“3+C*x“2+B*x+A)/(d*x+c)“(3/2),X, algorithm="fricas

‘u)

A



output
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2/315% (35*%D*b~2*xd"5*x~5 + 1280*D*b~2*c~5 - 315xA*a~2*d"5 - 840*(C*a~2 + 2%
B*a*xb + A*b~2)*c”2xd"3 + 630*(B*a”2 + 2*A*axb)*c*d~4 - 5x(10*%D*b~2*c*xd"~4 -
9% (2+D*axb + Cxb~2)*d"5)*x"4 + (80*D*b~2xc~2*xd"3 + 63*(D*a”2 + 2*xCxaxb +
B*b~2)*d"5 - 72*(2xD*axbxc + Cxb~2%c)*d"4)*x"3 + 1008*(D*a~2*c~3 + (2*C*a*
b + B¥b"2)*c"3)*d"2 - (160*D*b"2*xc~3*%d"2 - 105%(C*a”~2 + 2*B*axb + A*b~2)*d
5 + 126x(D*a”~2*%c + (2%C*a*b + B*b~2)*c)*d"4 - 144%(2+D*axb*c”2 + Cxb~2*xc”
2)*%d"3)*x"2 - 1152%(2*D*axb*c”™4 + C*b~2*c~4)*d + (640*D*b~2%c~4*d - 420%(C
*a~2 + 2xBxaxb + A*b~2)*c*d"4 + 315%(Bxa~2 + 2kAkxaxb)*d"5 + 504 (D*xa~2xc”2
+ (2#Cxa*b + B*b~2)*c”2)*d"3 - 576%(2*Dxa*b*xc™3 + C*b~2*c~3)*d"2)*x) *sqrt

(d*x + ¢)/(@"7*x + cxd”6)

3.11.6 Sympy [A] (verification not implemented)

Time = 27.76 (sec) , antiderivative size = 534, normalized size of antiderivative = 1.66

5d5

7 5
) Db2(ctda)3 | (c+d2)2 (Cb2d+2Dabd—5Db2e) | (c+dw) 2 (Bb2d2+2Cabd® —4Cb2cd+ D
9d + 7d® +

/ (a+bx)? (A + Bz + Cx? + Dz?) dp—
( =

¢+ dx)3/?

2
Aa2x+ Dbe +

6 a° (Cb2+2Dab) N z4 (Bb2+2Cab+Da2) . z3 (Ab2+2Bab+Ca2) z2. (2Aa

5 4

3

2

NICo|

[

inputLintegrate((b*x+a)**2*(D*x**3+C*x**2+B*x+A)/(d*x+c)**(3/2),x)

output

Piecewise ((2* (D¥bx*2% (c + d*x)**(9/2)/(9%d**5) + (c + d*xx)**(7/2)* (Cxb**2x
d + 2%D*xaxbxd - 5*xD*xb**2%c)/(7*d**x5) + (c + d*x)**x(5/2)*(B¥b**x2*xd**2 + 2%C
*a*xbkd**2 — 4*%Cxb**2kckxd + Dkxakx*2kd**x2 - 8xDxaxbkxckd + 10*Dxb*x*2xc**2) /(5%
d**x5) + (c + d*x)**(3/2)*(A*xb**2%d**x3 + 2%xBkxaxbkxd*x*3 — 3*Bkb**x2kxckxd**2 + C
*ax*kd*x*3 — 6*kCkaxbkckd**2 + B*kCkbx*2kxcx*2xd — 3*Dxakxx2kckd**2 + 12xDxaxb
xckx2xd — 10*D*b**2*c**3) / (3*%d**5) + sqrt(c + d*x)*(2xAxaxbkd**4 — 2%Axbxx*
2xckd**3 + Bkxax*2xdkx*x4 — 4xBkakxbkckd**3 + 3%Bxbkk2kck*x2kd**2 — 2kCka*x*kx2kc*
d**3 + 6*Ckaxbkck*2xd**x2 — 4A*Ckb*x2kck*x3kd + 3*kDka**2kckx*2kd*x*2 — 8*Dxaxb*
ck*3xd + 5xDxb**x2kc**4) /d**x5 + (a*d - b*c)**2*x (-A*d*x*3 + Bkckd*x*2 - Ckc**2
*d + D*c**3)/(d**5xsqrt(c + d*x)))/d, Ne(d, 0)), ((Axa*x*2xx + D*b**2xx**6/
6 + x**x5k(C*xb**x2 + 2x%xDxaxb)/5 + x**x4x (Bxb**2 + 2%Ckxaxb + D*a**2)/4 + x**3*
(A*b**2 + 2*B*axb + Ckxa**2)/3 + x**2%(2xAxaxb + Bkxax*x2)/2)/c**x(3/2), True)
)

A




CHAPTER 3. LISTING OF INTEGRALS 123

3.11.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 395, normalized size of antiderivative = 1.23

7
< 35 (do-+c) 2 Db2—45 (5 Db?c— (2 Dab+Cb?)d) (dz+c) 2 +63 (10 Db?c?—4 (2 Dab+C

)dz'=

/ (a +bx)? (A + Bz + Cx? + Dz?
(c+ dz)3/?

input  integrate ((b*x+a) ~2% (D*x~3+C*x~2+B*x+A) / (d*x+c) ~(3/2) ,x, algorithm="maxima
II)

output | 2/315%((35%(d*x + c)~(9/2)*Dxb~2 - 45%(5xDxb~2%c - (2*D*axb + Cxb~2)*d)*(d
*x + c)~(7/2) + 63x(10*D*b~2%c"2 - 4x(2xDxa*b + Cxb~2)*c*d + (D*a~2 + 2*Cx
axb + B*b~2)*d"2)*(d*x + c)~(5/2) - 105%(10*%Dxb~2*c~3 - 6*(2*xD*a*b + Cxb~2
Ykc"2xd + 3*%(D*a”2 + 2%Cxaxb + Bxb~2)*c*xd"2 - (C*a~2 + 2*Bka*b + A*b~2)*d"
3)*(d*x + c)~(3/2) + 315%(5*%D*b"2%c"4 - 4x(2xD*xaxb + C*b~2)*c~3*d + 3*(D*a
"2 + 2xCxaxb + B*b~2)*c"2+%d"2 - 2*x(Cxa~2 + 2*Bka*b + A*b~2)*c*d~3 + (B*a~2
+ 2xA*axb)*d~4)*sqrt(d*x + c))/d"5 + 3156%x(D*b~2%c”5 - A*a~2*%d"5 - (2xD*ax
b + Cxb~2)*c~4*d + (D*a~2 + 2#Cxaxb + Bxb"2)*c"3*d"2 - (Cxa”~2 + 2*B*axb +
A*b~2)*c"2%d"3 + (B*a~2 + 2%Axaxb)*c*d~4)/(sqrt(d*x + c)*d~5))/d

3.11.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 651 vs. 2(302) = 604.

Time = 0.30 (sec) , antiderivative size = 651, normalized size of antiderivative = 2.02

/%a+&@%A+Bm+Cﬂ+lh%dT_ﬂDﬁé—2D®&d—CH&d+Dﬁ@f+20w§f+J%%%
(c + dx)3/2 N 7
2 (35 (dz + c)2 Db2d*® — 225 (dz + ¢)? Db2cd®® + 630 (dz + ¢)? Db2c2d*® — 1050 (dz + ¢)? Db2c3d*® + 157

_|_
input Lintegrate ((b*x+a) ~2* (D*x~3+C*x~2+B*x+A) / (d*x+c) ~(3/2) ,x, algorithm="giac") J
(a+bz)? (A+Bz+Cz?+Dx?)
3.11. f (ot da)?/2 dz



output
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2% (D*¥b~2%c”5 — 2xD¥axb*c”4*d - Cxb~2%c~4*d + D*a~2*c~3*d"2 + 2*Cxa*bxc~3*d
"2 + B*b"2%c"3*%d"2 - C*a"2*%c"2*%d"3 - 2xBkaxb*c"2*%d"3 - Axb"2%xc"2%d"3 + Bx*a
“2%cxd”4 + 2xAxaxbxckd~4 - A*a~2+d”5)/(sqrt(d*x + c)*d"6) + 2/315%(35x(d*x
+ ¢)~(9/2)*D*b"2x%d"48 - 225*(d*x + c)~(7/2)*D*b~2*xc*d"48 + 630*(d*x + c)~
(5/2) *D*b~2%c~2x%d"48 - 1050*(d*x + c)~(3/2)*D*xb~2xc~3*d~48 + 1575*sqrt (d*x
+ c)*Dxb"2%c"4*d"48 + 90*(d*x + c)~(7/2)*Dxa*b*d~49 + 45%(d*x + c)~(7/2)*
Cxb~2%d"49 - 504*(d*x + c)~(5/2)*D*a*bxcxd~49 - 252 (d*x + c)~(5/2)*Cxb~2*
c*xd~49 + 1260*(d*x + c)~(3/2)*D*a*b*c™2*d~49 + 630*(d*x + c)~(3/2)*C*b~2*c
“2%d"49 - 2520*sqrt(d*x + c)*Dxaxb*c~3*%d"49 - 1260*sqrt(d*x + c)*C*b~2xc”3
*d~49 + 63x(d*x + c)~(5/2)*D*a~2*%d"50 + 126*(d*x + c)~(5/2)*Cxa*b*d~50 + 6
3*%(d*x + c)~(5/2)*B*b~2+%d"50 - 315%(d*x + c)~(3/2)*D*a~2*c*d"50 - 630* (d*x
+ ¢)~(3/2)*Cxaxb*c*d"50 - 315%(d*x + c)~(3/2)*B*b~2xcxd"50 + 945*sqrt (d*x
+ c)*D*a~2xc~2*d"50 + 1890*sqrt(d*x + c)*Cxa*bxc~2*d"50 + 945*sqrt(d*x +
c)*B*b~2xc"2+%d~50 + 105*%(d*x + c)~(3/2)*C*xa~2+xd~51 + 210*(d*x + c)~(3/2)*B
*a*xb*d~51 + 105%(d*x + c)~(3/2)*A*b~2*d"51 - 630*sqrt(d*x + c)*C*a~2xc*xd~5
1 - 1260*sqrt(d*x + c)*B*axb*xckd~51 - 630*sqrt(d*x + c)*A*b~2*c*d~51 + 315

*xsqrt (d*x + c)*Bxa~2xd"52 + 630*sqrt(d*x + c)*A*a*b*d~52)/d"54

3.11.9 Mupad [F(-1)]

Timed out.

/(a+bz)2(A+Bz+Cw2+Dx3)dx_/(a+bz)2(A+B:c+Cx2+x3D)d

(c+ dz)3/? (c+dz)*?

p

input | int (((a + b*x)~2%(A + Bx + Cxx~2 + x~3%D))/(c + d*x)~(3/2),x)

|

-

outputtint(((a + b*x)"2*%(A + B*x + C*x"2 + x"3*D))/(c + d*x)~(3/2), x)

~—

A
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(a+bz) (A+Bz+Cx*+Dx3)
312 | do
(c+dzx)3/2

3.12.1 Optimal result . . . . . . . . . ... 125]
3.12.2 Mathematica [A] (verified) . . . . . . .. ... ... L 1261
3.12.3 Rubi [A] (verified) . . . . . ... .
3.12.4 Maple [A] (verified) . . . . ... .. ... 1271
3.12.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 128]
3.12.6 Sympy [A] (verification not implemented) . . . . ... ... ... ... ... 128]
3.12.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 129
3.12.8 Giac [A] (verification not implemented) . . . ... ... ... ... . .... 129
3.12.9 Mupad [F(-1)] . . . . o o 1301

3.12.1 Optimal result

Integrand size = 30, antiderivative size = 210

/ (a+ bz) (A+ Bx + Cx? + Dx?) dp — 2(bc — ad) (c2Cd — Bced? + Ad® — ¢3D)

(c+ dz)3/? v de + dz
_ 2(ad(2¢Cd — Bd?* — 3¢°D) — b(3c*Cd — 2Bcd® + Ad® — 4c*D)) Ve + dx
&
2(ad(Cd — 3¢D) — b(3cCd — Bd? — 6¢2D)) (c + dx)3/?
+ 3d3
N 2(bCd — 4bcD + adD)(c + dz)>/? N 2bD(c + dzx)7/?
5d> Td5

\b*d+D*a*d—4*D*b*c)*(d*x+c)‘(5/2)/d‘5+2/7*b*D*(d*x+c)‘(7/2)/d‘5+2*(—a*d+b*c
\)*(A*d‘B—B*c*d‘2+C*c‘2*d—D*c‘3)/d‘5/(d*x+c)‘(1/2)—2*(a*d*(—B*d*2+2*C*c*d—3

( Y
output ‘ 2/3% (a*d* (Cxd—3*D*c) —b* (-B*d~2+3*C*kcxd-6%D*c”~2) ) * (d*x+c) ~(3/2) /d~5+2/5% (C* ‘
\*D*c‘2)—b*(A*d‘3—2*B*c*d‘2+3*C*c*2*d—4*D*c‘3))*(d*x+c)“(1/2)/d“5

312. [ (atbz) (z‘::sz;%x? +Ds%) o
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3.12.2 Mathematica [A] (verified)

Time = 0.16 (sec) , antiderivative size = 188, normalized size of antiderivative = 0.90

dpe 14ad(48¢D — 8c2d(5C — 3Dzx) + 2¢d*(15B — xz(10C + 3Dx)) +

/ (a+ br) (A+ Bz + Cx? + Dx?)
(c+ dz)3/?

input | Integrate[((a + b*x)*(A + Bxx + C¥x™2 + Dxx"3))/(c + d*x)~(3/2),x]

output | (14*a*xd* (48*%c~3%D — 8*c~2%d*x(5%C - 3%D*x) + 2%c*xd~2x(15%B - x*x(10%C + 3*Dx*
x)) + d"3*%(-15%A + x*(15%B + 5*Ckx + 3*D*x72))) + b*x(-768*c”~4*D + 96%c~3+*d
*(7*%C — 4*xDxx) + 16%c”2+%d"2%(-35%B + 3*x*(7*C + 2*D*x)) + 4*c*d"3*(105%A -
x*(70%B + 3%x*x(7*%C + 4%D*x))) + 2%d~4*x*(105%A + x*(35%B + 3*x*(7*C + 5%D
*x)))))/(105*%d"5*Sqrt [c + d*x])

3.12.3 Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 210, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Bumber of rules _ 467 Ryles used

integrand size
= {2123, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(a—l—bx) (A+ Bz + Cz? + Dz?) p
x

(c+ dz)3/2
l 2123

/ (b(Ad3 —2Bcd? — 43D + 3¢2Cd) — ad(—Bd? — 3¢2D + 2¢Cd) + (ad — be) (Ad® — Bed? + ¢3(—D) + 2Cd)

d4/c + dz d4(c + dx)3/2
l 2009
2vec+ da:(ad(—Bd2 — 32D + 2cC’d) - b(Ad3 — 2Becd? — 4¢3D + 3c2C’d)) +
_ =
2(bc — ad) (Ad® — Bed? 4+ 3(—D) + 2Cd)
d®vc+dx
2(c+ dz)%/? (ad(Cd — 3¢D) — b(—Bd? — 62D + 3¢Cd))  2(c+ dz)5/?(adD — 4bcD + bCd)
+ +
3d5 5d5
2bD(c + dz)7/?
7d5

312. [ (atbz) (z‘::fiz;%x? +Ds%) o




input

CHAPTER 3. LISTING OF INTEGRALS

127

LInt[((a + bxx)*(A + B¥x + C*x~2 + D*x~3))/(c + d*x)~(3/2),x]

output | (2x(b*c - a*d)*(c”2+C*d - B¥c*d"2 + A*d"3 - c~3*D))/(d"5*Sqrtlc + d*x]) -
(2% (a*d* (2%c*xC*d - B*xd~2 - 3*%c~2*%D) - b*(3*c~2*Cxd - 2*%Bxc*d"2 + A*d"3 - 4
*c”~3*D) )*Sqrt[c + d*x])/d"5 + (2*(a*d*(C*d - 3*c*xD) - b*(3*c*Cxd - B*d~2 -
6*xc~2*D) )*x(c + d*x)~(3/2))/(3*d"5) + (2*(b*C*d - 4*b*cxD + axd*D)*(c + d*
x)~(5/2))/(6%d"5) + (2*%bxD*(c + d*x)~(7/2))/(7*d"5)
3.12.3.1 Defintions of rubi rules used
rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

rule 2123

‘Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
‘ :> Int[ExpandIntegrand [Px*(a + b*x) m*(c + d*x)~°n, x], x] /; FreeQ[{a, b, c
, d, m, n}, x] && PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2])

3.12.4 Maple [A] (verified)

Time = 1.68 (sec) , antiderivative size = 173, normalized size of antiderivative = 0.82

method result
9 <(_ Db7ac4+(—Cb—5Da)13+(—Bb—30a)z2 +(—Ab—Ba)z+Aa)d4—2 (_4D31;5z3+(—Cb—5Da)z2+2(—Bb3—Ca)z S Ab+
pseudoelliptic — NP
gosper _ 2 (—15Db z%d*—21Cbd*23—21Da d*x3+24Dbc d3z3 —35Bb d* 22 —35Ca d* 22 +42Cbc d3x2+42Dac d3x2 —48 Db c2d-
trager _2(=15Dbz*d*—21Cbd*s®—21Da d*a®+24Dbc d*z3 35 Bb d*¢® —35Ca d*x*4-42Cbc d3x* 442 Dac d*z* —48 Db c*d’
Db(d 7 20ba(a 3 2Dad 3 sDbe(d 5 2Bba?(a 3 2Cad?( 3 3
d . t. d. .d 2Db( :+c) +2 (53:+c) +2 a (5a:+c) __ 8Db¢( 5:1:+c) +2 (3:1:+c) +2 a (39:+c) —2Cbcd(da:+c)?—2Dacd(<
erivativedlviaes
2Db(d 3 scbaa 3 2Dadw 3 sDbe(d 3 2Bba2a 3 20ad?( 3 3
d f lt ( f;-!—c) + (5:c+c) 4+2Da (5z+c) _ c( 5x+c) + (3W+C) 4 2Ca (310-‘1-0) —QCbcd(da:—i—c)?—QDacd@
elau

input Lint ((b*x+a) * (D*x~3+C*x~2+B*x+A) / (d*x+c) ~(3/2) ,x ,method=_RETURNVERBOSE)

312. [ (atbz) (1‘::32;(;‘;2 +Ds%) o
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output‘-2/(d*x+c)“(1/2)*((—1/7*D*b*x“4+1/5*(-C*b—D*a)*x”3+1/3*(—B*b—C*a)*x“2+(—A*
\b-B*a)*x+A*a)*d“4-2*(-4/35*D*b*x‘3+1/5*(-C*b-D*a)*x“2+2/3*(-B*b-C*a)*x+A*b
\+B*a)*c*d‘3+8/3*c‘2*(—6/35*D*b*x‘2+3/5*(—C*b—D*a)*x+B*b+C*a)*d‘2—16/5*c‘3*
‘(-4/7*D*b*x+C*b+D*a)*d+128/35*D*b*c‘4)/d‘5 \

3.12.5 Fricas [A] (verification not implemented)
Time = 0.27 (sec) , antiderivative size = 213, normalized size of antiderivative = 1.01

dp— 2 (15 Dbd*z* — 384 Dbc* — 105 Aad* — 280 (Ca + Bb)c*d? + 210

/ (a+bx) (A+ Bz + Cz? + Dz?)
(c+ dzx)3/?

input ‘ integrate ((b*x+a) * (D*xx~3+C*x~2+B*x+A) / (d*x+c)~(3/2) ,x, algorithm="fricas") ‘

output | 2/105% (15*xD*b*d~4*x~4 - 384*D*b*c~4 - 105*A*a*d~4 - 280*(C*a + B#*b)*c 2*d~
2 + 210%(B*a + Axb)*c*d~3 - 3*(8*D*b*c*d~3 - 7x(D*a + C*b)*d"4)+*x"3 + (48
Dxbxc~2*d"2 + 35%(C*a + Bxb)*d~4 - 42*%(D*a*c + Cxb*c)*d~3)*x"2 + 336%(D*a*
c”3 + Cxbxc~3)*d - (192*%D*b*c~3*d + 140*(C*a + B*b)*c*d"3 - 105*(B*xa + Axb
)*d~4 - 168*(D*a*c”2 + C*b*c™2)*d"2)*x)*sqrt(d*x + c)/(d"6*x + c*d”5)

3.12.6 Sympy [A] (verification not implemented)

Time = 7.84 (sec) , antiderivative size = 280, normalized size of antiderivative = 1.33

3
7 5 3
Db(ctde)2 | (c+dx) 2 (Cbd+Dad—4Dbe) | (c+de)2 (Bbd2+Cad2 —3Cbcd—3Dacd+6Dbc2)
2 7dd + 544 + 3q4

/ (a+ br) (A+ Bz + Cx? + Dx?) p
x€Tr =
¢+ dx)3/?
( ) Aaz+ Dbszs+m4(Cli+Da)+a:3(Bl;+Ca,)+x2(Al;+Ba)
5
input Lintegrate ((b*x+a) * (D*xx**3+Ckx**2+B*x+A) / (d*x+c) ** (3/2) ,x) J

output | Piecewise ((2*% (D*b*(c + d*x)**x(7/2)/(7*d**x4) + (c + d*x)**(5/2)*(Cxb*d + Dx*
a*d - 4%Dx*b*c)/(56*%d**x4) + (c + d*xx)**x(3/2)*(Bxb*d**2 + Ckxaxd**2 — 3*Cxkxbkcx*
d - 3xD*axc*d + 6xD¥bxc**2)/(3*%d**4) + sqrt(c + d*x)*(A*bxd**3 + Bkaxd**3
— 2%xBxbxckxd*x*2 — 2xCxaxckxd**2 + 3xCxbxcx*2kxd + 3xDxakxc*x*2xd - 4*D*b*c**3)/
dx*4 + (axd — bkc)*(-Axd**3 + Bkckxd**2 — Ckxc*x2+d + Dxc**3)/(d*x4*sqrt(c +
d*x)))/d, Ne(d, 0)), ((A*a*x + D*b*x**5/5 + x**4*(Cxb + D¥a)/4 + x**3%(B*
b + C*a)/3 + x**2%(A*b + Bxa)/2)/c**(3/2), True))

312. [ (atbz) (z‘::sz;%x? +Ds%) o



p
input Lintegrate ((b*x+a) * (D*x~3+C*x~2+B*x+A) / (d*x+c) ~(3/2) ,x, algorithm="maxima")

output
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3.12.7 Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 206, normalized size of antiderivative = 0.98

( 15 (dz+c) S pp—21 (4 Dbc—(Da+Cb)d)(dxz+c) 5435 (6 Dbc2—3 (Da+Cb)cd+(Ca+E
d4

(a+bx) ( A+Bx+C’x + Dx?)

(c+ dx)3/2 de=

~—

2/105%((156*(d*x + c)~(7/2)*D*b - 21*(4*D*b*c - (D*a + Cxb)*d)*(d*x + c)~(5
/2) + 35%(6*%D*bkc™2 - 3%(D*a + Ckb)*cxd + (C*a + B*b)*d~2)*(d*x + c)~(3/2)
- 105%(4*xD*bxc~3 - 3*(D*a + C*b)*c~2*d + 2*x(Cxa + B*b)*cxd™2 - (B*xa + Axb
)*d~3)*sqrt(d*x + c))/d~4 - 105*(D*b*c™4 + Axa*d~4 - (Dxa + Cxb)*c~3xd + (
Cxa + B*b)*c~2%d"2 - (B*a + A*b)*c*d”3)/(sqrt(d*x + c)*d~4))/d

3.12.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 323, normalized size of antiderivative = 1.54

(a+bx) ( A-I—B:c-I—C’w + Dx?)

(¢ + dx)3/2 do =
_2(Dbc* — Dac’d — Cbc*d + Cac’d® + Bbc*d® — Bacd® — Abed® + Aad?)
Vdz + cd?

2 (15 (dz + c)%Dbd30 — 84 (dz + c)ngcd?’0 + 210 (dz + c)%Dbc2d30 — 420 /dz + cDbc3d* + 21 (dz + c)

_|_

input ‘ integrate ((b*x+a) * (D*xx~3+Cxx~2+B*x+A) / (d*x+c)~(3/2) ,x, algorithm="giac")

output

-2% (Dxb*c~4 - D¥axc~3*d — Cxb*c~3*d + Ckaxc™2*%d"2 + Bxb*c~2+%d"2 - Bxakcxd”
3 - Axb*c*d~3 + A*axd~4)/(sqrt(d*x + c)*d"5) + 2/105%(15*(d*x + c)~(7/2)*D
*b*d~30 - 84x(d*x + c)~(5/2)*Dxb*c*xd~30 + 210*(d*x + c)~(3/2)*D*b*c~2+%d"~30
- 420*sqrt(d*x + c)*D*bxc~3*%d"30 + 21*(d*x + c)~(5/2)*D*a*xd"31 + 21x(d*x

+ ¢)~(5/2)*C*b*d~31 - 105*(d*x + c)~(3/2)*D*a*c*xd~31 - 105*(d*x + c)~(3/2)
*C*bxc*d~31 + 3156*sqrt(d*x + c)*Dxa*c”2+%d"31 + 315*sqrt(d*x + c)*Cxb*c~2*d
~31 + 35x(d*x + c)~(3/2)*Cxaxd~32 + 35%(d*x + c)~(3/2)*B*b*d~32 - 210*sqrt
(d*x + c)*Cxaxcxd~32 - 210*sqrt(d*x + c)*Bxb*c*d~32 + 105*sqrt(d*x + c)*B*
a*d~33 + 105*sqrt(d*x + c)*A*bxd~33)/d"35

312. [ (atbz) (z‘::sz;%x? +Ds%) o
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3.12.9 Mupad [F(-1)]

Timed out.

/(a+b:c)(A+Bx—|—Cm2—|—D:v3) dx_/(a+bz) (A+ Bz + Cz?+ 23 D)
(c+ dx)3/? N (c+ dz)*?

dz

input Lint(((a + bxx)*(A + B*x + C*x~2 + x~3*D))/(c + d*x)~(3/2),x)

output Lint(((a + bxx)*(A + B*x + Cxx~2 + x~3xD))/(c + d*x)~(3/2), x)

312. [ (atbz) (1‘::32;(;‘;2 +Ds%) o
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3.13 A+Bz+Cz?+Dax3 dr
(c+dzx)3/2

3.13.1 Optimal result . . . . . . . . . . . ... 131
3.13.2 Mathematica [A] (verified) . . . . . . . . ... . L 131
3.13.3 Rubi [A] (verified) . . . . ... . .. ... 1321
3.13.4 Maple [A] (verified) . ... ... ... ... 133
3.13.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 133
3.13.6 Sympy [A] (verification not implemented) . . . .. ... ... ... . ... .. 134
3.13.7 Maxima [A] (verification not implemented) . ... ... ... ... ... ... 134
3.13.8 Giac [A] (verification not implemented) . . . ... ... ... ... ..... 135]
3.13.9 Mupad [F(-1)] . . . . oo 135

3.13.1 Optimal result

Integrand size = 25, antiderivative size = 113

/ A+ Bz + Cz* + Da? dp — _2(c’Cd — Bed? + Ad° — ¢°D)
(c+ dz)3/? B d*c+dx
2(2¢cCd — Bd* — 3c®D)v/c+dx  2(Cd — 3cD)(c+dx)*? 2D(c+ dz)%/?
- i - 3 T

output‘2/3*(C*d-3*D*c)*(d*x+c)‘(3/2)/d‘4+2/5*D*(d*x+c)“(5/2)/d‘4-2*(A*d‘3—B*c*d‘2
‘+C*c*2*d—D*c‘3)/d‘4/(d*x+c)‘(1/2)—2*(—B*d‘2+2*C*c*d—3*D*c‘2)*(d*x+c)‘(1/2)
\ /d~4 J

3.13.2 Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 82, normalized size of antiderivative = 0.73

do —
(c+ dz)3/? v 15d4y/c + dz

/ A+ Bz + Cz? + Dz3 2(48¢*D — 8c%d(5C — 3Dx) + 2¢d?(15B — z(10C + 3Dx)) + d*(—15A + z

~—

inputLIntegrate[(A + Bxx + C*x~2 + D*x~3)/(c + d*x)~(3/2),x]

p
output\ (2% (48*%c~3*%D - 8*c~2*d* (5%C — 3*D*x) + 2xc*xd~2*(15%B - x*(10*C + 3*D*x)) +
‘ d~3*(-15%A + x*(15%B + 5*C*x + 3*D*x~2))))/(15*d~4*Sqrt[c + d*x])

~

A+Bz+Cz2+Da3
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3.13.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 113, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, Bumber of rules _ 480 Ryles used
integrand size

= {2389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/A+Bw+Cw2+Dac3 e
(c+ dx)3/2
| 2389
/ Ad3 — Bed? + ¢3(—D) + 2Cd N Bd? +3c¢?D — 2cCd N Ve +dz(Cd — 3¢D) N D(c+ dz)3/? e
d3(c+ dz)3/? d3vVe+dx d3 d3
| 2009
2(Ad® — Bed? + 3(—D) +c*Cd)  2v/c+ dz(—Bd? — 3¢2D + 2¢Cd) N
d*Ve+dx d*
2(c + dz)%/%(Cd — 3cD) + 2D(c + dz)5/?
3d4 5d4
input LInt [(A + Bxx + C*x~2 + D*x"3)/(c + d*x)~(3/2),x] J

output‘ (-2%(c™2%C+d - B*c*d™2 + A*d~3 - c~3%D))/(d"4*Sqrtlc + d*x]) - (2%(2%c*xC*d \
| - Bxd"2 - 3%c2#D)*Sqrtlc + dxx])/d™4 + (2x(Cxd - 3xc¥D)*(c + d¥x)~(3/2))
/(3%d"4) + (2#D*(c + d*x)"(5/2))/(5%d"4) |

3.13.3.1 Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2389‘ Int[(Pq_)*((a_) + (b_.)*(x_)"(n_.))"(p_.), x_Symbol] :> Int[ExpandIntegrand ‘
‘[Pq*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, n}, x] && PolyQ[Pq, x] && (IGtQ[p ‘
, 01 || EqQ[n, 11D ‘

A+Bz+Cz2+Da3
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3.13.4 Maple [A] (verified)

Time = 1.61 (sec) , antiderivative size = 74, normalized size of antiderivative = 0.65

method result
(6Dw3+10C 2% +30Br—304)d>+60c(— 1 Da?— 2 Ca+ B) d?—~80c2 (— 222 4.C) d+96Dc®
pseudoelliptic > > >
15v/dz+cd4
2(—3Dz3d®—5C d322+6Dcd?x%—15B d3z+20Cc d2z—24Dc?dz+15A d>—30Bc d2+40C c>d—48Dc?)
gosper 15\/dz+cd?
¢ 2(—3Dz3d®—5C d*x%+6Dcd?z?—15B d3z+20Cc d?z—24Dc?dz+15A d®—30Bc d>+40C c2d—48Dc?)
rager 15v/dz+cd?
5 3 3 2 2 3
3 2(Ad°>—Bcd“+C c“d—D
) ) o 2D(dag+C) 24 ZCd(d;“‘c) 2 —2Dc(dz+c) 2 +2B d?+/dz+c—4Ccdv/dz+c+6Dc?+/dr+c— ( C\/mc ¢ )
derivativedivides o
5 3 2(Ad3-Bcd?+C 2d—Dc3
2D(dz5+6) 2 2Cd(d?”’”+c) 2 —2Dc(dm+c)% +2B d?+/dz+c—4Ccdv/dz+c+6Dc?/dx+c— ( NCEET )
default 7

input Lint ((D*x~3+C*x~2+B*x+A) / (d*x+c) ~(3/2) ,x ,method=_RETURNVERBOSE)

output \ 1/15% ((6*D*x~3+10*C*xx~2+30*B*x-30*A) *d~3+60*c* (-1/5*D*x~2-2/3*C*xx+B) *d~2-8 \

‘O*c“2*(—3/5*D*X+C)*d+96*D*C“3)/(d*x+c)‘(1/2)/d‘4

3.13.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 100, normalized size of antiderivative = 0.88

dz =

/ A+ Bz +Cz®>+Dz® | 2(3Dd’z® + 48 Dc® — 40 Cc?d + 30 Bed® — 15 Ad® — (6 Ded? — 5 Cd®)z? +

(c+ dx)3/2

15 (d®z + cd?)

input Lintegrate ((D*x~3+C*x~2+B*x+A) / (d*x+c) ~(3/2) ,x, algorithm="fricas")

output‘ 2/15% (3*%D*d"3*x~3 + 48+D*c~3 - 40*Ckc~2*d + 30*Bxc*d~2 - 15xA*d~3 - (6*D*c
\*d‘2 - B*Cxd"3)*x"2 + (24xDxc”2*d - 20%Cxc*d"2 + 15%B*d~3)#*x)*sqrt(d*x + c

‘)/(d‘S*x + c*xd~4)

A+Bz+Cz2+Da3
3.13. [ AtBatCoyDs’ gy




CHAPTER 3. LISTING OF INTEGRALS 134

3.13.6 Sympy [A] (verification not implemented)

Time = 1.99 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.27

9 < D(c+¢§c)% 4 (etda) 3 (%‘d—3Dc) " Vc+d’”(3d2 —3203‘“‘35’62) n —Ad3+B§d2—Cc2d+Dc3 >
5d 3d d d°+/c+dx
/H4+Bw+C&L+Dﬁ o . for d #
3/2 -
(c+ dzx) Ax+BTZ2+CTZ3+DZ4
3 otherw
c2
inputLintegrate((D*x**3+C*x**2+B*X+A)/(d*X+C)**(3/2),X) J

Output‘Piecewise((2*(D*(c + d*xx)**%(5/2)/(5*%d**3) + (c + d*x)**(3/2)*(C*d - 3*D*c)
‘/(3*d**3) + sqrt(c + d*x)*(B*d**2 — 2xCkcxd + 3*Dkc*x*2)/d**3 + (-Axd*x3 +
|Brcxd#*2 - Cxckx2xd + Dxc¥*3)/(d**3sqrt(c + d*x)))/d, Ne(d, 0)), ((Axx +
‘B*x**2/2 + Cxx*%3/3 + D¥x*%4/4)/c*%(3/2), True)) J

3.13.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 102, normalized size of antiderivative = 0.90

15 (Dc3 —Cc2d+Bed?—A

3
30m+®%D—M3D&{MXM%d7+MCH%LQCM+B¥%ﬁm+é+
d3 Vdz+cd3

/H4+Bx+cm?+Dﬁdx_
(c+ da)2 = 15d
inputLintegrate((D*x“3+C*x”2+B*x+A)/(d*x+c)“(3/2),x, algorithm="maxima") J

output| 2/16%((3*(d*x + c)~(5/2)*D - 5*(3+Dxc - Cxd)*(d*x + c)~(3/2) + 15%(3xDkc™2
\ - 2%Cxc*d + B*d"2)*sqrt(d*x + c))/d"3 + 15x(D*c”™3 - Cxc”2*d + Bxc*d™2 - A
L*d‘S)/(sqrt(d*x + ¢c)*d~3))/d J

A+Bz+Cz2+Da3
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3.13.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 127, normalized size of antiderivative = 1.12

/ A+ Bz + Cz? + Dz3 i — 2(Dc® — Cc?d + Bed? — Ad®)
(c+ dz)3/? B Vdz + cd*
2 (3 (dz + ) Dd'® — 15 (dz + c)%Dcd16 +45+/dz + cDc2d™ + 5 (dz + ¢)2Cd'" — 30 v/dz + cCed!” + 1
_|_
15d%0
input Lintegrate ((D*x~3+Ckx~2+B*x+A) / (d*x+c) ~(3/2) ,x, algorithm="giac") J

output‘ 2% (Dxc™3 - C*c™2%d + B*c*d™2 - A*d"3)/(sqrt(d*x + c)*d~4) + 2/16%(3*(d*x + |
| ©)7(5/2)*¥D*d"16 - 15%(d¥x + c)~(3/2)*D*c*d™16 + 45¥sqrt(d¥x + c)*Dkc 2+d"
116 + 5x(d*x + ¢)7(3/2)*C*d™17 - 30%sqrt(d*x + c)*Cxc*d"17 + 15*sqrt(dx +
|©)*B*d"18) /420 |

3.13.9 Mupad [F(-1)]

Timed out.

/A—I—Bm+Cw2+Dx3dx_/A+Bm+C:cz+m3D

(c+ dx)3/? (c+dz)*? ’
inputtint((A + B*x + Cxx"2 + x73*D)/(c + d*x)~(3/2),x) }
output Lint((A + Bxx + Cxx”2 + x73xD)/(c + d*x)~(3/2), x) J

A+Bz+Cz2+Da3
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3.14 A+Bz+Cz?4+Dax3 dr
(a+bz) (c+dx)3/2

3.14.1 Optimal result . . . . . . . . . . ... e 1361
3.14.2 Mathematica [A] (verified) . . . . . .. ... ... L 136
3.14.3 Rubi [A] (verified) . . . . . . .. . .. 137
3.14.4 Maple [A] (verified) . ... ... ... . ... 138
3.14.5 Fricas [B] (verification not implemented) . . . . . . . .. ... ... ..... 1391
3.14.6 Sympy [A] (verification not implemented) . . . .. ... ... ... ..... 140
3.14.7 Maxima [F(-2)] . . . . . . 140
3.14.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 141
3.14.9 Mupad [F(-1)] . . . . oo 141

3.14.1 Optimal result

Integrand size = 32, antiderivative size = 193

/ A+ Bz + Cz? + D2? dp — 2(c*Cd — Bed? + Ad? — D)
(a + bz)(c+ dx)3/2 d3(bc — ad)V/c + dz
_ 2cDve+da N 2(bCd — beD — adD)+/c + dx N 2D(c + dz)3/?
bd? b2d3 3bd3

2(Ab® — a(b?B — abC + a?D)) arctanh(% M)
b%/2(bc — ad)3/?

\(d*x+c)‘(1/2)/(—a*d+b*c)‘(1/2))/b‘(5/2)/(—a*d+b*c)‘(3/2)+2*(A*d‘3—B*c*d‘2+
\C*c‘2*d—D*c‘3)/d‘3/(—a*d+b*c)/(d*x+c)‘(1/2)—2*c*D*(d*x+c)‘(1/2)/b/d‘3+2*(C

" N
output | 2/3%D* (dxx+c) ~(3/2) /b/d~3-2% (A*b~3-ax (B¥b~2-C*axb+D*a"2) ) ¥arctanh (b~ (1/2) |
‘*b*d—D*a*d—D*b*c)*(d*x+c)“(1/2)/b“2/d”3 \

3.14.2 Mathematica [A] (verified)

Time = 0.35 (sec) , antiderivative size = 191, normalized size of antiderivative = 0.99

/ A+ Bz + Cz? + Dz? —6a?d?D(c + dz) + 2abd(c + dz)(3Cd — 2¢D + dDzx) + 2b*(—3Ad® + 8c3L
dz =
(a+ bz)(c+ dx)3/? 302d3(—bc + ad)Ve + dx

2(Ab® — a(b®B — abC + a?D)) arctan <—%>
b%/2(—bc + ad)?/?

A+Bz+Cz2+Da3
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input‘ Integrate[(A + B*x + C*x~2 + D*x~3)/((a + b*x)*(c + d*x)~(3/2)),x]

output | (-6*%a~2xd~2*D* (c + d*x) + 2%axbxd*(c + d*xx)*(3*Cxd - 2*c*D + dxD*x) + 2%b~
2% (-3*%A*d"3 + 8*c”3*D + c"2%(-6%C*d + 4xd*D*x) + c*d"2*(3*%B - x*(3*%C + Dx*x
))))/(3*%b~2xd"3* (- (b*c) + a*d)*Sqrtlc + d*x]) - (2*x(Axb~3 - a*(b~2+B - a*b
*C + a~2xD))*ArcTan[(Sqrt[b]*Sqrt[c + d*x])/Sqrt[-(bxc) + a*d]])/(b~(5/2)*
(-(b*c) + a*d)~(3/2))

3.14.3 Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 193, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, number of rules _ 0.062, Rules used

integrand size
= {2122, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/A+B:L'+Ca:2+Dz3 iz
(a + bzx)(c + dz)3/2
| 2122
/ Ab® — a(a®D — abC + b*B) N Ad?® — Bed? + ¢3(—D) + c2Cd + —adD — beD + bCd N Dz i
b%(a + bx)vc + dz(bc — ad) d?(c + dz)3/2(ad — bc) b2d?v/c+ dx bdvc+ dx
| 2009
_2(Ab3 _ a(a2D —abC + b2B)) arctanh(% Vcc_—:?) N 2(Ad3 — Bed? + 63(—D) + CQCd)
b%/2(bc — ad)3/2 d3+/c + dz(bc — ad)
2v/c¢+ dz(—adD — beD + bCd) + 2D(c + dz)3/? _ 2cDVc+dz
b2d3 3bd3 bd3
input LInt[(A + Bxx + C*xx~2 + D*x"3)/((a + b*x)*(c + d*x)~(3/2)),x] J

output | (2x(c™2*C*d - Bxcxd™2 + Axd~3 - c~3%D))/(d"3*(bxc - a*d)*Sqrt[c + d*x]) -

(2%c*D*Sqrt[c + d*x])/(b*d~3) + (2% (b*Cxd - bkcxD - a*xd*D)*Sqrtl[c + d*x])/
(b72*%d"3) + (2*Dx(c + d*x)~(3/2))/(3%b*d"3) - (2%(A*b~3 - ax(b"2*B - axb*C
+ a~2*D) ) *ArcTanh [(Sqrt [b]*Sqrt[c + d*x])/Sart[b*c - a*d]])/(b~(5/2)*(b*c
- a*xd)~(3/2))

A+Bz+Cz2+Da3
3.14 ot be)(otdr)?/Z dx



CHAPTER 3. LISTING OF INTEGRALS 138

3.14.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2122 Int [((Px_)*((c_.) + (d_.)*(x))"())/((a_.) + (b_.)*(x))), x_Symbol]l :> In
‘t[ExpandIntegrand[l/Sqrt[c + d*x], Px*((c + d*x)"(n + 1/2)/(a + b*x)), x],
\x] /; FreeQ[{a, b, ¢, d, n}, x] && PolyQ[Px, x] && ILtQ[n + 1/2, 0] \

3.14.4 Maple [A] (verified)

Time = 1.72 (sec) , antiderivative size = 161, normalized size of antiderivative = 0.83

method result
2V/@ETE (Dbda-43Cbd—3Dad—5Dbe) 2(A d3_Bed?+C CzdeC?,) 243 (b3A—a b2B+C a2b_Da3) a,rctan(b(i %)
e . 2 - - - 5062 =
pseudoelliptic 3 @dbﬂvﬂﬁz3 (ad—bc)b?/(ad=be)b
3
D(d 2p
2 ( (dz+c) ,+dbC\/dz+c—Dad\fdz+c—2ch\fdz+c> 2(A B Bed?sc c2d—Dc3) 243 (bsA_a v2B1C a2b_Da3) arctan(
. . . . 2 - a—b 3 _ — > =
derivativedivides b (a d;W wte (ad—bc)b2 /(ad—be)b
3
D(d 2b
2 <4 (dz+c) 7+dbC\/dz+c—Dad\/dz+c—2chx/dm+c> 2(A B_Bed?+0 c2d—Dc3) 243 (bsA_a 2B+C a2b—Da3) aman(
default b2 B (ad—bc)Vdzte - (ad—bc)b2/(ad—bo)b
&3
input Lint ((D*x~3+C*xx~2+B*x+A) / (b*x+a) / (d*x+c) ~(3/2) ,x ,method=_RETURNVERBOSE) J

p

output‘2*(1/3*(d*x+c)‘(1/2)*(D*b*d*x+3*C*b*d—3*D*a*d—5*D*b*c)/b‘2—(A*d‘3—B*c*d‘2+
\C*c‘2*d—D*c‘3)/(a*d-b*c)/(d*x+c)‘(1/2)—d‘3*(A*b‘3—B*a*b‘2+C*a‘2*b—D*a‘S)/(
\a*d—b*c)/b‘2/((a*d—b*c)*b)‘(1/2)*arctan(b*(d*x+c)‘(1/2)/((a*d—b*c)*b)‘(1/2
L)))/d‘s

-~ @@
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3.14.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 426 vs. 2(172) = 344.

Time = 0.33 (sec) , antiderivative size = 866, normalized size of antiderivative = 4.49

A4 Bzt Cz® 4+ Dz 3((Da® — Ca®b + Bab® — Ab®)d*z + (Da*c — (Ca’b — Bab? + Ab®)c)d?
y/ﬁ dr=|—
(a+ bz)(c+ dx)3/?

2 (3 ((Da® — Ca%b + Bab® — Ab®)d*z + (Da3c — (Ca’b — Bab® + Ab®)c)d?)v/—b2c + abd arctan ( Het

-

Lintegrate((D*x“3+C*x“2+B*x+A)/(b*x+a)/(d*x+c)‘(3/2),x, algorithm="fricas")

| —

[-1/3% (3% ((D*a~3 — C*a"2*b + B*a*b™2 - A*b~3)*d"4*x + (D*a"3*c - (Cxa~2*b

- B*a*b~2 + A*b~3)*c)*d"3)*sqrt(b~2*c - axbxd)*log((bxd*x + 2%bxc - a*xd -

2xsqrt (b~2*c - axb*d)*sqrt(d*x + c))/(b*x + a)) + 2% (8*Dxb~4xc™4 + 3*Axa*b
~3*xd"4 + 3*%(D*a”3*b*xc - (C*xa~2*%b~2 + B*axb”™3 + A*b~4)*c)*d~3 - (D*xa”2%b~2*
c”2 - 3*(3*C*axb”~3 + B*b"4)*c”"2)*d"2 - (D*b~4*c”2*%d"2 - 2#D*a*b”3*c*d"3 +

D*a~2%b~2%d"4)*x~2 - 2% (5xD*axb~3*%c~3 + 3*Cxb~4*c~3)*d + (4*Dxb~4*c~3*d +

3x(D*xa”~3*b - C*a~2%b~2)*d"~4 - 2x(D*xa"~2xb~2xc - 3*Ckaxb~3*c)*d~3 - (5*Dxa*b
"3%c72 + 3*Cxb~4xc~2)*d"2) *x)*sqrt (d*x + c))/(b"5*c~3*d"3 - 2*axb~4xc~2xd”
4 + a~2%b"3xcxd~5 + (b~5xc”2*%d"4 - 2*axb~4*xcxd~5 + a~2xb~3*%d"6)*x), -—-2/3%(
3% ((D*a~3 - Cxa~2xb + B*a*b~™2 - A*b~3)*d"4*x + (D*a"3*c - (C*a~2xb - Bxaxb
~2 + A¥b~3)*c)*d"3)*sqrt(-b"2*c + a¥b*d)*arctan(sqrt(-b~2*c + axb*d)*sqrt(
d*x + c)/(b*d*x + bxc)) + (8*D*b~4*c”4 + 3*A*axb~3*xd~4 + 3*(D*a"3*b*c - (C
*a"2+%b~2 + B¥axb”"3 + A*b~4)*c)*d"3 - (D*a”"2*b"2kc"2 - 3*(3*C*a*b~3 + Bxb~4
Y*kc"2)*d"2 - (D*b~4*c”2+%d"2 - 2*xD*a*b~3*c*d”3 + D*a~2*b"2*xd"4)*x"2 - 2x (5%
D*a*b~3*c”3 + 3*%C*b~4*c~3)*d + (4*D*b~4*c"3*d + 3*(D*a"3*b - C*a~2*b~2)*d"
4 - 2% (D*a”~2%b"2%c - 3*Cxa*b~3*c)*d~3 - (5xD*kaxb~3*c”2 + 3*Cxb~4*c~2)*d"2)
*xx)*sqrt (d*x + c)) /(b 5*c”3*xd™3 - 2%axb~4xc"2+%d"4 + a~2%b~3*c*d”5 + (b~5*c
~2xd~4 - 2xaxb~4xcxd~5 + a~2%b~3*d"6)*x)]
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3.14.6 Sympy [A] (verification not implemented)

Time = 8.48 (sec) , antiderivative size = 262, normalized size of antiderivative = 1.36

3
D(ct+dz)2 | —Ad3+Bcd?—Cc2d+Dc3 | Vetdz(Cbd—Dad—2Dbc)
2 + + o +

d —Ab3+Bab2—Ca2b+Da3) atan <7

\

3bd2 d2+\/c+dz(ad—bc)

83,/ 2420¢ (ad—be)

(a+ bz)(c+ dx)3/? do= z

a

/A+Ba:+C:c2+Dx3 d

(—Ab3+Bab2 —Ca? b+Da3)

log (a+bzx)
b

forb=0

otherwise

2 2
zz(beDa)_i_z(Bb —Cab+Da?)

3
Dz
+ 262 b3 b3

3b

inputLintegrate((D*x**3+C*x**2+B*x+A)/(b*x+a)/(d*x+c)**(3/2),x)

~—

output | Piecewise ((2*(D*(c + d*x)**(3/2)/(3*b*d**2) + (-A*d**3 + Bxcxd**2 — Ckck*2
*d + D*c**3)/(d**2+sqrt(c + d*x)*(a*d - b*c)) + sqrt(c + d*x)*(Cxbxd - D*a
*d — 2*Dxbxc)/(b**2kd**2) + d*(—A*b**3 + Bkaxb*x2 — Ckax*2*b + D*a**3)*ata
n(sqrt(c + d*x)/sqrt((axd - b*c)/b))/(b**3*sqrt((a*d - b*c)/b)*(axd - b*c)
))/d, Ne(d, 0)), ((D*x*x*3/(3*%b) + x**2*%x(Cxb - D*a)/(2xb**2) + x*(Bxb**2 -

Ckxaxb + D*a**2)/b**3 — (-Axb**3 + Bkaxb**2 - Cxax*2xb + D*a**3)*Piecewise(
(x/a, Eq(b, 0)), (log(a + b*x)/b, True))/b**3)/c**(3/2), True))

3.14.7 Maxima [F(-2)]

Exception generated.

dr = Exception raised: ValueError

/A—I—Bx+C:p2—|—D:v3
(a + bx)(c + dx)3/2

e

inputtintegrate((D*x‘3+C*x‘2+B*x+A)/(b*x+a)/(d*x+c)‘(3/2),x, algorithm="maxima")

~—

-

output

Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(a*d-bxc>0)', see ~assume?” for m
ore detail

N\

A+Bz+Cz2+Da3
3.14 ot be)(otdr)?/Z dx
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3.14.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 200, normalized size of antiderivative = 1.04

A4 Bz + Cz® 4+ Dz 2(Da?® — Ca®b + Bab? — Ab®) arctan (\/_:%>
T=—
/ (a + bx)(c+ dz)3/? (b3c — ab?d)v/—b%c + abd

2(Dc® — Cc*d + Bed? — Ad?)
(bed® — ad*)Vdx + ¢
2 ((dz +¢)? Db2d® — 6v/dz + cDb?ed® — 3+/dz + cDabd” + 3v/dz + cob2d7)
3639

+

input Lintegrate ((D*x"3+C*x~2+B*x+A) / (bxx+a) / (d*x+c) ~(3/2) ,x, algorithm="giac")

output | -2%(D*xa~3 - Cxa~2xb + B¥axb~2 - A*b~3)*arctan(sqrt(d*x + c)*b/sqrt(-b~2*c
+ axb*d))/((b"3*c - a*b~2*d)*sqrt(-b~2*c + a*bxd)) - 2*%(D*c™3 - Cxc™2xd +
Bcxd™2 - A*d~3)/((b*c*d~3 - a*d~4)*sqrt(d*x + c)) + 2/3x((d*x + c)~(3/2)*
D*b~2%d~6 - 6*sqrt(d*x + c)*D*b~2%c*d"6 - 3*sqrt(d*x + c)*D*axb*d~7 + 3*sq
rt(d*x + c)*Cxb~2%d"7)/(b~3*d"9)

3.14.9 Mupad [F(-1)]

Timed out.

A+ Bz + Cx? + Dz? _/A+Bx+C’x2+x3D
(a+ bz)(c+ dx)3/? (a+bz) (c+dz)*?

input‘ int((A + Bxx + C*x~2 + x73*D)/((a + b*x)*(c + d*x)~(3/2)),x)

-

outputtint((A + Bxx + Cxx~2 + x~3%D)/((a + b*x)*(c + d*x)~(3/2)), x)

~—

A+Bz+Cz2+Da3
3.14 ot be)(otdr)?/Z dx
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3.15 A+Bz+Cz?+Dax3 dr
(a+bx)2(c+dz)3/2

3.15.1 Optimalresult . . . . .. .. . . . .. .. . e 142
3.15.2 Mathematica [A] (verified) . . . . . .. ... .. .. L 143
3.15.3 Rubi [A] (verified) . . . . ... .. . ... 143]
3.15.4 Maple [A] (verified) . ... ... ... . ... 146
3.15.5 Fricas [B] (verification not implemented) . . . . . . .. ... .. ... .... 146
3.15.6 Sympy [F(-1)] . . . . o 147
3.15.7 Maxima [F(-2)] . . . . . . 148
3.15.8 Giac [A] (verification not implemented) . . . ... ... ... .. ...... 148
3.15.9 Mupad [F(-1)] . . . . . oo 149

3.15.1 Optimal result

Integrand size = 32, antiderivative size = 253

dr =
(a+ bz)?(c + dx)3/? b3d?(bc — ad)?v/c + dz

A-CEGEeR  aDyetds
(bc — ad)(a + bz)\/c + dz b2d?
(b%(2Bc — 3Ad) — ab?(4cC — Bd) — 3a%dD + a?(Cd + 6¢D)) arctanh (V/<tdr )
b%/2(bc — ad)5/?

/ A+ Bz +Cz®+Dz? | ab’Bd® — a*bCd® + a*d°D — b°(2c?C'd — 2Bcd? + 3Ad° — 2¢°D)

output | - (b~3* (-3*A*d+2*B*c) —a*b~2* (-Bxd+4*Cxc) —3*a”~3*d*D+a"2*b* (Cxd+6*D*c) ) *arcta
nh(b~(1/2)*(d*x+c)~(1/2)/(-axd+b*c) ~(1/2)) /b~ (5/2) / (-axd+b*c) ~(5/2)+(a*b~2
*Bxd~3-a”~2%b*C*d"3+a”~3*d"3*D-b~3* (3kA*xd~3-2*B*kc*d~2+2*Cxc~2*xd-2*D*c~3) ) /b~
3/d72/ (-a*d+b*c) ~2/ (d*x+c) ~(1/2) + (-A+a*x (B*b~2-C*a*b+D*a~2) /b~3) / (—~a*d+b*c)
/ (bxx+a) / (d*x+c) ~(1/2) +2*D* (d*x+c) ~(1/2) /b~2/472

A+Bz+Cz2+Da3
3.15. ZEIEEE&IEBEE-dm
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3.15.2

Mathematica [A] (verified)

Time = 0.65 (sec) , antiderivative size = 259, normalized size of antiderivative = 1.02

_ 3a3d®D(c + dz) + a®bd(c + dz)(—Cd — 4cD + 2dDz) + b3(—Ad*(c + 3dz)

/A+Bx+C:c2+Dx3
(a+ bx)?(c + dz)3/?

dr =

t

(b3(2Bc — 3Ad) + ab*(—4cC + Bd) — 3a®dD + a?b(Cd + 6¢D)) arctan (—%)

+
b5/2(—bc + ad)®/?
input LIntegrate[(A + Bxx + Cxx72 + D*x73)/((a + b*x)~"2x(c + d*x)~(3/2)),x] J
output | (3*a~3*d~2xD*(c + d*x) + a”~2%bxd*(c + d*x)*(-(C*d) - 4*c*D + 2xd*D*x) + b~

3k (- (A*d"2*(c + 3*kd*x)) + 2kckxk(—(c*C*d) + Bxd~2 + 2%xc™2*D + cxd*D*x)) +

a*xb~2* (4*xc”3*%D + d"3*(-2*%A + Bkx) - 2kc 2xd*(C + D*x) + c*d"2*x(3*%B - 4*D*x
~2)))/(b~2xd"2*(b*c - axd) 2x(a + bxx)*Sqrt[c + d*x]) + ((b~3*(2*B*c - 3*A
*d) + axb~2%(-4*c*C + Bxd) - 3*a~3*d*D + a~2%bx(Ckd + 6%c*D))*ArcTan[(Sqrt
[b]*Sqrt[c + d*x])/Sqrt[-(bxc) + a*d]])/(b~(56/2)*(-(bxc) + a*xd)~(5/2))

3.15.3 Rubi [A] (verified)
Time = 0.78 (sec) , antiderivative size = 273, normalized size of antiderivative = 1.08,
number of steps used = 6, number of rules used = 5, Bumber of rules _ ¢ 156 Ryles used

= {2124, 27, 1192, 1584, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

2(bc—ad)(bC—aD dDa3—b(Cd—2cD)a? —b2(2¢C—Bd)a+b3(2Bc—3Ad
2<c_aTd)Dz2+ (bc—a )b(2 a ):c+ a ( cD)a ;30 )a+b°(2Bc )

integrand size

A+ Bx + Cz? + D3
(a + bx)2(c + dx)3/2

l 2124

f —

2(atba) (ctda)3/? dz

bc — ad
a(azD—abC+sz)
A - b—3

(a 4+ bx)v/c+ dz(bc — ad)

| 27

2 3
3.15. A+Bz+Cz"+ Dz 4.

(a+bz)2(c+dx)3/2
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3 _ 2 _ _ —
dDéz _(cd 2§D)a _ (cC de)a+2 (C_%d)Dx2+2BC_3Ad+2(bc ad)b(gC aD)z

f ’ : (a+bx)(c+dx)3/2 dz A— 4a(a2D—¢;gC+b2B)
2(bc — ad) " (a+ bzx)Ve + dz(be — ad)
l 1192
~2Dc3+2Cdc*~2Bdc—2(c— 42 ) D(c+dw)?+d* | 3A- a(Da2_:3ca+b2B)  2(be=ad)(6Cd=aDd=2heD) (c+ds)
J (c+dz) (be—ad—b(c+da)) dve+ds
d?(bc — ad)
2D—abC+b2B
A— “(a‘z—3+)
(a 4+ bx)v/c+ dz(bc — ad)
| 1584
(3dDa3—b(Cd+6cD)a?+b%(4cC—Bd)a—b3(2Bc—3Ad) ) d? 2(bc—ad)D (—2Dc3+2Cdc?>—2Bd?c+3Ad3) b —aBd3b2+a2Cd3b—a3d3 L
f b2 (bc—ad) (bc—ad—b(c+dz)) + b2 + b3 (bc—ad)(c+dx)
d?(bc — ad)
A— a(azD—ZgC—l—sz)
(a 4+ bx)v/c+ dx(bc — ad)

l’2009

d2arctanh ( ¥8¥Yetdz ) (_3434D+a2b(6cD+Cd)—ab? (4cC—Bd)+b3(2Bc—3Ad 3087 2B OBt BB — (b3 (3 Ad3 9 Bed? — 003
Vbo—ad + a°d®D—a*bCd°+ab”*Bd (b (3Ad 2Bcd* —2c° D+-2
b5/2(bc—ad)3/2 b3v/c+dz(bc—ad)
d?(bc — ad)

a(a2D—abC+b%B
4 — eleD-acp)

(a + bx)v/c+ dz(bc — ad)

e

inputtlnt[(A + Bxx + Cxx~2 + D*x"3)/((a + b*x) 2x(c + d*x)~(3/2)),x]

~—

output | -((A - (ax(b~2+B - a*bxC + a~2%D))/b"3)/((bxc - a*d)*(a + b*x)*Sqrt[c + dx
x])) + ((a*xb”"2+%B*d"3 - a”~2*b*Cxd"3 + a”"3*d~3*D - b~ 3*(2*xc”~2*Cxd - 2*Bkc*d~
2 + 3%A*d"3 - 2%c”3*D))/(b~3*(b*c - axd)*Sqrtlc + d*x]) + (2x(b*c - a*d)#*D
*Sqrt[c + d*x])/b~2 - (d"2*(b~3*(2*B*c - 3*A*d) - a*b~2x(4*cxC - B*d) - 3*
a”~3xd*D + a~2xb*(C*d + 6%c*D))*ArcTanh[(Sqrt[b]l*Sqrtl[c + d*x])/Sqrt[bxc -
a*d]])/ (b~ (56/2)*(b*c - a*d)~(3/2)))/(d"2*(b*c - a*d))

A+Bz+Cz2+Da3
3.15. (atba)2(c+da)3® dx
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3.15.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 1192 Int[((d_.) + (e_.)*(x_)) " (m_)*((f_.) + (g_.)*(x_)) (@ )*((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[2/e"(n + 2*%p + 1)  Subst[Int[x"(
2xm + 1)*(exf - d*kg + g*x~2) "n*(c*d"2 - b*d*e + a*xe”™2 - (2%cxd - b*e)*x"2 +
c*x~4)"p, x], x, Sqrtld + e*x]], x] /; FreeQ[{a, b, c, d, e, £, g}, x] &&

IGtQ[p, 0] && ILtQ[n, 0] && IntegerQ[m + 1/2]

ruka1584‘Int[((f_.)*(x_))‘(m_.)*((d_) + (e_.)*(x_)72)7(q_)*((a_) + (b_.)*(x_)"2 + (
‘c_.)*(x_)‘4)A(p_.), x_Symbol] :> Int[ExpandIntegrand[(f*x) m*(d + e*x"2) g*
‘(a + b*x"2 + c*x"4)7p, x], x] /; FreeQ[{a, b, c, d, e, £, m, q}, x] && NeQ[
'b72 - 4%axc, 0] & IGtQlp, 0] && IGtQlq, -2

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2124 Int [(Px_)*((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(an_.), x_Symbol] :
> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + bxx, x]}, Simp[R*(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((m + 1)*(b*c -
axd))), x] + Simp[1/((m + 1)*(b*c - a*xd)) Int[(a + b*x)"(m + 1)*(c + d*x
) “n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*R*(m + n + 2), x], x], x]] /; Fr
eeQ[{a, b, c, d, n}, x] && PolyQ[Px, x] && LtQ[m, -1] && (IntegerQ[m] [[| !
ILtQ[n, -11)

A+Bz+Cz2+Da3
3.15. ZEIEEE&IEBEE-dm
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3.15.4 Maple [A] (verified)

Time = 1.83 (sec) , antiderivative size = 228, normalized size of antiderivative = 0.90

v/ (ad—bc)b

2be( B b2 —2Cab+3Da?
3 <(b3A—§ab2B—§Ca2b+Da3)d— < Sk )>arctan< by/dnte )(bx+a)d2\/dw+c+

method result
o[ (3Av3a-}Bat?d+§ 0 a?ba—fadaD) vaate (3463d-Bab?d—2Bb3c—C a?bd+4Cab?c+3a3dD—6Dabe).
2d (dz+c)b+ad—bc + 2./(ad—bc)b
2D+/dz+c
. . .. b2 d—bc)2b2
derivativedivides e
o[ (3At3a-} Bat?d+§ O a?ba—fadaD) vaate (3463d-Bab?d—2Bb3c—C a?bd+4Cab?c+3a3dD—6Dabe).
2d (dz+c)b+ad—be + 2./(ad—bc)b
2D+/dz+c
v2 d—bc)2b2
default edta b

24/(ad—bc)b (

pseudoelliptic —

input Lint ((D*x~3+C*x~2+B*x+A) / (b*xx+a) ~2/ (d*x+c) ~(3/2) ,x,method=_RETURNVERBOSE)

output

~—

2/d72%(D/b~2% (d*x+c) ~ (1/2) - (A*d~3-B*c*xd~2+C*kc~2%d-D*c~3) / (a*d-b*c) 2/ (d*x+
c)~(1/2)-d"2/ (a*d-b*c) ~2/b~ 2% ((1/2xA*xb~3%d-1/2%B*a*b~2%d+1/2*C*a~2*bxd-1/2
*a~3*d*D) * (d*x+c) ~(1/2) / ((d*x+c) *b+axd-bxc) +1/2% (3*xAxb~3*d-B*xa*xb~2*d-2*B*b
~3%c-C*a~2*b*d+4*C*axb”~2*c+3*D*a~3*xd-6+D*a”~2*b*xc) / ((a*xd-b*c)*b) ~(1/2) *arct
an (b* (d*x+c) ~(1/2) / ((a*d-b*c)*b) ~(1/2))))

3.15.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 785 vs. 2(236) = 472.

Time = 0.33 (sec) , antiderivative size = 1583, normalized size of antiderivative = 6.26

A+ Bz + Cz?+ D23

(a + bz)2(c + dz)3/2 dx = Too large to display

input ‘ integrate ((D*x~3+Cxx~2+B*x+A) / (b*x+a) "2/ (d*x+c) ~(3/2) ,x, algorithm="fricas

n)

A+Bz+Cz2+Da3
3.15. (atba)2(c+da)3® dx
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output

[1/2%x(((3*D*a~4%c - (C*a~3%b + Bxa~2%b~2 - 3%Axaxb~3)*c)*d~3 - 2% (3*D*a~3*
bkc™2 - (2#%C*xa~2%b~2 - B*axb~3)*c”2)*d~2 + ((3*D*a~3*b - C*xa~2%b~2 - B*ax*b
"3 + 3%Axb"4)*d"4 - 2% (3*%D*a"2*¥b"2xc — (2*Cka*b~3 — B*b~4)*c)*d"3)*x"2 + (
(3%D*a~4 - C*a"3*b - B*a"2%b"2 + 3xA*xaxb~3)*d"4 - 3*(D*a~3*bxc - (Cxa~2*b~
2 - B*a*xb~3 + A*b~4)*c)*d"3 - 2% (3*%D*a"2*b"2*c"2 - (2*Cka*b~3 — B*b~4)*c”2
)*#d~2) *x) *sqrt (b"2*c - a*b*d)*log((b*d*x + 2*¥bxc — axd + 2*sqrt(b™2*c - ax
b*d)*sqrt(d*x + c))/(b*x + a)) + 2% (4*Dxa*b~4*c™4 + 2*A*xa~2*b~3*d~4 - (3D
*a~4*b*xc — (C*xa~3*%b~2 — 3*%B*a”~2%b~3 - Axaxb~4)*c)*d"3 + (7*D*a”3*b~2*c"2 +

(C*a~2+%b~3 + 3*B*axb™4 - Axb~5)*c”2)*d"2 + 2% (D*¥b~5*c”~3*d - 3*Dxa*b~4*c”2
*d"2 + 3*D*a”2%b”"3*c*d”3 - D*a"3*b"2%d"4)*x"2 - 2% (4*D*a”2¥b"3*c”3 + Cxax*b
~4xc~3)*d + (4%D*b~5*c~4 + 2% (Ckaxb~4 + Bxb~5)*c~2%d~2 - (3*xD*a”~4%b - C*a~
3*%b~2 + B*a~2%b~3 - 3*A*a*b~4)*d"4 + (54D*a”3*b~2*c - (C*a~2*xb~3 + B*a*b~4
+ 3*%Axb~5)*c)*d"3 - 2% (3*xD*axb~4*c”3 + C*xb~5*c”~3)*d)*x)*sqrt(d*x + c))/(a
*b"6*kc"4*d"2 - 3*%a~2*%b"5*c”3*d"3 + 3*a"3*xb~4*c”2%d"4 - a~4*b"3xcxd”5 + (b~
T*c~3*%d~3 - 3*axb~6*c”~2*d"4 + 3*%a"2*xb~5xc*d”"5 - a~3*%b"4*d"6)*x"2 + (b~ 7*xc”
4xd~2 - 2*%axb~6*c”3*d"3 + 2*a”~3*b~4*c*d"5 - a~4*b"3*d"6)*x), —-(((3xD*a"4x*c
- (C*a"3*b + B*a~2+%b~2 — 3*A*a*b~3)*c)*d~3 - 2% (3*D*a~3*b*c~2 - (2*xCka™2*
b"2 - B*a*b~3)*c"2)*d"2 + ((3*%D*a”3%b - C*a~2*b~2 - B*a*b~3 + 3*A*xb~4)*d"4
- 2x(3*D*a”2*b"2xc - (2#C*a*xb~3 - B*b~4)*c)*d~3)*x~2 + ((3*D*a"4 - Cxa”3*
b - B*a~2%b"2 + 3*A*a*b~3)*d"4 - 3*k(D*a"3*bxc - (C*a~2*xb~2 - B*axb~3 + ...

3.15.6 Sympy [F(-1)]

Timed out.
A+ Bz + Cx? + Dz?
dr = Timed out
/ (a+bx)2(c+dx)3/2 T imed ou
input{integrate((D*x**3+C*x**2+B*x+A)/(b*x+a)**2/(d*x+c)**(3/2),x)

~—

-

outputLTimed out

A+Bz+Cz2+Da3
3.15. ZEIEEE&IEBEE-dx

-/
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3.15.7 Maxima [F(-2)]

Exception generated.

A+B ?+ Da?
/ + Bz + Cz* + Dx dz = Exception raised: ValueError

(a+ bz)?(c + dz)3/?

input | integrate ((D*x~3+Cxx~2+B*x+A) / (b*x+a) ~2/(d*x+c) ~(3/2) ,x, algorithm="maxima
n)

output | Exception raised: ValueError >> Computation failed since Maxima requested
additional constraints; using the 'assume' command before evaluation *mayx*
help (example of legal syntax is 'assume(a*d-b*c>0)', see ~assume?” for m

ore detail

3.15.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 388, normalized size of antiderivative = 1.53

dr =
(a + bzx)?(c + dz)3/? (b4c? — 2 ab3cd + a?b?d?)v/—b%c + abd

2 (dz + c)Db*c® — 2 Db3c* — 2 (dx + ¢)Cb3c*d + 2 Dab*c*d + 2 Cb3c*d + 2 (dx + ¢) Bb3cd? — 2 Cab*c2d? -
(b*c®d? — 2 ab3cd® + a?b?d?

/ A+ Bz + Cz? + Dz’ (6 Da*bc — 4 Cab®c + 2 Bb’c — 3 Da*d + Ca®bd + Bab*d — 3 Ab*d) arctan (

2+/dx + cD
T e

input‘integrate((D*x“3+C*x“2+B*x+A)/(b*x+a)“2/(d*x+c)“(3/2),x, algorithm="giac")

output | (6xD*xa~2xbxc - 4*Ckxa*xb™~2%c + 2*%Bxb~3%c - 3*D*a”~3*d + C*a~2xbxd + Bxaxb~2*d
- 3xAxb~3*d)*arctan(sqrt(d*x + c)*b/sqrt(-b~2*c + a*b*d))/((b"4*c~2 - 2*a
*b~3*ckd + a"2%b"2xd"2)*sqrt(-b~2*c + axb*d)) + (2*(d*x + c)*D*b~3%c”3 - 2
*D*xb"3%c"4 — 2% (d*x + c)*C*b"3*c™2*xd + 2*xD*axb~2%c"3*d + 2*%C*b~3*c~3*d + 2
*(d*x + c)*B*b~3*kc*d"2 - 2*Ckxa*xb~2*xc”"2+%d"2 - 2*xB*b~3*c”2*d"2 + (d*x + c)*D
*a"3*%d"3 - (d*x + c)*C*xa”~2*b*d~3 + (d*x + c)*B*axb~2*d"3 - 3*x(d*x + c)*A*Db
~3%d~3 + 2%B*axb~2%c*d”~3 + 2%A*b~3*xc*d"3 - 2xA*xaxb~2xd~4)/((b"4*c"2%d"2 -

2%axb~3xc*d"3 + a~2xb"2+d"4)*((d*x + c)~(3/2)*b - sqrt(d*x + c)*b*c + sqrt
(d*x + c)*a*xd)) + 2*sqrt(d*x + c)*D/(b~2*d~2)

A+Bz+Cz2+Da3
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3.15.9 Mupad [F(-1)]

Timed out.

/A—I—Bm+C’w2+D:B3 _/A+Bm+C’:c2+m3D
(a+ bz)*(c+ dx)3/ (a+bz)? (c+dz)*?

input Lint((A + B*x + Cxx"2 + x~3+D)/((a + b*x)~2x(c + d*x)~(3/2)),x)

output Lint((A + Bxx + Cxx"2 + x73xD)/((a + b*x)"2x(c + d*x)~(3/2)), x)

A+Bz+Cz2+Da3
3.15. [ 4tBaCeDe gy



CHAPTER 3. LISTING OF INTEGRALS 150

3.16 A+Bz+Cz?4+Dax3 dr
(a+bz)3(c+dz)3/2

3.16.1 Optimalresult . . .. .. .. . . ... .. . . e 1501
3.16.2 Mathematica [A] (verified) . . . . . . . . ... .. L 151
3.16.3 Rubi [A] (verified) . . . . . ... . ... 1511
3.16.4 Maple [A] (verified) . ... ... ... . ... 155
3.16.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... .... 155
3.16.6 Sympy [F(-1)] . . . . o 156
3.16.7 Maxima [F(-2)] . . . . . . 157
3.16.8 Giac [A] (verification not implemented) . . . ... .. ... ... ....... 157l
3.16.9 Mupad [F(-1)] . . . . . oo 158

3.16.1 Optimal result

Integrand size = 32, antiderivative size = 350

A+ Bz +Cz® + D2°
/ (a+ bx)3(c + dz)3/?
ab’Bd® — a®>bCd? + a3d®D — b*(4c*Cd — 4Bcd? + 5Ad® — 4¢®D)
203d(bc — ad)3v/c + dx
Ab® — a(b?B — abC + a2D)
2b3(bc — ad)(a + bx)2v/c + dzx
(%(4Bc — 5Ad) — ab*(8¢cC — Bd) — Ta®dD + 3a2b(Cd + 4¢D)) V¢ + dz
4b%(bc — ad)3(a + bx)
(b3(8c2C — 12Bcd + 15Ad?) — 3a3d*D — a?bd(Cd — 12¢D) + ab?(8cCd — 3Bd? — 24¢%D)) arctanh(%
465/2(be — ad)"/?

output | -1/4% (b~ 3* (15*A*d~2-12%B*c*d+8*Ckxc~2) -3*a~3*d~2*D-a "~ 2xb*d* (Cxd-12*D*c) +a*b
~2% (-3*%B*d~2+8*Ckc*xd-24*D*c~2) ) *arctanh (b~ (1/2) * (d*x+c) ~(1/2) / (-a*d+b*c) ~ (
1/2)) /b (5/2)/ (ma*d+b*c) ~(7/2)+1/2* (—axb~2*%B*d~3+a~2*b*C*d~3-a~3*d~3*D+b"3
* (5xAxd~3-4*Bxc*d~2+4*C*c~2*%d-4*D*c~3) ) /b~3/d/ (-a*d+b*c) "3/ (d*x+c) ~(1/2)+1
/2% (—~A*¥b~3+a*x (Bxb~2-C*ax*b+D*a~2)) /b~3/ (—a*d+b*c) / (b*x+a) "2/ (d*x+c)~(1/2)-1
/4% (b™3* (-5*xA*xd+4*B*xc) —a*b~ 2% (-B*d+8*C*c) —7*a”~3*d*D+3*a " 2*b* (C*d+4*D*c) ) * (
d*x+c) ~(1/2) /b~2/ (-a*d+b*c) ~3/ (b*x+a)

A+Bz+Cz2+Da3
3.16. z;;aag&;zazﬁ'dx
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3.16.2 Mathematica [A] (verified)

Time = 1.38 (sec) , antiderivative size = 387, normalized size of antiderivative = 1.11

Vb(—3a*d? D(c+dz)—a3bd(c+dz) (Cd+5D(—2c+dz))+4bt cx(2¢(—Cd+cD)z+Bd(c+3dz))+ab® (—8cx
dr=

/A+Bx+Cw2+Dx3
(a+ bx)3(c + dz)3/?

input‘ Integrate[(A + Bxx + C*x~2 + D*x73)/((a + b*x)~3*(c + d*x)~(3/2)),x]

output | ((Sqrt[b]*(-3*a~4*d~2*D*(c + d*x) - a~3xb*d*(c + d*x)*(Cxd + 5xD*(-2*c + d
*x)) + 4xb 4*ckxxk (2*%ckx(—-(Cxd) + c*xD)*x + Bkd*(c + 3*d*x)) + a*b ~3*(-8*c*kx*
(3*%c*xCxd — 2*c”~2*D + C*d"2+*x) + Bxd*(2*xc™2 + 21*c*d*x + 3*d"2*x"2)) - A*xb~
2%d* (8%a~2*%d"2 + axbxdx(9*kc + 25*d*x) + D" 2x(-2%c”2 + Skckd*x + 15%d"2%x"2
)) + a"2%b"2%(8%c”3*D + d"3*x*(5*B + Ckx) — 2%c”2%d*(7*C — 6*D*x) + c*d~2%
(13#B - b5*Cxx + 12*D*x72))))/(d*(-(b*c) + a*d) 3*(a + bxx) "2*Sqrt[c + d*x]
) = ((b"3*%(8*%c”™2+%C — 12#Bxc*kd + 15%A*d~2) - 3*a”~3*d~2*D + a”2*b*d*(-(Cxd)

+ 12%cxD) + a*b~2x(8*cxCxd — 3*Bxd~"2 - 24*c~2xD))*ArcTan[(Sqrt[b]l*Sqrt[c +
d*x])/Sqrt[-(bxc) + a*d]]1)/(-(b*c) + axd)~(7/2))/(4*b~(5/2))

N\

3.16.3 Rubi [A] (verified)

Time = 0.87 (sec) , antiderivative size = 381, normalized size of antiderivative = 1.09,

number of steps used = 9, number of rules used = 8, number of rules _ 0.250, Rules used
integrand size

— {2124, 27, 1192, 25, 1582, 27, 359, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

A+ Bx + Cz? + D3
(a + bx)3(c + dx)3/2

l 2124

4(bc—ad)(bC—aD dDa3—b(Cd—4cD)a? —b2(4cC—Bd)a+b3 (4Bc—5Ad
4<c—“—bd>Dz2+ (be—a )b(2 aD)z | dDa”—b( cD)a ;30 )a+b°(4Bc )

dx

f o 2(a+bx)2(c+dx)3/2
2(bc — ad)
Ab® — a(a®D — abC + b*B)

2b3(a + bx)%v/c + dz(bc — ad)

| 27

A+Bz+Cz2+Da3
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d€;3 _ (Cd—;l2cD)a2 _ (4cC;Bd)a+4 (c—%ﬁ)Dz2+4Bc—5Ad+ 4(bc—ad)b(30—aD):c
f (a+bz)2(c+dx)3/2
4(bc — ad)
Ab® — a(a?D — abC + b*B)

2b3(a + bx)2+v/c + dz(bc — ad)

dz

| 1192
a(Da?—bCa+b?B) _ I
—4D+4CdP —4Bdc—4 (o~ 42 ) D(c+de)?+d | 5A- — Abe—ad)(b0d—aDd32beD)(ctda)
b b3 b2
J- (c+dz)(bc—ad—b(c+dx))? dvec+dzx

2d(bc — ad)
Ab® — a(a®D — abC + b*B)

2b3(a + bx)2+v/c + dz(bc — ad)

l 25

Da?—bCa+b2B _ aDd—
~4Dc* +40de? ~4Bde—4(c— 52 ) D(ctda) +d? 5a-2(P0eE) ) ipe-adoca qgi-repctdn)

b3

/ (c+dz) (be—ad—b(c+da))? dvc+dzx
2d(bc — ad)
Ab3 — a(azD —abC + b2B)

2b3(a + bx)2v/c + dz(bc — ad)
| 1582

2(bc—ad) (— ( (—4Dc3+40d52 —4Bd? c+5Ad3) b3) +aBd3b2—a2Cd3b+a3 d3D> +b((—8Dc3+4Bd2c—5Ad3) b3—ad(—24Dc2 +8Cdc—Bd2) b2+3a2d?(Cd—4cD)!
f b(c+dz)(bc—ad—b(c+dz))
2b2 (bc—ad)?

2d(bc — ad)
Ab3 — a(azD —abC + sz)

2b3(a + bx)2v/c + dz(bc — ad)
| 27

2(bc—ad) (— ( (—4Dc3+4Cdc2 —4Bd? c+5Ad3) b3) +aBd3b2—a2Cd3b+a3 d3D) +b((—8Dc3+4Bd2c—5Ad3) b3—ad(—24D02 +80dc—Bd2) b2+3a2d?(Cd—4cD)!
f (c+dz)(bc—ad—b(c+dzx))
2b3 (bc—ad)?

2d(bc — ad)
Ab3 — a(a2D —abC + sz)

2b3(a + bx)2v/c + dz(bc — ad)
l 359

A+Bz+Cz2+Da3
3.16. (atba) (c+dn)3® dx
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a3d3D—a2bCd3 +ab2Bd-

2
~bd(—3ad? D—a?bd(Cd—12cD)+ab? (~3Bd?—24¢> D+8cCd) +b? (15Ad*~12Bcd+8¢*C) ) [ 5o—pa—tiaram AV erdo— (
2b3 (bc—ad)?

2d(bc — ad)
Ab3 — a(azD —abC + bQB)

2b3(a + bx)2v/c + dz(bc — ad)

l 921

ﬁdarctanh(% Vf_‘*‘jf) (—3a3d2 D—a2bd(Cd—12¢D)+ab? (—3Bd?—24c2 D+8cCd) +b° (15442 —12Bcd+8c2C ) ) 2(a3a3 D—a2b0d3 +ab2 Ba3 — (b3 (5.4

Vbc—ad Vctdx

2b3 (bc—ad)?
2d(bc — ad)

Ab® — a(a®D — abC + b*B)
2b3(a + bx)2v/c + dz(bc — ad)

input | Int[(A + B*x + Cxx~2 + D*x"3)/((a + b*x)~3*(c + d*x)~(3/2)),x]

output -1/2%(A*b~3 - a*(b~2%B - axb*C + a~2%D))/(b~3*(b*c - a*d)*(a + b*x) 2xSqrt
[c + d*x]) + ((A"2*%(b~3*(4*B*c — 5*A*d) - a*b~2*(8*c*xC - B*d) - 7T*a~3*d*D
+ 3*%a~2*%bx(C*d + 4*cxD))*Sqrt[c + d*x])/(2xb~2x(b*xc - a*d) 2*(b*c - axd -
bx(c + d*x))) + ((-2*(a*xb”2*Bxd~3 - a”"2*b*C*d~3 + a~3*d~3*D — b~ 3*(4*c~2*C
*d - 4%Bxc*xd"2 + 5xAxd"3 - 4%c”3*D)))/Sqrtlc + d*x] - (Sqrt[b]*d*(b~3*(8*c
~2xC - 12*Bkckxd + 15%A*d"2) - 3*a~3*d"2xD - a~2xb*d*(Cxd - 12*c*D) + a*b~2
*(8*c*Cxd - 3*%Bxd"2 - 24*c”~2#D))*ArcTanh[(Sqrt[b]l*Sqrt[c + d*x])/Sqrt[b*c
- a*d]])/Sqrt[bxc - a*d])/(2*%b"3*(bxc - axd)~2))/(2xdx(b*c - a*d))

N

3.16.3.1 Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] && 'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 221/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

A+Bz+Cz2+Da3
3.16. (atba) (c+dn)3® dx
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rule 359 | Int [((e_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"2)~(p_.)*((c_ ) + (d_.)*(x_)"2), x
_Symbol] :> Simp[c*(exx)"(m + 1)*((a + b*x~2)"(p + 1)/(a*ex(m + 1))), x] +
Simp[(a*d*(m + 1) - bxc*(m + 2*p + 3))/(a*e™2x(m + 1)) Int[(exx)"(m + 2)*
(a + b*x"2)7p, x], x] /; FreeQ[{a, b, c, d, e, p}, x] && NeQ[b*c - a*d, 0]
&& LtQ[m, -1] && !'ILtQ[p, -1]

rule 1192 Int[((d_.) + (e_.)*(x_)) " (m_)*((f_.) + (g_.)*(x_)) (@ )*((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[2/e”(n + 2*p + 1) Subst [Int [x~(
2xm + 1)x(exf - dkg + g*x~2) n*k(c*d"2 - b*d*e + a*xe”2 - (2%cxd - bke)*x"2 +
c*x"4)"p, x], x, Sqrtld + e*x]], x] /; FreeQ[{a, b, c, d, e, £, g}, x] &&

IGtQ[p, 0] && ILtQ[n, 0] && IntegerQ[m + 1/2]

rule 1582 Int [(x_)~(m_)*((d_) + (e_.)*(x_)"2)"(q)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"
4)~(p_.), x_Symbol] :> Simp[(-d)~(m/2 - 1)*(c*d"2 - bxd*e + axe”2) p*x*((d

+ exx72)7(q + 1)/(2xe~(2%p + m/2)*(q + 1))), x] + Simp[(-d)~(m/2 - 1)/(2%e”
(2*%p)*(q + 1)) Int[x"m*(d + exx"2)"(q + 1)*ExpandToSum[Together[(1/(d + e
*x72))*x (2% (-d) ~(-m/2 + 1)*e”~(2xp)*(q + 1)*(a + b*x"2 + c*x"4)"p - ((cxd~2 -
bxd*e + axe”2) p/(e”(m/2)*x"m))*(d + ex(2xq + 3)*x~2))], x]1, x], x] /; Fre
eQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && IGtQ[p, 0] && ILtQ[q, -1]

&& ILtQ[m/2, 0]

rule 2124 Int[(Px_)*((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :
> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + b*x, x]}, Simp[R*(a + b*x)"(m + D*((c + d*x)"(n + 1)/((m + 1)*(b*c -
a*d))), x] + Simp[1/((m + 1)*(b*c - a*xd)) Int[(a + bxx)"(m + 1)*(c + d*x
) “n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*R*(m + n + 2), x], x], x]] /; Fr
eeQ[{a, b, c, d, n}, x] &% PolyQ[Px, x] && LtQ[m, -1] && (IntegerQ[m] || !
ILtQ[n, -11)

A+Bz+Cz2+Da3
3.16. z;;aag&;zazﬁ'dx
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3.16.4 Maple [A] (verified)

Time = 1.96 (sec) , antiderivative size = 379, normalized size of antiderivative = 1.08

method result

Bd2-§Ccd+8Dc?)p2 2
15 <(Ad2—§Bcd+1850c2)b3—a( 3 5” <) _a bd(C{i5—12Dc)_a3%2D /7da:+c(bm+a)2darctan( by/d

(ad

pseudoelliptic —

3
d(7A b3d—3Ba b2d—4B b3c—C a2bd+8Ca b2c+5a3dD—12Da2bc) (dz+c) 2

d(gAa b3d2—9A b%cd—5B a2b2d2+Ba b3 cd+4E
+
b

2d

((da:+c)b+ad—bc)2

derivativedivides

3
d(7A b3d—3Bab2d—4B b3c—C a2bd+8Ca b2c+5a3dD—12Da2bc) (dz—+c) 2 d(gAa b3d2—9A b%cd—5B a?b2d2+ Ba b3 cd+4F
+
b

2d

((do+c)b+ad—bc)?2

default

-15/4/ ((a*d-b*c)*b) ~(1/2) * (((A*d~2-4/5*B*c*d+8/15*C*c~2) *xb~3-1/5*a* (B*d~2-
8/3*Ckc*d+8*D*c~2) *b~2-1/15%a”~2*xb*d* (Ckd-12*D*c)-1/5*%a~3*d"~2*D) * (d*x+c) ~ (1
/2) * (b*x+a) “2xd*arctan (b* (d*x+c) ~(1/2) / ((a*d-b*xc) *b) ~(1/2) ) +8/15* ((a*d-b*c
)*b) " (1/2) * ((15/8*A*d"3*x"2+5/8% (=12/5*B*x+A) *x*Cc*d~2-1/4*c” 2% (—4*Ckx~2+2%
Bkx+A) *d-D*c"3*x"2) *b~4+9/8*ax ((-1/3*x"2*B+25/9*A*x) *d~3+c* (8/9*C*xx~2-7/3*
Bkx+A) *d"2-2/9%c™ 2% (—-12*C*xx+B) *d-16/9*D*c~3*x) *b~3+a~2* ((-5/8*B*x+A-1/8*C*
x"2)*d"3-13/8*c* (12/13*D*x~2-5/13*Cxx+B) *d~2+7/4*c~ 2% (-6 /7*D*x+C) *d-D*c~3)
*b~2+1/8*%a”~3* (d*x+c) * ((5*%D*x+C) *d—-10*D*c) *d*b+3/8*D*a~4*d~2* (d*x+c) ) )/ (d*x
+c)~(1/2) / (axd-b*c) ~3/ (b*x+a) "2/b"2/4d

3.16.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1290 vs. 2(327) = 654.

Time = 0.39 (sec) , antiderivative size = 2594, normalized size of antiderivative = 7.41

A+ Bz + Cz? + Dz?
(a + bz)3(c + dx)3/2

dxz = Too large to display

A+Bz+Cz2+Da3
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integrate ((D*x~3+Cxx~2+B*x+A) / (b*x+a) ~3/ (d*x+c) ~(3/2) ,x, algorithm="fricas
n)

[-1/8%(((3*D*a~bxc + (C*a"4%b + 3*B*a~3%b~2 - 15xA*a~2*b~3)*c)*d"3 + ((3*D
*a"3%b"2 + C*xa"2*b~3 + 3*B*a*b~4 - 15xA*xb~5)*d"4 - 4% (3*%D*a~2%b"3*c + (2*C
*a*xb~4 — 3*Bxb~5)*c)*d"3 + 8% (3*D*axb~4*xc”2 — Ckb~5%c”2)*d"2)*x~3 - 4*x(3*D
*a"4*b*c”2 + (2*C*a~3*xb"2 - 3*B*a~2*b"3)*c”"2)*d"2 + (2% (3*D*a”4*b + C*a~3x*
b~2 + 3*B*a"2%b~3 - 15xA*xaxb~4)*d"4 - 3% (7*D*a"3*b"2xc + (5xC*xa”~2%b~3 - 9%
B*a*b~4 + BkAxb~5)*c)*d"3 + 12%(3*D*xa”~2xb~3*c~2 - (2*C*a*b~4 - B*b~5)*c~2)
*d~"2 + 8x(3xD*axb”4*xc”3 - Cxb~5*c~3)*d)*x"2 + 8% (3*%D*a~3*b~2*c~3 - C*a”~2%b
"3%c”3)*d - (24%(Cxa"2%b”"3 - B*a*b~4)*c~2x%d"2 - (3*D*a~5 + Cxa~4%b + 3xBxa
~3%b~2 - 15%xA*a~2%b~3)*d"4 + 6% (D*xa~4xb*c + (C*a~3%b~2 - 3*xB*a~2%b~3 + 5x*A
*a*xb~4) *c)*d"3 - 16%(3*%D*a~2%¥b"3*%c"3 - Ckaxb~4*c”3)*d)*x)*sqrt(b~2*c - axb
*d) *log ((b*d*x + 2xb*c - axd - 2*sqrt(b™2*c - a*b*d)*sqrt(d*x + c))/(bxx +
a)) + 2x(8xD*xa~2xb~4*c”"4 + 8*A*a~3%b"3*d"4 + (3*D*a”5*bkc + (C*a~4%b~2 -
13*xB*a”~3*%b~3 + A*a~2¥b~4)*c)*d~3 - (13*D*a"4%b"2*c”2 - (13*C*xa”~3*b~3 + 11%
B*a~2*b"4 - 11*Axaxb”5)*c”2)*d~2 + (8*D*b~6*c”4 + (5*%D*a~4*b~2 - C*a~3*b"3
- 3*B*a~2*xb”"4 + 16*%A*axb”5)*d"4 - (17*D*a”~3*b~3*c - 3*(3*C*a~2*b~4 - 3*B*
axb”™5 — BxA*b~6)*c)*d"3 + 12%(D*a”2*b~4*c”2 + B*b~6%c~2)*d"2 - 8x(Dxaxb 5%
c™3 + C*b~6*c™3)*d)*x~2 + 2% (D*a~3*b~3%c~3 - (7*C*a~2%b~4 - Bxa*b~5 - A*xb~
6)*c~3)*d + (16*D*axb~5xc~4 + (3*D*a"5xb + C*a~4%b~2 - 5xB*a~3*b~3 + 25xA%*
a~2+%b~4)*d"4 - 4x(2xD*a~4*b~2%c - (C*a~3%b~3 - 4*B*a~2*b~4 - 5*xA*a*b~5)*c)
*d~3 - (7*D*a”~3*b~3*%c”2 - (19*%C*xa~2*b~4 + 17*B*axb™5 - 5xA*b~6)*c~2)*d"...

3.16.6 Sympy [F(-1)]

Timed out.

dz = Timed out

/A+Bx+0x2+Dx3
(a + bzx)3(c + dz)3/?

-

inputLintegrate((D*x**3+C*x**2+B*x+A)/(b*x+a)**3/(d*x+c)**(3/2),x)

\

~—

Timed out

J

A+Bz+Cz2+Da3
3.16. z;;aag&;zazﬁ'dx
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3.16.7 Maxima [F(-2)]

Exception generated.

A+B ?+ Da?
/ + Bz + Cz* + Dx dz = Exception raised: ValueError

(a+ bz)3(c + dz)3/?

input | integrate ((D*x~3+Cxx~2+B*x+A) / (b*x+a) ~3/(d*x+c) ~(3/2) ,x, algorithm="maxima
n)

output | Exception raised: ValueError >> Computation failed since Maxima requested
additional constraints; using the 'assume' command before evaluation *mayx*
help (example of legal syntax is 'assume(a*d-b*c>0)', see ~assume?” for m
ore detail

3.16.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 617, normalized size of antiderivative = 1.76

/A—I—Bm+C’x2+Dx3
dzr =

(a + bzx)3(c + dz)3/?
(24 Dab*c* — 8 Cb3c? — 12 Da’bed — 8 Cab?cd + 12 Bb3cd + 3 Dadd? + Cabd? + 3 Bab*d? — 15 Ab3d?) ax
4 (b5c3 — 3abctd + 3 a2b3cd? — a3b2d3)v/—b2c + abd
2(Dc® — Cc?d + Bed? — Ad?)
(b3c3d — 3 ab2c2d? 4 3 abed® — a3d4)V/dx + ¢
_12(dz + c)%Da2b2cd —8(dz + c)gCab3cd +4 (dz + c)%Bb4cd — 12+/dz + cDa*b?c?d + 8 /dz + cCab’c

inputtintegrate((D*x‘3+C*x‘2+B*x+A)/(b*x+a)‘3/(d*x+c)‘(3/2),x, algorithm="giac") J

A+Bz+Cz2+Da3
3.16. (atba) (c+dn)3® dx



output

input

output
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-1/4% (24xD*axb~2xc”2 - 8*Cxb~3*c”2 - 12*D*a”2xb*cxd - 8*Ckaxb~2xc*d + 12+*B
*b~3xc*d + 3*D*a”~3*%d”"2 + Cxa~2xb*d~2 + 3*B*axb~2xd"2 - 15%Axb~3*d"2)*arcta
n(sqrt(d*x + c)*b/sqrt(-b~2*c + ax*b*d))/((b~5*%c~3 - 3*a*b~4*c™2*d + 3*a~2x%
b~3*%c*d"2 - a~3*b"2%d"3)*sqrt(-b~2%c + axb*d)) - 2%(D*c”3 - C*xc~2%d + B¥cx
d"2 - Axd~3)/((b"3%c™3*d - 3*a*b"2*c”"2*d"2 + 3*a"2*bkc*d"3 - a"3*d"4)*sqrt
(d*x + c)) - 1/4x(12%(d*x + c)~(3/2)*D*a"2*b~2*c*d - 8*(d*x + c)~(3/2)*Cxa
*b"3xc*d + 4x(d*x + c)~(3/2)*Bxb~4xc*d - 12*sqrt(d*x + c)*D*xa”2xb~2xc~2*d

+ 8*sqrt(d*x + c)*Cxa*b~3*c”2+d - 4xsqrt(d*x + c)*Bxb~4*c”™2*d - 5*(d*x + c
)~ (3/2)*D*a”~3*b*d"2 + (d*x + c)~(3/2)*C*a~2*b~2*d"2 + 3*(d*x + c)~(3/2)*Bx*
a*b”3xd"2 - 7*(d*x + c)"(3/2)*A*b"4xd"2 + 15*sqrt(d*x + c)#*Dxa”3*b*c*d~2 -
Txsqrt(d*x + c)*Cxa~2*b~2%c*d"2 - sqrt(d*x + c)*Bxaxb~3*c*d~2 + 9*sqrt(d*
X + c)*A*¥b"4xcxd"2 - 3xsqrt(d*x + c)*D*a~4*d"3 - sqrt(d*x + c)*C*a~3*b*d"3
+ Bksqrt(d*x + c)*B*a~2+b"2+d"3 - 9*sqrt(d*x + c)*A*axb~3*d"~3)/((b~5xc”3

- 3%axb”4xc”2xd + 3*¥a”"2xb"3*c*d"2 - a~3*b"2*d"3)*((d*x + c)*b - b*c + axd)
~2)

3.16.9 Mupad [F(-1)]

Timed out.

/A+Bx+C’x2+Dx3 _/A+Bx+0x2+x3D
(a+bx)¥(c+de)*? " | (a+b2)’ (c+dz)*?

-

Lint((A + Bxx + C*x~2 + x~3%D)/((a + bxx)~3*%(c + d*x)~(3/2)),x)

~—

’int((A + B¥x + C¥x~2 + x~3%D)/((a + b*x)~3%(c + d*x)~(3/2)), x)

A+Bz+Cz2+Da3
3.16. [ 4tBCeD gy
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3.17 A+ Bz+Cx?4 D3 dx
(a+bx)4(c+dz)3/2

3.17.1 Optimal result . . . . . . . . . . ... e 159
3.17.2 Mathematica [A] (verified) . . . . . . . ... .. .. L L 160
3.17.3 Rubi [A] (verified) . . . . . .. . . . ... 1601
3.17.4 Maple [A] (verified) . .. . ... . ... ... 164
3.17.5 Fricas [B] (verification not implemented) . . . . . . . .. ... ... ..... 166
3.17.6 Sympy [F(-1)] . . . . o 166
3.17.7 Maxima [F(-2)] . . . . . . 167
3.17.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... 167l
3.17.9 Mupad [F(-1)] . . . . oo 168

3.17.1 Optimal result

Integrand size = 32, antiderivative size = 463

/ A+ Bz + Cz? + Dz? dpe ab’Bd® — a*>bCd? + a3d®*D — b*(6c*Cd — 6Bcd? + TAd® — 6¢*D)
(a + bz)*(c + dz)3/? 3b3(bc — ad)*v/c + dz

Ab® — a(b’B — abC + a’D)

3b3(bc — ad)(a + bz)3v/c + dz

(b*(6Bc — TAd) — ab*(12¢C — Bd) — 11a*dD + a?b(5Cd + 18¢cD)) vc + dx

126%(bc — ad)3(a + bx)?
(b3(24c?C — 42Bcd + 49Ad?) + 5a3d?D — a?bd(11Cd — 18¢cD) + ab?(36cCd — 7Bd? — 72¢*D)) V¢ + dx
24b%(bc — ad)*(a + bx)
(a®*d®D + a*bd*(Cd — 6cD) — ab*d(12cCd — 5Bd?* — 24¢2D) — b*(24¢*Cd — 30Bcd? + 35Ad3 — 16¢3D))

8b%/2(bc — ad)?/?

e N

output | -1/8% (a”~3*d~3*D+a”2xb*d~2* (Ckd—6*D*c) —a*xb~2*d* (-5*Bxd~2+12*Ckcxd-24*D*c~2)
-b"3* (35%A*d~3-30*B*c*d”~2+24*C*c~2*d-16*D*c~3) ) *arctanh (b~ (1/2) * (d*x+c) ~ (1
/2)/ (~a*d+b*c) ~(1/2)) /b~ (5/2) / (—axd+bxc) ~(9/2) +1/3% (axb~2%B*d~3-a~2%b*C*d"~
3+a~3%d~3*D-b~ 3% (7*A*d~3-6%B*c*d~2+6*C*c~2%d-6%D*c~3) ) /b~3/ (-a*d+b*c) ~4/(d
*x+c) ~(1/2)+1/3% (-A*b~3+a* (Bxb~2-C*a*xb+D*a~2) ) /b~3/ (—a*xd+b*c) / (b*x+a) ~3/(d
*x+C) " (1/2)-1/12*% (b~ 3% (-7*A*d+6*B*c) —a*b~2* (-B*d+12*C*c) —11*a~3*d*D+a~2*b*
(5*C*d+18*D*c) ) * (d*x+c) ~(1/2) /b~2/ (—a*d+b*c) ~3/ (b*x+a) “2-1/24* (b~ 3* (49*A*d
~2-42%Bxckd+24*Ckc”2) +5*%a~3*d"2+D-a" 2*b*d* (11*Ckd-18*D*c) +a*xb”~2* (-7*B*d~2+
36*C*c*d-72xD*c”~2) ) * (d*x+c) ~(1/2) /b~2/ (—axd+b*xc) 4/ (b*x+a)

A+Bz+Cz2+Da3
3.17. (atbo) (crda)3/2 dx
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output
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3.17.2 Mathematica [A] (verified)

Time = 2.31 (sec) , antiderivative size = 561, normalized size of antiderivative = 1.21

/ A+ Bz + Cz? + Dz? o — —3a’d?>D(c + dz) + a*bd(c + dz)(—3Cd + 16¢D — 8dDx) + 6b°cx(4cz(—cC
(a+bx)4(c+dz)3/2
(a®d®D + a*bd*(Cd — 6¢D) + ab®d(—12¢Cd + 5Bd? + 24¢*D) + b*(—24c2Cd + 30Bced? — 35Ad? + 1631
* 86572 (—be + ad)72
| Integrate[(A + B*x + Cxx"2 + D*x"3)/((a + b*x) 4x(c + d*x)~(3/2)),x]

(-3*%a~5xd"2*D*(c + d*x) + a~4*b*d*(c + d*x)*(-3*Ckd + 16%c*D - 8*d*D*x) +
6*b"5*ckx* (d*xckx*x (—(c*kC) - 3*Ckd*x + 2*cxD*x) + B*(-2%c™2 + 5*c*xd*x + 15*xd
“2%x72)) — A¥b72*%(48*a”"3*%d"3 + 3*a”2*b*d"2*(29*c + TT7*xd*x) + 2*axb”2*d*(-1
9xCc”2 + 49%cxd¥x + 140%d"2%x72) + b"3*(8%c”3 - 14*c”2xd*x + 3b*ckd"2*x"2 +
105%d"3*x"3)) + axb”~4x(B*x(-4*c™3 + 82kc~2kd*x + 245xc*d"2%x"2 + 15%d"3*x”
3) - 12%cxx*x(3*xCxd~2%x”2 + 2%c™2%x(C - 9%D*x) + cxd*x*(17*C - 6%D*x))) + a”
3xb~2%(92%c~3%D + c~2%(-94%Cxd + 58*d*D*x) + d~3*x*(33%B + x*(8%C + 3*D*x)
) + c*xd"2%(81*B + x*(-38+C + 17*D*x))) + a~2*xb~3*(d~3*x"2*(40%B + 3*C*x) +
c"3%(-8%C + 252*D*x) + 2*c™2*d*(14*B + 5*xx*k(-25*%C + 9*D*x)) + c*xd~2*xx*(21
2*B - x*(95%C + 18%D*x))))/(24*b~2*(b*xc - a*d) “4*(a + b*x)~3*Sqrtlc + d*x]
) + ((a"3*d"3%D + a~2*b*d"2*x(Cxd — 6*c*D) + a*b~2*d*(-12*xc*xCxd + 5*Bxd~2 +
24%c”2%D) + b~ 3% (-24*c”"2*C*d + 30%B*c*d™2 - 35*xA*d~3 + 16%c~3*D))*ArcTan[
(Sqrt[b]*Sqrt[c + d*x])/Sqrt[-(b*c) + a*d]])/(8*b~(5/2)*(-(b*c) + axd)~(9/
2))

3.17.3 Rubi [A] (verified)

Time = 1.07 (sec) , antiderivative size = 518, normalized size of antiderivative = 1.12,
number of steps used = 10, number of rules used = 9, number of rules _ 0.281, Rules used

integrand size
= {2124, 27, 1192, 1582, 27, 361, 25, 359, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

A+ Bz + Cz? + Dz?
(a + bz)*(c+ dx)3/2

l 2124

dz

A+Bz+Cz2+Da3
3.17. (atbo) (crda)3/2 dx
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d 2, 6(bc—ad)(bC—aD)z , dDa3—b(Cd—6cD)a?—b2(6cC—Bd)a+b3(6Bc—TAd)
6(0—%)Dz + o2 + 23

_ /- 2(a+b2)3 (c+dz)3/2 dz ~

3(bc — ad)
Ab® — a(a®D — abC + b*B)

3b3(a + bx)3v/c + dz(bec — ad)

l 27

d[b);?: _ (od—fgp)tﬁ _ (6cC;Bd)a+6 <c—%d>Da:2+GBc—7Ad+ G(bc—ad)b(2bC—aD)z
f (a+bzx)3(c+dxz)3/2
6(bc — ad)
Ab® — a(aQD —abC + b2B)
3b3(a + bx)3v/c + dz(bc — ad)

l 1192

dz

—6Dc3+6C’dc2—GBd2c—6<c—%d)D(c+dm)2+d3 TA— “(D“2—230“+b23) — S(be=ad)(6Cd=aDd—3bcD)(c+do)
f (ct+dz)(bc—ad—b(c+dx))3 dvec+dx
3(bc — ad)
Ab® — a(a®D — abC + b*B)
3b3(a + bz)3v/c + dz(bc — ad)

l 1582

4(bc—ad) (— ((—6Dc3+60dc2—6Bd2c+7Ad3) b3) +aBd3p2 —a20d3b+a3d3D) —3b(— ( (—8Da3+63d2c—md3) b3) +ad(—24Dc2+12Cdc—Bd2) b2 —a2d2 (5¢
f b(c+dz)(bc—ad—b(c+dx))2
4b2 (bc—ad)?

3(bc — ad)
Ab® — a(a®D — abC + b*B)

3b3(a + bx)3vc + dz(bc — ad)
| 27

4(bc—ad) (7 ((76Dc3+60dc2763d2c+7Ad3) b3) +aBd3b2 7a2Cd3b+a3d3D) —3b (7 ( (78Dc3+63d2c77Ad3) b3) +ad(724Dc2+12Cdc73d2) b2 —a24d2 (5¢
f (ctdz) (bc—ad—b(c+dx))2
4b3 (bc—ad)?

3(bc — ad)
Ab3 — a(azD —abC + b2B)

3b3(a + bx)3vc + dz(bc — ad)
| 361

A+Bz+Cz2+Da3
3.17. (atbo) (crda)3/2 dx
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bd(5d2Da3—bd(110d—18cD)a2 +b2 (—72Dc2+360dc—7Bd2)a+b3 (24cc2 —

8(—((-6Dc3+6Cdc?—6Bd%c+74d%)b%) +aBa®b? —a?Cd3b+a®d3 D) - bo—ad

1
) f - (c+dz)(bc—ad—b(c+dx))

4b3 (bc—ad)?

Ab® — a(a®D — abC + b*B)
3b3(a + bx)3v/c + dz(bc — ad)

| 25

s 8(7 ( (76Dc3 +6Cdc2—6Bd? c+7Ad3) b3) +aBd3b2—a20d3b+434d3D) -

bd(5d2Da3—bd(11Cd—180D)a2+b2 (—72Dc2 +360dc—7Bd2) a+b3 (24Cc2—423c
bc—ad

N

(ct+dz)(bc—ad—b(c+dz))

4b3 (bc—ad)?

Ab3 — a(azD —abC + sz)
3b3(a + bx)3vc + dz(bc — ad)
J,359

2

838 5t n2b 12 (Bl — b2 5 B2 oan2 (3 3_ 2_ 16,3 2 1 33. 2.3
i <3b(a d3 D+a?bd?(Cd—6cD)—ab d( 5Bd2—24c D+12ch> (b (BSAd 30Bcd2 —16c3 D+24c Cd)))f be—ad—b(etda) dx/c+dz_g(a d3D—a2bCd3+
bc—ad

4b3 (bc—a

Ab® — a(a®D — abC + b*B)
3b3(a + bx)3v/c + dz(bc — ad)

l 221

L ( waarctanh(% Vccjld;) (a®d3 D+a?bd?(Cd—6cD)—ab?d(-5Bd? 242 D+12¢0d) — (b3 (354d% —30Bed? — 163 D+24c2Ca) ) ) g (a3d® D—a2b0d+

2 (bc—ad)3/2 N

4b3 (bc—a

Ab® — a(azD —abC + b2B)
3b3(a + bx)3vc + dz(bc — ad)

input\ Int[(A + Bxx + C*x~2 + Dxx~3)/((a + b*x)~4*(c + d*x)~(3/2)),x]

A+Bz+Cz2+Da3
3.17. (atbo) (crda)3/2 dx
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rule 25

rule 27

rule 221

rule 359

rule 361
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-1/3*(A*b~3 - ax(b"2+B - a*b*C + a~2*D))/(b"3*(b*c - axd)*(a + bxx) 3xSqrt
[c + d*x]) + (-1/4%(d"2*(b"3*(6*%B*c — 7T*A*d) - a*xb™2*(12*%c*C - B*d) - 11*a
~3%d*D + a~2%b*(5*%Ckd + 18xcx*D))*Sqrtlc + d*x])/(b~2x(bxc - a*xd) 2% (b*c -
a*d - bx(c + d*x))"2) - (-1/2*%(b*d*(b~3*(24*c~2*xC — 42*Bkc*d + 49*%A*d"2) +
5%a~3*%d"2*xD - a~2xbxd*(11*C*d - 18*c*D) + axb~2x(36*c*kCxd — 7*B*d~2 - 72
c~2xD))*Sqrt[c + d*x])/((bxc - a*d)*(b*c - axd - b*(c + d*x))) + ((-8x(a*b
~2x%Bx*d~3 - a"2*b*C*d"3 + a~3*d"3*%D - b~ 3*(6*c"2*Ckd - 6*%B*c*d”2 + TxA*xd"3
- 6xc”3xD)))/((bxc - a*xd)*Sqrt[c + d*x]) + (3*Sqrt[b]l*(a~3*d~3*D + a~2xb*d
~2%(Cxd - 6*xc*xD) - a*b”~2xdx(12*c*Cxd — 5*B*d~2 - 24*c”2*D) - b~3%(24*c~2%C
*d - 30%B*cxd"2 + 35%A*d~3 - 16%c”~3#D))*ArcTanh[(Sqrt[b]*Sqrt[c + d*x])/Sq
rt[bxc - a*d]])/(b*c - a*d)~(3/2))/2)/(4xb~3*(b*c - axd)~2))/(3*(b*xc - axd
))

3.17.3.1 Defintions of rubi rules used

-

LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

~—

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Int[((e_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"2)"(p_.)*((c_) + (d_.)*(x_)"2), x
_Symbol] :> Simp[c*(e*x)~(m + 1)*((a + b*x"2)"(p + 1)/(axex(m + 1))), x] +

Simp[(a*d*(m + 1) - bxc*(m + 2%p + 3))/(a*e™2x(m + 1)) Int[(exx)"(m + 2)*
(a + b*xx~2)"p, x], x] /; FreeQ[{a, b, c, d, e, p}, x] && NeQ[b*c - a*d, 0]

&& LtQ[m, -1] && !'ILtQ[p, -1]

Int [(x_)"(m_)*((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2), x_Symbol]

> Simp[(-a)~(m/2 - D) *(bxc - a*xd)*x*((a + b*x~2)"(p + 1)/(2¥b"(m/2 + 1)*(p
+ 1)), x] + Simp[1/(2%b"(m/2 + V*(p + 1)) Int[x"mx(a + b*x"2)"(p + 1)*E
xpandToSum [2*b*(p + 1)*Together[(b~(m/2)*(c + d*x~2) - (-a)~(m/2 - 1)*(b*c
- axd)*x~(-m + 2))/(a + b*x72)] - ((-a)"(m/2 - 1)*(b*c - axd))/x™m, x], x],
x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc - a*d, 0] && LtQ[p, -1] && ILtQ[m/
2, 0] && (IntegerQlpl] || EqQ[m + 2*%p + 1, 0]1)

A+Bz+Cz2+Da3
3.17. (atbo) (crda)3/2 dx



rule 1192

rule 1582

rule 2124
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Int[((d_.) + (e_.)*(x_))"(m )*((£f_.) + (g_.)*x(x_)) " (n_)*((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[2/e"(n + 2*p + 1)  Subst[Int[x"(
2xm + 1)x(exf - d*g + g*xx~2) n*(c*d”2 - bxd*e + axe”2 - (2%cxd - b*e)*x"2 +
c*x~4)7p, x], x, Sqrt[d + exx]], x] /; FreeQ[{a, b, c, d, e, £, g}, x] &

IGtQ[p, 0] && ILtQ[n, 0] && IntegerQ[m + 1/2]

/Int[(X_)‘(m_)*((d_) + (e_.)*(x_)72)7(q)*((a)) + (b_.)*(x_)72 + (c_.)*(x_)"

4)~(p_.), x_Symbol] :> Simp[(-d)~(m/2 - 1)*(c*d"2 - bxd*e + axe”2) p*x*((d

+ exx72)7(q + 1)/(2%e"(2*p + m/2)*(q + 1))), x] + Simp[(-d)"(m/2 - 1)/(2%e”
(2xp)*(q + 1)) Int[x"m*x(d + e*x"2)"(q + 1)*ExpandToSum[Together[(1/(d + e
*x72))* (2% (-d) ~(-m/2 + 1)*e”~(2xp)*(q + 1)*(a + b*x"2 + c*x"4)"p - ((cxd"2 -
bkd*e + axe”2) p/(e~(m/2)*x"m))*(d + ex(2xq + 3)*x~2))]1, x], x], x] /; Fre
eQl{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[p, 0] && ILtQlq, -1]

&& ILtQ[m/2, 0]

Int[(Px_)*((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :
> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + bxx, x]}, Simp[R*(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((m + 1)*(b*c -
axd))), x] + Simp[1/((m + 1)*(b*c - axd)) Int[(a + b*x)"(m + 1)*(c + d*x
) "n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*R*x(m + n + 2), x], x], x]1] /; Fr
eeQ[{a, b, c, d, n}, x] && PolyQ[Px, x] && LtQ[m, -1] && (IntegerQ[m] || !

ILtQ[n, -11)

3.17.4 Maple [A] (verified)

Time = 1.95 (sec) , antiderivative size = 511, normalized size of antiderivative = 1.10

A+Bz+Cz2+Da3
3.17. (atbo) (crda)3/2 dx




CHAPTER 3. LISTING OF INTEGRALS

165

method result

a(B dQ—%QC’cd-&-%‘chQ)dbz

2, 42 _ 343 ‘
35 ((Ad3—$Bcd2+§ch2d—;§Dc3)b3— - —2bd (Cd_6Dc) o gsD>\/dx+c(bm+a)‘

pseudoelliptic —

19 33 _7Bp3.4241 3.2;,_5 2,3_1 2 3,3 2.42_ 1 3:,3p.,:
(EAb d°—gBb cd+5Cb%°c?d— 5 Bab“d” — 15a“bC d°+ 7 Cab®cd”— y5ga”d” D+

2 (A d3—Bcd?+C c2d—Dc3)

derivativedivides (ad—bo)"v/azTe

19 343 _7Bp3.4241 3.2;,_5 2,3_ 1 2 3,3 2.42_ 1 3:,3p.,:
(EAb d°—gBb cd+5Cb%°c?d— 5 Bab?d” — 15a“bC d°+ 7 Cab®cd”— y5ga”d” D+

2(Ad3—Bcd?+C c2d—Dc?
default X cd+CFd-DS) _

(ad—bc)4\/dx+c

inputLint((D*x‘3+C*x“2+B*x+A)/(b*x+a)‘4/(d*x+c)“(3/2),x,method=_RETURNVERBOSE)

output

-35/8/ ((a*d-b*c)*b) ~(1/2) / (d*x+c) " (1/2)* (((A*d~3-6/7*Bxc*d~2+24/35*%C*c~2*d
-16/35%D*c~3) *b~3-1/7*a*x (Bkd~2-12/5*%C*c*d+24/5*xD*c”2) *d*b~2-1/35*%a"2*b*d "2
* (C*d—6%D*c)—1/35%a~3*d~3*D) * (d*x+c) ~(1/2) * (b*x+a) “3*arctan (b* (d*x+c) ~(1/2
)/ ((a*d-b*c)*b) ~(1/2))+16/35* ((a*xd-b*c)*b) ~(1/2) * ((35/16*A*d~3*x~3+35/48*x
~2%c* (-18/T*Bxx+A) *d~2-7/24%x*Cc~ 2% (-36/7T*C*x~2+15/7*B*x+A) *d+1/6%c~ 3% (—6%D
*x " 3+3*%Cxx~2+3/2*B*x+A) ) ¥b~5-19/24*a* (-140/19*x~2* (-3/56*B*x+A) *d~3-49/19%
x* (18/49%C*x~2-5/2*B*x+A) *c*d~2+c" 2% (36/19%D*x"3-102/19%C*x~2+41/19*B*x+A)
*d—2/19*c” 3% (-54*D*x~2+6*C*x+B) ) *b~4+29/16%a~2* (77 /29*x* (-1/77*C*x~2-40/23
1kB*x+A) *d~3+c* (6/29*D*x~3+95/87*C*x~2-212/87*B*x+A) *d~2-28/87* (45/14*D*x"
2-125/14%C*x+B) *c~2*d+8/87* (-63/2*D*x+C) *c~3) *b~3+ ((A-1/16*D*x~3-1/6*C*x"2
-11/16*B*x) *d~3-27/16%(17/81*D*x~2-38/81*C*x+B) *c*xd~2+47/24* (-29/47*D*x+C)
*Cc"2x%d-23/12*D*c”3) *a~3*%b"2+1/16*a~4* (d*x+c) * ((8/3*D*x+C) *d-16/3*D*c) *d*b+
1/16*D*a”~5*d~2* (d*x+c) ) )/ (b*x+a) “3/ (a*d-b*c) “4/b~2

A+Bz+Cz2+Da3
3.17. (atbo) (crda)3/2 dx



input

output

7
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3.17.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1910 vs. 2(435) = 870.

Time = 0.56 (sec) , antiderivative size = 3834, normalized size of antiderivative = 8.28

A+B *+ Da?
/ + Bx + Cz* + Dx dx = Too large to display

(a+ bz)*(c + dz)3/?

integrate ((D*x~3+C*x~2+B*x+A) / (b*x+a) "4/ (d*x+c)~(3/2) ,x, algorithm="fricas
II)

[1/48% (3% (16*%D*a~3*b"3*c"4 + (16*%D*b~6*c~3*d + (D*a"3*b~3 + C*xa”~2%b~4 + 5x
B*axb~5 - 35%A*b~6)*d~4 - 6%(D*a~2%b~4*c + (2%C*a*xb~5 — 5xB*b~6)*c)*d~3 +

24* (Dxa*b~5%c~2 - Cxb~6*c~2)*d"2)*x~4 + (D*a"6*c + (Cxa~5*b + 5xBxa~4*b~2

- 35%A*a~3%b~3)*c)*d~3 + (16%D*b~6%c~4 + 3*(D*a~4%b~2 + C*a~3*b~3 + 5*Bxa”
2%b~4 - 35xAxaxb~5)*d"4 - (17*D*a~3*b~3*c + 5x(7*C*a”~2*b~4 - 19%Bxaxb~5 +

T*A*¥b"6)*c)*d"3 + 6x(11*D*a”2+%b~4*c”2 - (14*Cxaxb™5 - 5*B*b~6)*c~2)*d"2 +

24 (3*%D*a*xb~5*xc~3 — Cxb~6%c~3)*d)*x"3 - 6*(D*a~5xbxc~2 + (2*%C*a~4%b~2 - bx
B*a~3*%b"3)*c"2)*d"2 + 3*(16*D*axb~5%c”4 + (D*a~5xb + Cxa~4*b~2 + 5%B*a~3%*b
~3 - 35%A*a”2*xb"4)*d~4 - (5xD*a”4xb”"2*c + (11*%C*xa”3%b~3 - 35*xB*a~2*xb"4 + 3
5*xAxa*b~5)*c)*d~3 + 6% (3*D*a~3*b"3*%c"2 - (6*C*a~2*xb"4 - 5*B*axb”5)*c”~2)*d”
2 + 8x(5xD*a~2*%b"4*c”3 - 3*Ckaxb~bxc~3)*d)*x"2 + 24*(D*a~4*b"2*c”~3 - Cxa"3
*b~3*c~3)*d + (48%D*a"2*b~4*c~4 + (D*a~6 + Cxa~5xb + 5*Bxa~4*b~2 - 35%A*a”
3*xb~3)*d~4 - 3% (D*a~5*bxc + (3*C*ka~4*b~2 - 15xB*a~3%b~3 + 35xA*a”~2%b~4)x*c)
*d"3 + 6x(D*xa~4xb"2xc"2 - 5k (2xC*a~3%b~3 - 3*Bka~2%b~4)*c”2)*d"2 + 8% (11%D
*¥a"3*%b"3%c”3 - 9*Cxa~2%b"4xc~3)*d)*x)*sqrt (b~ 2*c - axbxd)*log((b*d*x + 2xb
xc - a*d - 2*sqrt(b~2*c - a*bxd)*sqrt(d*x + c))/(b*x + a)) + 2x(92xD*a”3%*b
“4%c”4 + 48*A*a”4xb"3*%d"4 - 4x(2*%C*a”~2*b~5 + B*axb~6 + 2%A*xb"7)*c”4 + 3*x(D
*a"6xbxc + (C*xa"5*xb~2 - 27*B*a~4*b~3 + 13*A*a~3*b~4)*c)*d"3 + 3*(16*D*xb~7x*
c”4 - (D*a"4*b~3 + C*a"3%b~4 + 5xBxa~2xb"5 — 35*%A*a*b”6)*d~4 + (7*D*xa”~3*b~
4%c + (13*%C*xa”2%b~5 - 25xB*a*b”6 - 35xA*b~7)*c)*d~3 - 6x(5*D*a~2*b~5*xc”...

3.17.6 Sympy [F(-1)]

Timed out.

A+ B 24 Dg?
/ +Bz+Cz”+ Do dz = Timed out

(a + bx)*(c + dx)3/?

input{integrate((D*x**3+C*x**2+B*x+A)/(b*x+a)**4/(d*x+c)**(3/2),x)

A+Bz+Cz2+Da3
3.17. (atbo) (crda)3/2 dx
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output‘Timed out

input

output

3.17.7 Maxima [F(-2)]

Exception generated.

/A+Bx+C’w2+Da:3

(a+ bx)(c+ dx)3/? dz = Exception raised: ValueError

integrate ((D*x~3+Cxx~2+B*x+A) / (b*x+a) ~4/(d*x+c) ~(3/2) ,x, algorithm="maxima
n
)

Exception raised: ValueError >> Computation failed since Maxima requested
additional constraints; using the 'assume' command before evaluation *may*
help (example of legal syntax is 'assume(a*d-b*c>0)', see ~assume?” for m
ore detail

3.17.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1085 vs. 2(435) = 870.

Time = 0.32 (sec) , antiderivative size = 1085, normalized size of antiderivative = 2.34

A+ Bz + Cx? + Dx?
(a + bz)*(c + dx)3/?

dxz = Too large to display

inputLintegrate((D*x“3+C*x“2+B*x+A)/(b*x+a)‘4/(d*x+c)‘(3/2),x, algorithm="giac")

A+Bz+Cz2+Da3
3.17. (atbo) (crda)3/2 dx




output

input

output
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1/8x(16*D*b~3*c”3 + 24*xD¥axb~2kc~2*d — 24*Cxb~3*c”~2xd - 6+D*a~2*b*c*d~2 -
12%Cxa*b~2%c*xd™2 + 30*B*b~3*c*kd~2 + D*a~3*%d"3 + C*xa”"2xb*d~3 + 5*B*a*b~2*d~
3 - 35*%Axb~3*d"3)*arctan(sqrt(d*x + c)*b/sqrt(-b~2*c + axb*d))/((b~6*c~4 -
4*a*xb~b*kc~3*%d + 6*a”2*b"4*c"2*d"2 - 4*a~3*%b"3*c*d”3 + a"4xb"2xd"4)*sqrt (-
b"2xc + a*bxd)) + 2%(Dkc”3 - C*kc~2*d + Bxc*d™2 - A*d"3)/((b"4xc”4 - 4xa*b”
3xc”"3xd + 6*a”"2%b"2xc”"2xd"2 - 4*a~3*bxc*d~3 + a"4*xd"4)*sqrt(d*x + c)) + 1/
24 (72*(d*x + c)~(5/2)#*D*axb~4xc”™2xd - 24x(d*x + c)~(5/2)*C*b~5xc”2xd - 14
4x(d*x + c)~(3/2)*Dxa*b~4*xc~3*d + 48%(d*x + c)”(3/2)*C*b~5xc~3*%d + 72*sqrt
(d*x + c)*D*axb~4*xc”4*d - 24xsqrt(d*x + c)*C*b~5*xc~4*d - 18*(d*x + c)~(5/2
)*D*a”~2%b~3xc*xd"2 - 36%(d*x + c)~(5/2)*C*ka*b~4*xcxd"2 + 42*(d*x + c)~(5/2)*
Bxb~5xcxd™2 + 144x(d*x + c)~(3/2)*D*a”2xb"3*c"2%d"2 + 48*(d*x + c)~(3/2)*C
*axb~4*c"2%d"2 - 96*(d*x + c)”(3/2)*B*b~5%xc"2*d"2 - 126*sqrt(d*x + c)*D*a”
2xb~3*c”3*d"2 - 12*sqrt(d*x + c)*Cxa*b~4*c~3*%d"2 + 54*xsqrt(d*x + c)*B*b~5*
c™3*%d"2 + 3x(d*x + c)~(5/2)*D*a"3*xb"2xd"3 + 3*(d*x + c)~(5/2)*Cxa~2*xb~3*d"
3 + 156%(d*x + c)~(5/2)*#B*axb~4*xd"3 - 57*(d*x + c)~(5/2)*A*xb~5*d~3 + 8*(d*x
+ ¢)~(3/2)*D*a~3*b"2*%c*xd"3 - 104*(d*x + c)~(3/2)*Cxa~2*%b"3*c*d~3 + 56% (dx*
X + ¢)"(3/2)*B*a*b~4*xc*d~3 + 136%(d*x + c)~(3/2)*A*b~5xcxd~3 + 33*sqrt(d*x
+ c)*Dxa”3%b"2xc"2*%d"3 + 93*sqrt(d*x + c)*Cxa~2%b~3*c"2+%d"3 - 7b*sqrt(d*x
+ c)*B*a*b~4xc”2*d"3 - 87*sqrt(d*x + c)*Axb~5*c”2xd"3 - 8*(d*x + c)~(3/2)
*D*a”~4xbxd~4 + 8*(d*x + c)~(3/2)*C*a"3%¥b~2*xd"4 + 40*(d*x + c)~(3/2)*B*a. ..

3.17.9 Mupad [F(-1)]

Timed out.
/A+Bz—|—C’x2—|—Dx3 _/A+Bm—|—C’xz+x3D
(a+bx)i(c+dx)*? ™ | (a+bz)*(c+dz)*?
Lint((A + B*x + C*x~2 + x~3%D)/((a + b*x) 4x(c + d*x)~(3/2)),x)

~—

-

int((A + B*x + C*x~2 + x~3*D)/((a + b*x)~4x(c + d*x)~(3/2)), x)

N

J

A+Bz+Cz2+Da3
3.17. ZEIEBZ@IZBEE-dx
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(a+bz)3(A+Bz+Cx?+Dx3)
3.18 | d
(c+dx)>/2

3.18.1 Optimal result . . . . . . . . . . . ... . 169
3.18.2 Mathematica [A] (verified) . . . . . . .. .. ... L 170
3.18.3 Rubi [A] (verified) . . . . . . .. .. 170
3.18.4 Maple [A] (verified) . . . ... . ... ... 1721
3.18.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 172
3.18.6 Sympy [A] (verification not implemented) . . . . ... ... ... ... ... 173
3.18.7 Maxima [A] (verification not implemented) . . ... .. ... ... ...... Ive!
3.18.8 Giac [B] (verification not implemented) . . . ... ... ... ... ..... 175
3.18.9 Mupad [F(-1)] . . . . o o 176l

3.18.1 Optimal result

Integrand size = 32, antiderivative size = 434

/ (a+bx)3 (A + Bz + Cx? + Dz?) g — 2(bc — ad)? (c*Cd — Bed? + Ad® — ¢3D)
(c+ dzx)3/2 B 3d7(c + dx)3/?
+ 2(bc — ad)? (ad(2¢Cd — Bd? — 3¢2D) — b(5¢*Cd — 4Bcd? + 3Ad® — 6¢3D))
d’vc+dz

_ 2(be — ad) (a*d*(Cd — 3¢D) — abd(8cCd — 3Bd* — 15¢*D) + b*(10c*Cd — 6Bcd® + 3Ad* — 15¢° D)) Ve
a7

N 2(a®d®D + 3a*bd*(Cd — 4¢cD) — 3ab*d(4cCd — Bd? — 10¢*D) + b*(10c>Cd — 4Bed? + Ad® — 20¢3 D)) (c-
3d”

N 2b(3a%d?D + 3abd(Cd — 5¢D) — b?(5¢Cd — Bd? — 15¢2D)) (c + dz)%/?

5d"
26%(bCd — 6bcD + 3adD)(c+ dx)"?  2b3D(c + dx)*/?
+ 7d7 + 9d”

output  2/3*(-a*d+b*c) “3* (A*d~3-B*xc*d~2+C*xc~2*d-D*c~3) /d"~7/ (d*x+c) ~(3/2)+2/3*%(a~3*
d~3*D+3*a”2*b*d"2* (Cxd—4*D*c) —3*a*b~2*d* (-B*d~2+4*Cxcxd—10*D*c~2) +b~3* (A*d
~3-4*Bxcxd~2+10*Ckc~2%d-20%D*c"3) ) * (d*x+c) " (3/2) /A" 7+2/5%b* (3*a~2xd~2*D+3*
axbxd* (Cxd—5*D*c) -b~2* (-B*d~2+5*C*c*xd-15*xD*c~2) ) x (d*x+c) ~(5/2) /A" T7+2/7*b"2
* (Cxbxd+3*D*axd-6*D*bxc) * (d*x+c) ~(7/2) /d~7+2/9%b"3*D* (d*x+c) ~(9/2) /d~7+2x(
—a*d+b*c) 2 (a*xd* (-B*d~2+2%C*c*d—3*D*c~2) -b* (3%A*d~3-4*Bxc*xd~2+5*Ckc~2*d-6
*D*c”3))/Aa"7/ (d*x+c) ~(1/2) -2* (~a*d+b*c) * (a~2+d"2* (C*d—-3*D*c) —axb*d* (-3*xB*d
~2+8*Ckcxd-15%D*c”2) +b~2% (3kA*d~3-6*B*c*d~2+10*Cxc~2xd-15%D*c~3) ) * (d*x+c) ™
(1/2)/a°7

3.18. [P da




.
input | Integrate[((a + b*x)~3%(A + B¥x + Cxx"2 + D*x"3))/(c + d*x)~(5/2),x]

output
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3.18.2 Mathematica [A] (verified)

Time = 0.53 (sec) , antiderivative size = 485, normalized size of antiderivative = 1.12

o — 2(—105a3d3(16¢3D — 8¢*d(C — 3Dxzx) + 2¢d?(B + 3z(—2C + D:

/ (a+bx)3 (A + Bz + Cx? + Dz?)
(c+ dz)5/?

(2% (-105%a~3*%d"3* (16%c~3*D - 8*c~2xd*(C - 3*D*x) + 2xc*d"2*(B + 3*x*(-2*C

+ Dxx)) + d73%(A + 3%Bkx - x"2%(3%C + D*x))) + 63%a~2%b*d~2%(128%c~4*D + c
3% (-80*Ckd + 192*d*D*x) + 8*c”2+%d~2*(5%B + 3*x*x(-5%C + 24D*x)) + d 4*x*(-
15%A + x*k(15%B + 5*C*x + 3*D*x72)) - 2kc*d"3*(5%A + x*(-30%B + 15*%C*x + 4%
D*x"2))) + b~3%(5120%c"6*D - 3840*c~5*d*(C — 2*D*x) + 384*c~4*d"2x(7*B + 5
*xk (=3%C + D*x)) + 24*%c”2%d"4*x*(-105%A + x*(42*B + 5xx*(2*%C + D*x))) - 6%
c*d"5*xx" 2% (105%A + x*(28%B + 5*x*(3*%C + 2*D*x))) - 16%c”3*d"3*(105%A + 2*x
*(-126%B + S5xx*x(9*%C + 24D*x))) + d~6*x"3*(105%A + x*(63*%B + 5*x*(9*%C + 7*D
*x)))) + 9xaxb~2xd*(-1280*%c”~5*D + 128*%c”~4*d*(7*C - 15%xD*x) - 16%c~3*xd~2x(3
5*B + 6*x*k(-14*C + 5*D*x)) + d~5*x"2+%(105%A + x*(35*%B + 3*x*(7*C + 5xD*x))
) + 8%c”2+d"3*(35%A + x*x(-105*%B + 2#x*(21*%C + 5*D*x))) - 2kckd 4*x*(-210%A
+ x*(105%B + x*(28*%C + 15%D*x))))))/(3156%d"7*(c + d*x)~(3/2))

3.18.3 Rubi [A] (verified)

Time = 0.68 (sec) , antiderivative size = 434, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, umber of rules _ ¢ 460 Ryles used

integrand size
= {2123, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dz

/ (a+bz)® (A+ Bz + Cz? + Dz?)
(c + dz)>/2

l 2123

/ (bc — ad) (—a?d?*(Cd — 3cD) + abd(—3Bd? — 15¢D + 8¢Cd) — (b*(3Ad® — 6Bcd? — 15¢*D + 10c*Cd)) ) L
db+/c + dzx

l 2009

3.18. [P da
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2v/c + dz(bc — ad) (a’d?(Cd — 3cD) — abd(—3Bd? — 15¢%D + 8cCd) + b (3Ad® — 6Bcd? — 15¢3D + 10c2Cd) )

d7
2b(c + do)*/? (3a°dD + Babd(Cd — 5¢D) — (b(~Bd? ~ 156D + 5¢Cd))) |
5d7
2(c + dz)®? (a3d3D + 3a?bd?(Cd — 4cD) — 3ab*d(—Bd? — 10¢?D + 4cCd) + b3 (Ad® — 4Bcd? — 20c D + 10¢*C
3d7
2(bc — ad)? (ad(—Bd? — 3¢?D + 2¢Cd) — b(3Ad® — 4Bcd? — 6D + 5¢2Cd)) N
d’v/c+dz
2(bc — ad)?® (Ad® — Bed? + ¢3(—D) + 2Cd) + 2b%(c + dz)7/?(3adD — 6bcD + bCd) +
3d"(c + dx)3/2 7d7
263 D(c + dz)?/?
9d7
inputtlnt[((a + b*x)"3%(A + Bkx + C*x"2 + D*x73))/(c + d*x)~(5/2),x] J

e N

output | (2x(b*xc - a*d) " 3*(c”2*C*d - B*c*xd"2 + A*d~3 - c~3#D))/(3*d"7x(c + d*x)~(3/
2)) + (2x(b*c - a*xd) "2x(a*d*(2*c*Cxd — B*d"2 - 3*c”2+D) - b*(5*c™2*xCxd - 4
*Bkc*d~2 + 3*%A*d"3 - 6*%c”3%D)))/(d"7*Sqrt[c + d*x]) - (2*(b*c - axd)*(a"2*
d"2%(Cxd - 3*c*D) - axb*d*(8xc*Cxd - 3*%B*d~2 - 15%c”~2%D) + b~2%(10*c~2*C*d
- 6%Bxcxd"2 + 3xA*d"3 - 15%c”3xD))*Sqrtlc + d*x])/d"7 + (2*%(a"3%d"3xD + 3
*¥a"2*%bkd" 2% (Cxd - 4*c*D) - 3*a*b~2xd*(4xcxC*xd - Bxd"2 - 10*c~2xD) + b~ 3*(1
Oxc~2xC*d — 4*Bxc*d™2 + A*d~3 - 20*c~3*D))*(c + d*x)~(3/2))/(3*%d"7) + (2*b
*(3*%a”~2*%d"2*%D + 3*axbxd*(Cxd — 5*c*D) - b~ 2% (5xc*kC*d — B*d~2 - 15*xc”2%D))*
(c + d*x)~(5/2))/(6*%d"7) + (2*¥b"2*(b*Cxd — 6*bkc*D + 3*a*d*D)*(c + d*xx)~(7
/2))/(7*d"7) + (2*b~3*D*(c + d*x)~(9/2))/(9*d"7)

3.18.3.1 Defintions of rubi rules used

e hY

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

N\ J

rule 2009

rule 2123‘Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symboll ‘
‘ :> Int[ExpandIntegrand [Px*(a + b*x) m*(c + d*x)~°n, x], x] /; FreeQ[{a, b, c
, d, m, n}, x] && PolyQ[Px, x] &% (IntegersQ[m, n] || IGtQ[m, -21) ‘
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input

output

input
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3.18.4 Maple [A] (verified)

Time = 1.77 (sec) , antiderivative size = 439, normalized size of antiderivative = 1.01

method result
2 ((—:c3 (%Dx3+%C a:2+%Bx+A) b3—9a(A+%D:c3+%Cx2+%Bx)w2b2+9a2x(—%Dac3— %C z2—Bz+A)b+a3 (-1
pseudoelliptic —
gosper 2(—85Db325d® —45C b3d®x°—135Da b2d®2®+60Db3c d>25—63 B b3d®z* —189Ca b2d®x*+90C b3c d®z*—189Da?bd
trager 2(—385Db325d® —45C b3d®x°—135Da b2d®2®+60Db3c d°x°—63 B b3d®x* —189Ca b2d®x*+90C b3c d®z*—189Da?bd
2Db3<dw+c)% 2(a34d%-34a%bcd5+34ab% 2t~ Ab3c3aP —BaBcd®+3B a%b 2d? —3Bab?c3aP+ Bb3cta? +C aBc2at —30 a2
- 3
derivativedivides pee
2063 (dote)s  2(aAd0—340%bcdP+34ab2c2d - Ab3c3d3—BaBca®+3B a?b 2dt—3Bab?3a®+ B b3 cta2 +0 aBc2dt -3C o2
9 - 3
2
default b

e

Lint ((b*x+a) “3* (D*x~3+C*x~2+B*x+A) / (d*x+c) ~(5/2) ,x,method=_RETURNVERBOSE)

~—

-2/3/ (d*x+c) ~(3/2) * ((-x" 3% (1/3*D*x"3+3/7*Cxx~2+3/5*B*x+A) ¥b~3-9*a* (A+1/7*D
*x"3+1/5%Cxx”~2+1/3%B*x) *x~2%b~2+9%a~2xx* (—1/5%D*x~3-1/3*C*x~2-B*x+A) *b+a~3
* (~D*x"3-3*C*x"2+3*B*x+A) ) *A~6+6* (x~2* (2/21*D*kx"3+1/T*Ckx~2+4/15%B*x+A) *b~
3-6*axx* (-1/14*D*x"3-2/15%Cxx~2-1/2*B*x+A) *b~2+a~ 2% (4/5*%D*x~3+3*%C*kx~2-6*B*
X+A) ¥b+1/3%a" 3% (3*xD*x~2-6xC*x+B) ) *c*d~5-24*c~ 2% (- (-1/21%D*x~3-2/21*C*x~2-2
/5*Bxx+A) *x*b~3+ax* (2/7*D*x~3+6/5%Cxx~2-3*B*xx+A) *b~2+a~2* (6/5*D*x~2-3*C*x+B
)*b+1/3*%a"3* (—3*D*x+C) ) *d~4+16* ((4/21*D*x"3+6/7*C*x~2-12/5*B*x+A) *b~3+3*a*
(6/7*D*x~2-12/5%C*x+B) ¥b~2+3* (-12/5*D*x+C) *a~2*b+D*a~3) *c~3*d~3-128/5*xb*xc~
4% ((5/7*D*x"2-15/T7*C*x+B) *b~2+3*a* (-15/7*D*x+C) ¥*b+3*D*a~2) *d~2+256/7* ( (-2*
D*x+C) *b+3*D*a) *b~2*c~5%d-1024/21*D*b~3*c~6) /d~7

3.18.5 Fricas [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 689, normalized size of antiderivative = 1.59

_ 2(35 Db*dx® + 5120 Db*c® — 105 Aa®d® + 840 (Ca® + 3 Ba®b +

/ (a+bx)3 (A + Bz + Cx? + Dz?) i
( =

¢+ dx)5/?

‘integrate((b*x+a)“3*(D*x‘3+C*x‘2+B*x+A)/(d*x+c)“(5/2),x, algorithm="fricas

"
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output

.
input | integrate ((b*x+a) **3% (Dxx**3+Ckx**2+Bxx+A) / (d*x+c) **(5/2) ,x)
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2/315% (35%D*b~3*%d"6*x"6 + 5120*%D*b~3*c”6 - 105xA*a~3*d"6 + 840*(C*a~3 + 3%
B*a~2*xb + 3xA*xa*b~2)*c"2xd"4 - 210%(B*a”3 + 3*kA*a~2*b)*c*xd"5 - 15%(4*xD*b~3
*c*d~5 - 3x(3*D*a*b”2 + C*b~3)*d"6)*x"5 + 3*(40*D*b~3*c"2*%d~4 + 21*(3*xD*a”
2%b + 3*C*xaxb~2 + Bxb~3)*d"6 - 30*(3*D*a*xb~2*xc + Cxb~3*c)*d"5)*x"4 - 1680%*
(D*a~3*c~3 + (3*C*a”2%b + 3*B*a*b~2 + A*b~3)*c~3)*d"3 - (320%D*b~3*c~3*d"3
- 105*%(D*a”~3 + 3*C*a~2xb + 3*Bka*b~2 + A*b~3)*d~6 + 168*(3*D*a”2*bxc + (3
*Cxa*b~2 + B*b~3)*c)*d"5 - 240*(3*xD*a*b~2*xc”2 + C*b~3*c”~2)*d"4)*x~3 + 2688
* (3*D*a~2*b*c~4 + (3*Cka*b~2 + B*b~3)*c~4)*d"2 + 3*(640*D*b~3*c”4*xd"2 + 10
5x(C*a~3 + 3*B*a~2%b + 3*Axaxb~2)*d~6 - 210*%(D*a~3*c + (3*C*a~2%b + 3*Bxax
b2 + A*b~3)*c)*d"5 + 336%(3*xD*a"2*b*c~2 + (3*%Ckxa*b~2 + B*b~3)*c~2)*d~4 -
480%* (3#D*a*b~2+c~3 + Cxb~3*c”~3)*d"3)*x~2 - 3840+ (3#D*a*b~2+c”5 + Cxb~3*c”5
Y*d + 3*%(2560*D*b~3*c”~5*d + 420*%(C*a~3 + 3*B*xa~2%b + 3*A*a*xb~2)*c*xd™5 - 10
5% (B*a~3 + 3*Axa~2xb)*d"6 - 840%(D*a~3*c”2 + (3*C*xa”~2*b + 3*B*a*b™2 + Axb~
3)*c"2)*d"4 + 1344x(3*D*a”2%b*c”3 + (3*C*a*b~2 + B*b~3)*c~3)*d"3 - 1920%(3
*D*a*b"2%xc”4 + Cxb~3%c”4)*d"2)*x)*sqrt(d*x + c)/(d"9*x"2 + 2%c*d"8*x + c~2
*d"7)

3.18.6 Sympy [A] (verification not implemented)

Time = 73.78 (sec) , antiderivative size = 729, normalized size of antiderivative = 1.68

7 5
9
Db (ctdn)2 | (c+dn)2 (CbPd+3Dab?d—6Db%¢) | (c+dw) 2 (Bb3d2+3Cab2d?—5Cb%cd+
2 oab T =26 + 5d8

dz =

/ (a + bzx)® (A+ Bz + Cz* + Dz?)
(

5/2
c+ dx) / 3 7 z8(cb3+3Dab?) 2% (Bb3+3Cab2+3Da?b) 2% (Ab3+3Bab?+3Ca2b+Da
3 Dbz
Aa’z+ 7+ 6 + 5 + 1
3
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output
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Piecewise ((2* (D*b**3*(c + d*x)**(9/2)/(9%d**6) + (c + d*x)**(7/2)*(Ckb**3x*
d + 3*D*xaxbx*2xd — 6*Dxb**x3%c)/(7xd**6) + (c + d*x)**(5/2)* (Bkxb**3kd**x2 +
3xCka*xb**2kd*x*2 — BxCkxbx*3kxckd + 3kDka*x*x2kxb*d*x*2 — 15%xDka*xb*x*2%xcxd + 15%Dx*
b*x3%xc*x2) / (Bkd*x*6) + (c + d*x)**(3/2)* (Axb**k3xd**3 + 3*Bkaxb**2xd**3 - 4x*
B¥b**3*ckd**x2 + 3*%Cka*x*x2xbkd**3 — 12xCkakxb**2kckxd**2 + 10%Ckbkx*3kck*2xd +
Dkax*3%d**x3 - 12*Dkxa**x2xbkxckd**2 + 30*D*axb**x2kxc*kx*2%d — 20*D*xbx**3*c**3) /(3
*d**6) + sqrt(c + d*xx)*(3*A*axb**2xd*x4 — 3*Axb*x3*kcxd**3 + 3*¥Bra*x2¥bxd**
4 — 9*xBkaxbx*2xckd**x3 + B6xBkbkk3kck*k2kd*x*2 + Ckakxk3kd**4d — 9kCkax*2xbkckd*
*3 + 18%Cka*xbx*2kxcx*2xd*k*x2 — 10%Ckbx*3kckx*3xd — 3*xDkakxx3kckd**3 + 18xDka*xk
2xbkck*k2kxd**2 — 30*Dxaxb**x2kxc**3%d + 15%xDxb**3*kc**4)/d**6 — (a*d - b*c)**2
* (3%A*bxd**3 + B*axd**3 — 4*Bxbkckd**2 — 2%Ckaxckd**x2 + 5xCkbkc**2%d + 3%D
xaxc*kx2%d - 6xD¥b*ck*3)/(dx*6xsqrt(c + d*x)) + (axd - bxc)**3*(-Axd**x3 + B
*ckd**2 — Ckxc**2xd + D*xc**3)/(3*d*x*x6*%(c + d*x)**x(3/2)))/d, Ne(d, 0)), ((Ax
a**3%x + Dxbx*3%x*xT7/7 + x*x*6%(Ckxb**3 + 3*Dka*xb**2)/6 + x**5*(B*b**3 + 3*C
*a*xb**x2 + 3xD*a*x*2%b) /5 + x**4*x (A*xb**3 + 3*Bkakxbk**2 + 3%Cka**x2xb + Dxax*3)
/4 + x**3%(3xAkaxbx*2 + 3*%Bka**x2xb + Ckxa*x*3)/3 + x**2%x(3kA*a**x2%b + Bkakx*3
)/2)/cx*x(5/2), True))

3.18.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 627, normalized size of antiderivative = 1.44

9 7
< 35 (dz+c) 2 Db®—45 (6 Db3c— (3 Dab?+Cb3)d) (dx+c) 2463 (15 Db3c%—5 (3 Dab?+

(a+ bzx)® (A+ Bz + Cz* + Dz?)
( dr =

¢+ dx)5/?

p
input‘integrate((b*x+a)“3*(D*x“3+C*x“2+B*x+A)/(d*x+c)“(5/2),x, algorithm="maxima

II)
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output
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2/315%((35%(d*x + c)~(9/2)*#D*b~3 - 45x(6*D*xb~3*c - (3*D*a*b”2 + C*b~3)*d) *
(d*x + c)~(7/2) + 63*x(15%D*b~3*%c~2 — 5+ (3*D*a*b~2 + Cxb~3)*ckd + (3*D*a~2x*
b + 3*C*xa*b~™2 + B*b~3)*d"2)*(d*x + c)~(5/2) - 105%(20*D*b~3*c~3 - 10*(3*D*
a*b”2 + Cxb~3)*c”2xd + 4*(3*D*a”2%b + 3*Cxaxb~2 + B*b~3)*c*d"2 - (D*a~3 +
3*%C*a~2%b + 3*Bxaxb~2 + A*b~3)*d"3)*(d*x + c)~(3/2) + 315%(15*%D*b"3*c"4 -
10* (3*D*a*b~2 + C*b~3)*c~3*d + 6x(3*%D*a”~2*b + 3*C*axb"2 + B*b"3)*c"2*d~2 -
3*(D*a”~3 + 3*C*a~2*b + 3*B*a*xb~2 + A*b~3)*c*d"3 + (C*a~3 + 3*xB*a~2*b + 3%
Axaxb~2)*d"4)*sqrt(d*x + c))/d"6 - 105%(D*b~3*c”6 + A*xa~3*%d"6 - (3*D*a*b~2
+ C*b~3)*c~5*d + (3%D*a”2*b + 3*C*xaxb~2 + Bxb~3)*c~4*d"2 - (D*a"3 + 3*Cxa
“2%b + 3*Bxa*b”2 + A*b"3)*c”"3*d"3 + (C*a”3 + 3*B*a"2xb + 3kAxaxb~2)*c”2*d”
4 - (Bxa~3 + 3*%A*xa~2xb)*c*d~5 - 3% (6*D*b"3*%c”~5 - 5x(3*D*axb”2 + Cxb~3)*c~4
*d + 4% (3*D*a~2*%b + 3*Cka*b~2 + Bxb~3)*c~3*d"2 - 3*(D*a”3 + 3*C*a~2*b + 3%
B*a*b~2 + A*b~3)*c"2*%d"3 + 2*x(C*a~3 + 3*B*a~2%b + 3*xAxaxb~2)*ckd"4 - (B*a~
3 + 3*%A*a~2*%b)*d~5)*(d*x + c))/((d*x + c)~(3/2)*d"6))/d

3.18.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1030 vs. 2(412) = 824.

Time = 0.32 (sec) , antiderivative size = 1030, normalized size of antiderivative = 2.37

/ (a+ bz)® (A+ Bz + Cz* + Dz?)

(c + dz)?/2 dz = Too large to display
c+dzx

-

inputLintegrate((b*x+a)“3*(D*x“3+C*x“2+B*x+A)/(d*x+c)“(5/2),x, algorithm="giac")

| —
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output

2/3%(18%(d*x + c)*Dxb~3%c™5 - D*b~3*%c™6 — 45%(d*x + c)*D*axb~2%c~4*d - 15%
(d*x + c)*C*b~3*c~4*d + 3*D*a*xb~2*xc~5*%d + C*b~3*c~5*d + 36*(d*x + c)*D*a~2
*b*xc~3*%d"2 + 36*%(d*x + c)*C*a*xb~2*%c~3*d"2 + 12*(d*x + c)*B*b~3%c"3*d"2 - 3
*D*a "~ 2xbxc~4*d"2 - 3*%C*a*b"2*xc~4*%d"2 - Bxb~3*c”4*xd"2 - 9*(d*x + c)*D*a”3*c
~2x%d"3 - 27*x(d*x + c)*C*a~2%b*xc”2*xd~3 - 27*(d*x + c)*B*a*xb"2*xc"2xd"3 - 9*(
d*x + c)*Axb~3*%c"2*d"3 + D*a~3*c~3*%d"3 + 3*C*a~2%b*c~3*d"3 + 3*Bxa*b~2%c”3
*d"3 + Axb"3*c"3*d"3 + 6*(d*x + c)*C*a~3*xc*d"4 + 18+ (d*x + c)*B¥a~2kb*cxd”
4 + 18%(d*x + c)*Axa*xb”2xc*kd"4 - C*a~3*c"2+xd"4 - 3*Bka~2xbkc”"2xd"4 - 3*A*a
*b"2xc"2xd"4 - 3*k(d*x + c)*B*a~3*%d~5 - 9*(d*x + c)*A*a~2*b*d~5 + B*a~3*c*d
~5 + 3%Axa~2*xbkxc*d"5 - A*a~3%d"6)/((d*x + c)~(3/2)*d"7) + 2/315%(35x(d*x +
c)~(9/2)*D*b~3*xd"56 - 270%(d*x + c)~(7/2)*D*b~3*c*d"56 + 945*(d*x + c)~(5
/2)*D¥b~3*%c~2%d"56 - 2100*(d*x + c)~(3/2)*D*b"3*c~3*%d"56 + 4725*sqrt(d*x +
c)*Dxb~3xc"4*d"56 + 135%(d*x + c)~(7/2)*D*a*b”~2*d"57 + 45x(d*x + c)~(7/2)
*Cxb~3*%d"57 - 945*%(d*x + c)~(5/2)*D*axb~2xc*xd~57 - 315%(d*x + c)~(5/2)*Cxb
~3*xc*d~57 + 3150*%(d*x + c)~(3/2)*D*axb~2xc"2*xd"57 + 1050*(d*x + c)~(3/2)*C
*b~3*c"2xd"57 - 9450*sqrt(d*x + c)*D*a*b~2kc~3*d~57 - 3150*sqrt(d*x + c)*C
*b"3*c”"3*d"57 + 189*(d*x + c)~(5/2)*D*a"2xb*d~58 + 189*(d*x + c)~(5/2)*C*a
*b~2xd"58 + 63*(d*x + c)~(5/2)*B*b~3*%d"58 - 1260*(d*x + c)~(3/2)*D*a"2xbx*c
*d~58 - 1260*(d*x + c)~(3/2)*Cxa*b~2*c*d~58 - 420*(d*x + c)~(3/2)*B*b~3*c*
d"58 + 5670*sqrt(d*x + c)#*Dxa~2*xb*c~2xd~58 + 5670*sqrt(d*x + c)*C*axb~2...

-

3.18.9 Mupad [F(-1)]

Timed out.

/(a—l—bx)3(A—|—Bz+C’m2—|—Dx3)dx_/(a+bw)3(A—|—Bac+C'x2—|—x3D)d

(c+ dz)5/2 (c+ dz)*?

input | int(((a + b*x)"3*(A + Bxx + C*x~2 + x~3%D))/(c + d*x)~(5/2),x)
output‘ int(((a + b*x)"3%(A + B*x + C*x~2 + x~3*D))/(c + d*x)~(5/2), x)
(a+bz)3 (A+Bz+Cx2+ D3
31s. [ lrtellaBelenbe) gy




output

CHAPTER 3. LISTING OF INTEGRALS

177

f (a+bz)? (A+Bz+Cx?+Dx3) d

3.19 e

3.19.1 Optimal result . . . . . . . . . .. ..
3.19.2 Mathematica [A] (verified) . . . . . . . . ... ...
3.19.3 Rubi [A] (verified) . . . . . ... ..
3.19.4 Maple [A] (verified) . . . .. .. ... ...
3.19.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ..
3.19.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... ..
3.19.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ...
3.19.8 Giac [B] (verification not implemented) . . . ... ... ... ... .....
3.19.9 Mupad [F(-1)] . . . . o o

3.19.1 Optimal result

Integrand size = 32, antiderivative size = 322

2(bc — ad)? (c2Cd — Bed? + Ad® — 3 D)

178
1301
1301

132
132
183

3d5

N 2b(bC'd — 5bcD + 2adD)(c + dx)5/? N 202D (c + dz)"/?

5db 7db

/(a+bx (A+ Bz + Cz? + Dz? )dz'z—
(c+ dz)5/? 3d5(c + dx)3/?
2(bc — ad) (ad(2¢Cd — Bd? — 3¢2D) — b(4c*Cd — 3Bcd? + 2Ad® — 5¢3 D))
dSv/c+dz
N 2(a2d?(Cd — 3cD) — 2abd(3cCd — Bd? — 6¢?D) + b?(6¢2C'd — 3Bcd? + Ad® — 10¢®D)) V¢ + dx
46
2(a?d?*D + 2abd(Cd — 4cD) — b*(4cCd — Bd? — 10¢®D)) (c + dz)%/?

-2/3% (—a*d+b*c) “2% (A*d~3-B*c*d~2+C*c~2%d-D*c~3) /d~6/ (d*x+c) ~(3/2) +2/3*(a"2
*d~2%D+2*axb*d* (Ckd-4*D*c) —-b~2% (-Bxd~2+4*Cxc*d-10*D*c~2) ) * (d*x+c) ~(3/2) /d~
6+2/5%b* (Cxb*d+2*xD*a*d—-5*D*b*c) * (d*x+c) ~(5/2) /d~6+2/T*b~2+D* (d*x+c) ~(7/2)/
d~6-2% (—a*d+b*c) * (a*xd* (—-Bxd~2+2*Ckc*d-3*D*c~2) -b* (2xA*xd~3-3*Bkc*kd~2+4*C*c”
2%d-5%D*c"~3) ) /d"6/ (d*x+c) " (1/2) +2* (a~2*xd~2* (Cxd—3*D*c) —2*a*b*d* (-Bxd~2+3*C
*Cc*d—6*D*xc”2) +b~ 2% (A*d~3-3*B*c*d~2+6*Cxc~2*xd-10*D*c~3) ) * (d*x+c) ~(1/2) /d"6

(a+bz)? (A+Bz+Cz?+Dx?) dr

319. [ T
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3.19.2 Mathematica [A] (verified)

Time = 0.36 (sec) , antiderivative size = 317, normalized size of antiderivative = 0.98

) o — —70a2d*(16¢3 D — 8¢2d(C — 3Dx) + 2¢d*(B + 3z(—2C + Dx))

/ (a+bx)? (A + Bz + Cx? + Dz?
(¢ + dx)5/2

( hY

input Integrate[((a + b*x)~"2x(A + Bxx + Cxx~2 + D*x73))/(c + d*x)~(5/2),x]

N\

output | (-70%a~2*d"2x(16%c~3*D - 8*c~2xd*(C - 3*D*x) + 2%c*d"2x(B + 3*x*(-2*C + D*
x)) + d"3%(A + 3%Bxx - x~2%x(3*C + D*x))) + 28%axb*d*(128*c~4*D + c~3%(-80%
C*d + 192+d*D*x) + 8*c~2xd"2%(5*B + 3*x*k(-5%xC + 2*D*x)) + d"4*x*x(-15%A + x
*(15%B + 5*Ckxx + 3*D*x"2)) - 2*c*d"3*(5xA + x*(-30%B + 15%Cxx + 4*D*x"2)))
+ 2*%b"2%(-1280%c"5%D + 128*c”4*d* (7*C — 15+D*x) - 16*c~3*d"2*(35*%B + 6*x*
(-14%C + 5*D*x)) + d~5*x"2x(105%A + x*(35*B + 3*xx*(7*C + 5xD*x))) + 8%c™2%*
d"3*%(35%A + x*(-105%B + 2xx*(21*C + 5*D*x))) - 2*c*xd 4*x*x(-210*%A + x*(105%
B + x*(28*C + 15%D*x)))))/(105*%d~6*(c + d*x)~(3/2))

3.19.3 Rubi [A] (verified)
Time = 0.55 (sec) , antiderivative size = 322, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, number of rules _ 0.062, Rules used

integrand size
= {2123, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (a+bz)% (A+ Bz + Cz? + Dx3)
(c+ dx)5/2

l 2123

dxr

/ a?d*(Cd — 3cD) — 2abd(—Bd? — 6¢2D + 3cCd) + b?(Ad® — 3Bcd? — 103D + 6¢*Cd) + Ve+ dz(a®d®D +
d®vc+dz

l 2009

319, [P da
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2v/c+ dz(a*d*(Cd — 3cD) — 2abd(—Bd? — 6¢2D + 3cCd) + b*(Ad® — 3Bcd? — 10D + 6¢2Cd) ) N

d6
2(c+ dz)3/? (a?d?D + 2abd(Cd — 4cD) — (b?(—Bd? — 10¢2D + 4cCd)))
3dS N
2(bc — ad) (ad(—Bd? — 3¢2D + 2¢Cd) — b(2Ad® — 3Bcd? — 5¢3D + 4c*Cd))
dév/c+dx
2(bc — ad)? (Ad® — Bed? + 3(—D) + c*Cd) + 2b(c + dz)®/%(2adD — 5bcD + bCd) +
3d5(c + dz)3/2 5d6
26 D(c + dzx)7/?

7dS

input‘ Int[((a + b*x)"2x(A + B*x + C*x~2 + D*x~3))/(c + d*x)~(5/2),x]

output | (-2x(b*c - a*d) ~2*(c~2%C*d - Bkc*d~2 + A*d~3 - c~3%D))/(3*d"6*x(c + d*x)~(3
/2)) - (2*x(bxc - axd)*(a*xd*(2*c*C*d - B*d~2 - 3*c~2*D) - b*(4*c™2+C*d - 3%
Bkcxd~2 + 2*%A*d~3 - 5%c”3*D)))/(d"6xSqrtc + d*x]) + (2x(a”2%d"2*%(C*d - 3*
cxD) - 2xaxbxd*x(3kc*Cxd — B*d~2 - 6*%c”2*D) + b~ 2% (6*%c”2*%C*d - 3*Bxcxd~2 +

A*d~3 - 10*c~3*D))*Sqrtlc + d*x])/d"6 + (2x(a~2*d"2*D + 2xa*bxd*(C*d - 4x*c
*D) - b~ 2% (4*cxCkxd - Bkd"2 - 10*c~2*D))*(c + d*x)~(3/2))/(3*d"6) + (2*b*x(b
*Cxd - Bxbkxc*D + 2%axd*D)*(c + d*x)~(5/2))/(5%d"6) + (2*b~2*xD*(c + dx*x)~(7
/2))/(7*d"6)

3.19.3.1 Defintions of rubi rules used

rule 2009’Int [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

rule 2123 Int[(Px_)*((a_.) + (b_.)*(x))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] |
‘ :> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c
, d, m, n}, x] && PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) |

319, [P da
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3.19.4 Maple [A] (verified)

Time = 1.73 (sec) , antiderivative size = 288, normalized size of antiderivative = 0.89

method result
2 (((_ngs_ %C z%t—3A xz—sz) b2 +6ax (— %Dmf‘—%c zz—B.’z:-i—A) b+a? (—Dx3—3C x? -|—3Bw+A) ) d®+4 (—3x(
pseudoelliptic —
gosper _2(-15Db?z5d®—21C b*d°z* —42Dab d5z*+30Db*c d*a* —35 B b2d5z3 —70Cab d5z3 456 C b*c d*a3 —35Da’d5 23 +11
trager _2(-15Db*z5d®—21C b*d°z* —42Dab d5z*+30Db*c d*z* —35B b2d5z3 —70Cab d5z3 456 C b*c d*x3 —35Dado 23 +11
2Db2 (dz+ )% 20 b2d(dz+ )% 4Dabd(dz+ )% 5  2Bb2d?(dz+ )% 4Cab d2(dz+ )% 8C b2 cd(dz+ )%
71‘ C + 51) c + a 51‘ C _2Db20(dw+c)§+ 313 C + a 3(E C _ C3CL‘ C +
derivativedivides
2Db? (dz+c)% 2C b2d(dz+c) 3 4Dabd(dz+c)% 2 5  2Bb2d2(dz+c) 3 4Cab d2(dz+c) 3 8C bzcd(dz+c)%
= + s + = —2Db%c(dz+c)2 + 3 + 3 — 3 +
default

input Lint ((b*x+a) ~2* (D*x~3+C*x~2+B*x+A) / (d*x+c) " (5/2) ,x,method=_RETURNVERBOSE)

output

-2/3/ (d*x+c) "~ (3/2) *(((-3/7*D*x"5-3/5*%C*x~4-3*A*xx~2-x"3%B) *b~2+6*a*x* (-1/5%
D*x~3-1/3*%C*x~2-B*x+A) ¥b+a~ 2% (—D*x"3-3*%C*kx~2+3*B*x+A) ) *d~5+4* (-3*x*k (-1/14%
D*x"3-2/15%C*x~2-1/2*B*x+A) ¥b~2+a* (4/5*D*x~3+3*C*x~2-6*B*x+A) *b+1/2%a~2* (3
*D*x"2-6xCxx+B) ) *c*d~4-8* ((2/7*D*x"3+6/5%C*x~2-3*B*x+A) *b~2+2*a* (6/5*D*x "2
—-3*C*x+B) *¥b+a”~2% (-3*D*x+C) ) *c~2%xd~3+16%c 3% ((6/7*D*x~2-12/5*C*x+B) *b~2+2% (
-12/5*%D*x+C) *a*b+D*a~2) *d~2-128/5% ((-15/T7*D*x+C) *b+2+D*a) *b*c~4*d+256/7*D*
b~2%c~5)/d"6

3.19.5 Fricas [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 431, normalized size of antiderivative = 1.34

_2(15 Db dPz5 — 1280 Dbc® — 35 Aa’d® + 280 (Ca? + 2 Bab + A

/ (a + bz)? (A + Bz + Cz? + Dz?) i

(c+ dzx)5/?

input ‘ integrate ((b*x+a) 2% (D*x~3+C*x~2+B*x+A) / (d*x+c) ~(5/2) ,x, algorithm="fricas

II)
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2/105% (15*%D*b~2*xd"5*x~5 - 1280*D*b~2*c~5 - 35xA*xa~2*d~5 + 280*%(C*a~2 + 2xB
*axb + A*xb~2)*c”2%d"3 - 70*(B*a~2 + 2%A*axb)*cxd”4 - 3*x(10*%D*xb~2*cxd"4 - 7
*(2xDxaxb + Cxb~2)*d"5)*x"4 + (80*D*b~2xc~2*d~3 + 35%(D*a”2 + 2xCxaxb + Bx*
b~2)*d"5 - 56%(2*D*a*xb*c + Cxb~2xc)*d"4)*x"3 - 560*(D*a~2*xc~3 + (2*Cka*b +
Bxb~2)*c~3)*d"2 - 3*(160*D*b~2xc"3*d"2 - 35%(C*a”2 + 2xBxaxb + A*b~2)*d"5
+ TOx(D*a~2xc + (2*C*axb + B*b~2)*c)*d"4 - 112*(2xD*a*b*xc”2 + Cxb"2*c”2)*
d"3)*x"2 + 896* (2xD*a*b*xc”4 + Cxb~2*c~4)*d - 3*(640*D*b~2*xc"4*d — 140*(C*a
2 + 2xBxaxb + A*b~2)*c*d"4 + 35%(B*a"2 + 2xA*xaxb)*d"5 + 280*(D*xa~2*c"2 +

(2*Cxa*b + B*b~2)*c~2)*d"3 - 448%(2*Dxa*b*c™3 + C*b~2xc~3)*d"2)*x)*sqrt (d*
X + ¢)/(d"8*x"2 + 2xcxd"7*x + c~2xd"6)

3.19.6 Sympy [A] (verification not implemented)

Time = 29.35 (sec) , antiderivative size = 476, normalized size of antiderivative = 1.48

3d5

5 3
) Db2(ctd)3 | (c+d2)2 (Cb2d+2Dabd—5Db2e) | (c+dw) 2 (Bb2d2+2Cabd® —4Cb2cd+ D
7d + 5d® +

/ (a+bx)? (A + Bz + Cx? + Dz?) dp—
( =

¢+ dx)5/?

2
2., Db’z
Aa“z+ 5

6 N z5 (Cb2+2Dab) N z4 (Bb2+2Cab+Da2) . z3 (Ab2+2Bab+Ca2) z2. (2Aa

5 4

3

2

Njoy

[

inputLintegrate((b*x+a)**2*(D*x**3+C*x**2+B*x+A)/(d*x+c)**(5/2),x)

output

Piecewise ((2* (D*b**2x(c + d*xx)**(7/2)/(7*d**5) + (c + d*x)**(5/2)*(Cxb**2%
d + 2%D*xaxbxd - 5*D*xb**2%c)/(5*d**x5) + (c + d*x)**(3/2)*(B¥b**x2*xd**2 + 2%C
*a*xbkd**2 — 4*%Cxb**2kckxd + Dkxakx*2kd**x2 — 8xDxaxbkxckd + 10*Dxb**2xc**2) /(3%
d**5) + sqrt(c + d*x)*(Axb*x2%d*x3 + 2*%Bkaxb*d**3 — 3*Bxb*x2kckd**2 + Ckxax
*2xd**k3 — 6xCxaxbkckd**2 + 6xCxkbkx*k2kck*2kd — 3*kDkakx*k2kckd**x2 + 12%Dkxaxbkxcx*
*2%d - 10*Dx*b**2xc**3)/d**5 - (a*d - b*c)*(2%xA*bxd**3 + Bxa*xd**3 - 3*Bxb*c
*xdkx2 — 2%Ckaxckd*r*2 + 4A*Cxbxcx*2xd + 3*D¥axcx*2xd - 5*xDxbxc**3)/(d**5xsqr
t(c + d*x)) + (a*d - b*c)**2*(-A*d**3 + Bxckd**2 — Ckck*x2xd + Dxc**3)/(3*d
*x5k (c + d*x)**x(3/2)))/d, Ne(d, 0)), ((Axa*x*2*x + D*b**2*x**6/6 + x*k*5+(Ck
b**2 + 2*D*a*xb)/5 + x**4*x(Bxb**2 + 2%Ckaxb + Dkxa*x*2)/4 + x*kx*3%(Axbk*2 + 2%
Bxaxb + Cka*x*2)/3 + x*k*x2x(2*xA*axb + Bxa**2)/2)/c**(5/2), True))
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3.19.7 Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 393, normalized size of antiderivative = 1.22

< 15 (dz+c) 2 Db?—21 (5 Db*c— (2 Dab+Cb?)d) (dz+c) 3435 (10 Db2c2—4 (2 Dab+C

)dz'=

/ (a +bx)? (A + Bz + Cx? + Dz?
(c+ dzx)>/?

input  integrate ((b*x+a) "2 (D*x~3+Cxx~2+B*x+A) / (d*x+c) ~(5/2) ,x, algorithm="maxima
n
)

output | 2/105%((15%(d*x + c)~(7/2)*Dxb~2 - 21%(5*xD*xb~2%c - (2*D*axb + Cxb~2)*d)*(d
*x + c)~(5/2) + 35%(10*%D*b~2%c"2 - 4x(2xDxa*b + Cxb~2)*c*d + (D*a~2 + 2%Cx
axb + B*b~2)*d"2)*(d*x + c)~(3/2) - 105%(10*D*xb~2*c~3 - 6*(2*xD*a*b + Cxb~2
Ykc"2xd + 3*%(D*a”2 + 2%Cxaxb + Bxb~2)*c*xd"2 - (C*a~2 + 2*Bka*b + A*b~2)*d"
3)*sqrt(d*x + c))/d"5 + 35%(D*#b~2%c”5 - A*a~2xd"5 - (2*Dxa*b + Cxb~2)*c~4*
d + (D*a"2 + 2xCxaxb + Bxb~2)*c"3*d"2 - (C*a”2 + 2xBxaxb + A*b~2)*c~2*d"3

+ (B*a"2 + 2*Axaxb)*cxd~4 — 3*(5*D*b"2%c”4 - 4x(2xD*axb + Cxb~2)*c"3*d + 3
*(D*a”2 + 2*Cxaxb + Bxb"2)*c"2+%d"2 - 2% (C*a”2 + 2*Bxaxb + Axb~2)*c*d"3 + (
Bxa~2 + 2xAxaxb)*d~4)*(d*x + c))/((d*x + c)~(3/2)*d"5))/d

3.19.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 622 vs. 2(302) = 604.

Time = 0.30 (sec) , antiderivative size = 622, normalized size of antiderivative = 1.93

dz =

/ (a + bz)? (A + Bx + Cz? + Dz?)
(c+ dz)5/?
_ 2(15(dz + c) Db’c* — Db?*c® — 24 (dw + ¢)Dabc’d — 12 (dx + ¢)Cb°c*d + 2 Dabc*d + Cb*c*d + 9 (dz + ¢)

2 (15 (dz + ¢)? Db2d® — 105 (dz + ¢)? Db2cd® + 350 (dz + ¢)? Db2c2d® — 1050 v/dz + cDb2cd® + 42 (d

+

-/

input Lintegrate ((bxx+a) ~2% (D*x~3+C*x~2+B*x+A) / (d*x+c) ~(5/2) ,x, algorithm="giac")
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-2/3%(15%(d*x + c)*D*b~2%c~4 - Dxb~2%c~5 - 24x(d*x + c)*D¥axb*xc™3%d - 12%(
d*x + c)*Cxb~2%c~3*xd + 2*xDkaxbxc”~4*d + C*b~2kc"4*d + 9*(d*x + c)*D*a~2%c™2
*d"2 + 18x(d*x + c)*C*a*b*c™2*%d"2 + 9x(d*x + c)*B*b~2%c”2+%d"2 - D*a~2xc” 3%
d”"2 - 2%C*a*b*c”3*d"2 — Bxb"2*c"3*d"2 - 6*(d*x + c)*Cxa~2xc*d"3 - 12*(d*x
+ c)*B*a*b*c*d™3 - 6x(d*x + c)*A*b~2%c*d"3 + C*a~2*xc~2*xd"3 + 2*Bkaxb*c”2*d
~3 + A*b"2*c"2xd"3 + 3*k(d*x + c)*B*xa"2+%d"4 + 6x(d*x + c)*Axaxb*d~4 - B*a~2
*cxd”"4 - 2*A*xaxbkxc*d~4 + A*xa~2+d”5)/((d*x + c)~(3/2)*d"6) + 2/105*(15*(d*x
+ ¢)~(7/2)*D*b"2%d"36 - 105*(d*x + c)~(5/2)*D*b~2*c*d~36 + 350*(d*x + c)~
(3/2) *D*b~2%c~2xd"36 - 1050*sqrt(d*x + c)*D*b~2xc~3*d~36 + 42*(d*x + c)~(5
/2) *D¥a*xb*d~37 + 21x(d*x + c)~(5/2)*Cxb~2%d~37 - 280*(d*x + c)~(3/2)*D*a*b
*xckd"37 - 140x(d*x + c)~(3/2)*C*b~2xc*d~37 + 1260*sqrt(d*x + c)*Dxaxbkxc”2#
d~37 + 630*sqrt(d*x + c)*C*b~2xc~2+%d"37 + 35*(d*x + c)~(3/2)*D*a"2xd"38 +
T0*(d*x + c)~(3/2)*C*xa*b*d~38 + 35x(d*x + c)~(3/2)*Bxb"2xd"38 - 315xsqrt(d
*x + c)*D*a"2xc*d"38 - 630*sqrt(d*x + c)*Ckaxb*c*d~38 - 315*sqrt(d*x + c)*
Bxb~2%c*d~38 + 105*sqrt(d*x + c)*C*a~2*d~39 + 210*sqrt(d*x + c)*B*axb*xd~39
+ 105*sqrt (d*x + c)*A*xb~2+d~39)/d"42

3.19.9 Mupad [F(-1)]

Timed out.

/(a+bz)2(A+Bx+Cx2+Da:3)dx_/(a—l—bz)2(A+Bx+Cx2+a:3D)d

(c+ dz)5/? (c+ dx)*?

[int(((a + b*x)"2%(A + B*x + C*x~2 + x~3*D))/(c + d*x)~(5/2),x)

~—

-

Lint(((a + bxx)"2%(A + Bxx + C*xx~2 + x"3*D))/(c + d*x)~(5/2), %)

319, [P da
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(a+bz) (A+Bz+Cx*+Dx3)
3.20 | d
(c+dzx)>/2

3.20.1 Optimal result . . . . . . . . . ... . 184
3.20.2 Mathematica [A] (verified) . . . . . . . .. ... .. Lo 185
3.20.3 Rubi [A] (verified) . . . . . ... .. 185
3.20.4 Maple [A] (verified) . . . ... ... ... 186l
3.20.5 Fricas [A] (verification not implemented) . . . . . . .. ... ... ... ... 187
3.20.6 Sympy [A] (verification not implemented) . . . . ... ... ... ... ... . 187

3.20.7 Maxima [A] (verification not implemented) . . ... ... ... ... . ...
3.20.8 Giac [A] (verification not implemented) . . . ... ... ... ... .....
3.20.9 Mupad [F(-1)] . . . . o

3.20.1 Optimal result

Integrand size = 30, antiderivative size = 210

/ (a+ bz) (A+ Bx + Cx? + Dx?) dp — 2(bc — ad) (c2Cd — Bced? + Ad® — ¢3D)

(c+ dz)5/? v 3d5(c + dz)3/?
2(ad(2¢Cd — Bd? — 3¢2D) — b(3c2Cd — 2Bcd? + Ad® — 4¢3 D))
M d®vVe+dx
N 2(ad(Cd — 3cD) — b(3cCd — Bd? — 6¢*D)) V¢ + dx
b
N 2(bCd — 4bcD + adD)(c + dz)>/? N 2bD(c + dx)>/?
3d° 5d>

183
135]
189

output ‘{2/3* (—a*d+b*c) * (A*d~3-Bxc*d~2+Ckc~2%d-D*c~3) /d~5/ (d*x+c) ~ (3/2) +2/3* (C¥b*xd+
‘D*a*d—4*D*b*c)*(d*x+c)A(3/2)/d‘5+2/5*b*D*(d*x+c)A(5/2)/dA5+2*(a*d*(-B*d*2+
\2*C*c*d—3*D*c‘2)—b*(A*d‘3—2*B*c*d‘2+3*C*c‘2*d—4*D*c‘3))/d‘5/(d*x+c)‘(1/2)+
‘2*(a*d*(C*d—3*D*c)—b*(—B*d*2+3*C*c*d—6*D*c‘2))*(d*x+c)“(1/2)/d*5

320. [ (atbz) (z‘::sz;%x? +Ds%) o
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3.20.2 Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 177, normalized size of antiderivative = 0.84

dpe 2(—5ad(16¢D — 8¢?d(C — 3Dx) + 2¢d?*(B + 3z(—2C + Dzx)) +

/ (a+ br) (A+ Bz + Cx? + Dx?)
(c+ dz)5/?

-

input | Integrate[((a + b*x)*(A + B*x + Cxx~2 + D*x"3))/(c + d*x)~(5/2),x]

N\

output | (2x (-5*a*d* (164%c~3*D - 8*c”~2xd*x(C - 3#D*x) + 2xc*xd"2*(B + 3*x*(-2*%C + D*x)
) + d"3x(A + 3%Bkx - x"2%(3*%C + D*x))) + b*(128*%c"4*D + c~3*(-80%C*d + 192
*d*D*x) + 8*%c”2xd"24(5*B + 3kx*k (-5xC + 2*xD*x)) + d"4*x*x(-15%A + x*(15%B +
5%C*x + 3*D*x72)) - 2*ckd"3*%(5%A + x*(-30%B + 15%C*xx + 4*D*x72)))))/(15%d~
5%(c + d*x)~(3/2))

3.20.3 Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 210, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, nllrlll,ggé?;&fl glilzlgs = 0.067, Rules used
= {2123, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(a+bx) (A+ Bz + Cz? + Da?) p
x

(c+ dx)5/2
l 2123

/ (b(Ad3 —2Bcd? — 43D + 3¢2Cd) — ad(—Bd? — 3¢2D + 2¢Cd) + (ad — be) (Ad® — Bed? + ¢3(—D) + 2Cd)

d*(c + dz)3/? d*(c + dx)5/2
| 2009
2(ad(—Bd? — 3¢>D + 2¢Cd) — b(Ad® — 2Bcd? — 4¢D + 3¢*Cd))
d®°v/c+ dx *
2(bc — ad) (Ad® — Bed? 4+ 3(—D) + 2Cd)
3d5(c + da)3/? +
2v/c+ dz(ad(Cd — 3cD) — b(—Bd? — 6¢2D + 3c¢Cd)) N 2(c + dz)3/?(adD — 4bcD + bCd) N
dd 3d°
2bD(c + dzx)>/?
5d>

3.20. i (atbx) (z‘::fiz;%x? +Ds%) o



input

output

rule 2009

rule 2123
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LInt[((a + b*x)*(A + Bkx + C*x~2 + D*x"3))/(c + d*x)~(5/2),x]

(2% (b*c - a*d)*(c”2*%Cxd - Bxc*d™2 + A*d~3 - c¢~3*D))/(3*d"5x(c + d*x)~(3/2)
) + (2% (a*xd*(2*c*C*d - B*d~2 — 3*c”2*D) - b*(3*%c™2%Cxd - 2*xBxcxd"2 + A*d"3
- 4%c”3%D)))/(d"5*Sqrtlc + d*x]) + (2x(a*d*(Cxd - 3*c*D) - bx(3xc*Cxd - B
*d"2 - 6xc”2+D))*Sqrtlc + d*x])/d"5 + (2% (b*C*kd - 4*b*c*D + a*d*D)*(c + d*
x)~(3/2))/(3%¥d"5) + (2%b*D*(c + d*x)~(5/2))/(5*d"5)

3.20.3.1 Defintions of rubi rules used

LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

‘Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
‘ :> Int[ExpandIntegrand [Px*(a + b*x) m*(c + d*x)~°n, x], x] /; FreeQ[{a, b, c
, d, m, n}, x] && PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2])

3.20.4 Maple [A] (verified)

Time = 1.68 (sec) , antiderivative size = 168, normalized size of antiderivative = 0.80

method result
. 2((-3222" 4 (~Cb-Da)a®+(~3Bb-3Ca)a?+(3Ab+3Ba)o+Aa) d*+2(1222" 4 (3Cb+3Da)?+(~6Bb—6Ca)e

pseudoelliptic —
gosper __2(—3Dba*d*—5Cbd*z3—5Da d*z3+8Dbc d*z3 —15Bb d* x> —15Ca d*z>+30Cbc d*z2 430 Dac d3z*—48Db c2d*x?+
trager _2(—3Dba*d*—5Cbd*z®—5Da d*z3+8Dbc d3z3—15Bb d*z? —15Ca d*z?+30Cbc d3z*+30Dac dz? —48Db c*d?z* 4

2Db(dete)? | 20bd(dete) 2 | 2Dad(dote) 2 8Dbeldrte)2 4 9By g2, /drtc+2Ca d2y/dz+c—6Chedy/dz+c—6Dacdy/dz
derivativedivides

5 3 3 3

2Db(dete)? | 20bd(date)? | 2Dad(dote) 2 8Dbeldrte) 4 9By g2, /dr+c+2Ca d2y/dz+c—6Chedy/dz+c—6Dacdy/da

default

input Lint ((b*x+a) * (D*x~3+C*x~2+B*x+A) / (d*x+c) ~(5/2) ,x ,method=_RETURNVERBOSE)

320. [ (atbz) (1‘::32;(;‘;2 +Ds%) o
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output‘-2/3/(d*x+c)”(3/2)*((-3/5*D*b*x“4+(—C*b—D*a)*x“3+(—3*B*b—3*C*a)*x”2+(3*A*b
\+3*B*a)*x+A*a)*d‘4+2*(4/5*D*b*x‘3+(3*C*b+3*D*a)*x”2+(-6*B*b-6*C*a)*x+A*b+B
\*a)*c*d‘3—8*(6/5*D*b*x‘2+(—3*C*b—3*D*a)*x+B*b+C*a)*c‘2*d‘2+16*(—12/5*D*b*x
‘+C*b+D*a)*c‘3*d—128/5*D*b*c‘4)/d‘5 \

3.20.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 225, normalized size of antiderivative = 1.07

/ (a+ bz) (A+ Bz + Cz? + Dz?) dp— 2 (3 Dbd*z* + 128 Dbc* — 5 Aad* + 40 (Ca + Bb)c*d?> — 10 (Ba +
(c+ dzx)>/? -

input ‘ integrate ((b*x+a) * (D*xx~3+C*x~2+B*x+A) / (d*x+c)~(5/2) ,x, algorithm="fricas") ‘

output | 2/15% (3*xD*xb*d~4*x"4 + 128%D*b*c~4 - 5xA*axd~4 + 40%(Cxa + Bxb)*c™2%d"2 - 1
0% (B*a + Axb)*c*d~3 — (8*D*b*c*d~3 - 5%(D*a + Cxb)*d~4)*x"3 + 3*(16*D*b*c”
2%d"2 + 5x(Cxa + Bxb)*d"4 - 10*%(D*a*c + Cxbxc)*d~3)*x"2 - 80*(D*a*c™3 + Cx
bxc~3)*d + 3% (64*D*b*c”3*d + 20%(C*a + B*b)*c*d"3 - 5*(Bxa + Axb)*d"4 - 40
*(D*xa*xc™2 + C¥bxc™2)*d~2)*x)*sqrt(d*x + c)/(d"7*x"2 + 2xc*d~6*x + c~2*d"5)

3.20.6 Sympy [A] (verification not implemented)

Time = 8.27 (sec) , antiderivative size = 282, normalized size of antiderivative = 1.34

5 3 2 2 2
Db(c+dz)3 | (c+dz)? (Cbd+Dad—4Dbe) , Verds(Bbd?+Cad®~3Cbed—3Dacd+6Dbe? )
2 5d4 + 344 + a4

/ (a+ bzx) (A+ Bz + Cz? + Dz?) p
T =
5/2
(C + d.’l)) Aazt Db5z5 +m4(C'1‘>1+Da) +z3(Bl;+Ca) +12(Az;+3a)
3
inputLintegrate((b*x+a)*(D*x**3+C*x**2+B*X+A)/(d*X+C)**(5/2),X) J

output | Piecewise ((2*% (D*b*(c + d*x)**x(5/2)/(5*d**4) + (c + d*x)**(3/2)*(Cxb*d + Dx*
axd - 4*Dxbxc)/(3*d**4) + sqrt(c + d*x)*(Bxb*d**2 + Ckaxd**2 — 3*Ckbxcxd -
3*D*xa*xckd + 6*Dxbkxc**2)/d**4 — (Axbkd**3 + B¥akxd**3 - 2*Bxbkckd**2 — 2%Cx*
axckd**2 + 3xCkbkck*2kd + 3xDkakck*2kd - 4xDxbkc**3)/(d**4*sqrt(c + d*x))
+ (a*d - b*c)*(-Axd**3 + Bkckd**2 — Ckcx*2kd + Dkc*k*3)/(3*d**k4*(c + d*x)**
(3/2)))/d, Ne(d, 0)), ((Axaxx + Dxbxx**5/5 + x**x4*(Cxb + D¥a)/4 + x**3x(B*
b + C*a)/3 + x**2%(A*b + Bxa)/2)/c**(5/2), True))

320. [ (atbz) (z‘::sz;%x? +Ds%) o
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3.20.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 204, normalized size of antiderivative = 0.97

( 3 (dz+c) $Db-s (4 Dbc—(Da+Chb)d) (d:c-i—c)% +15 (6 Dbc2—3 (Da+Cb)cd+(Ca+ Bb)
P

dr =

/ (a+ bx) (A+ Bz + Cx? + Dx?)
(¢ + dx)5/2

-

input Lintegrate ((b*x+a) * (D*x~3+C*x~2+B*x+A) / (d*x+c) ~(5/2) ,x, algorithm="maxima")

~—

output | 2/15%((3*(d*x + c)~(5/2)*Dxb - 5x(4*Dxb*c - (D*a + Cxb)*d)*(d*x + c)~(3/2)
+ 15%(6*Dxb*c”™2 - 3*(D*a + C*b)*ckd + (Cxa + Bxb)*d~2)*sqrt(d*x + c))/d~4
- 5% (D*b*c”4 + Axa*d"4 - (Dxa + C*b)*c~3*d + (C*a + Bxb)*c™2xd"2 - (B*a +
Axb)*c*d~3 - 3x(4xDxb*c~3 - 3%(D*a + Cxb)*c™2+d + 2%x(Cka + B¥b)*c*d™2 - (
B*a + A*b)*d~3)*(d*x + c))/((d*x + c)~(3/2)*d"4))/d

3.20.8 Giac [A] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 302, normalized size of antiderivative = 1.44

_2(12(dz + ¢)Dbc® — Dbc* — 9 (dz + ¢)Dac?d — 9 (dx + ¢)Cbc?d

/ (a+ bx) (A+ Bz + Cx? + Dx?)
dx =
(¢ + dx)5/2
2 (3 (dz + ¢)? Dbd?® — 20 (dz + ¢)? Dbed® + 90 v/dz + cDbc*d® + 5 (dz + ¢)? Dad®' + 5 (dz + ¢)? Cbd?!
+
15 4%

input

integrate ((b*x+a)* (D*x~3+C*x~2+B*x+A) / (d*x+c) ~(5/2) ,x, algorithm="giac")

& J

output | 2/3*%(12x(d*x + c)*D*b*c~3 — D¥bkc™4 — 9k (d*x + c)*Dxa*xc”™2xd - 9*(d*x + c)*
Cxb*c~2%d + D*akxc~3*d + Cxbxc~3*d + 6x(d*x + c)*Ckakcxd™2 + 6x(d*x + c)*Bx
b*cxd"2 - Ckxa*xc™2%d"2 — Bxb*c™2+%d"2 - 3*(d*x + c)*Bxa*d~3 - 3*(d*x + c)*Ax
b*d~3 + B*a*c*d"3 + Axb*cxd~3 - A*a*d~4)/((d*x + c)~(3/2)*d"5) + 2/15x(3*(
d*x + c)~(5/2)*D*¥b*d~20 - 20*(d*x + c)~(3/2)*D*bxc*d~20 + 90*sqrt(d*x + c)
*Dxb*xc~2xd~20 + 5k (d*x + c)~(3/2)*D*axd"21 + 5x(d*x + c)~(3/2)*Cxbxd~21 -
45*%sqrt (d*x + c)#*D*axcxd"21 - 45xsqrt(d*x + c)*Cxb*c*d~21 + 15*sqrt(d*x +
c)*Cxa*d~22 + 1b*sqrt(d*x + c)*Bxb*d~22)/d"25

320. [ (atbz) (z‘::sz;%x? +Ds%) o
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3.20.9 Mupad [F(-1)]

Timed out.

/(a+b:c)(A+Bx—|—Cm2—|—D:v3) dx_/(a+bz) (A+ Bz + Cz?+ 23 D)
(c+ dx)>/? N (c+ dz)*

dz

input Lint(((a + b*x)*(A + B*x + C*x"2 + x73%D))/(c + d*x)~(5/2),x)

output Lint(((a + bxx)*(A + Bxx + Cxx~2 + x~3xD))/(c + d*x)~(5/2), x)

320. [ (atbz) (1‘::32;(;‘;2 +Ds%) o
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3.21 A+Bz+Cz?4+Dax3 dr
(c+dzx)>/2

3.21.1 Optimal result . . . . . . .. . ... . 1901
3.21.2 Mathematica [A] (verified) . . . . . . . . ... ... Lo L 190
3.21.3 Rubi [A] (verified) . . . . . .. . .. 191
3.21.4 Maple [A] (verified) . ... ... . .. .. 192
3.21.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 192
3.21.6 Sympy [B] (verification not implemented) . . .. ... ... ... ...... 193]
3.21.7 Maxima [A] (verification not implemented) . .. ... ... ... ...... 193]
3.21.8 Giac [A] (verification not implemented) . . . ... .. ... ... ....... 194
3.21.9 Mupad [F(-1)] . . . . o 194

3.21.1 Optimal result

Integrand size = 25, antiderivative size = 113

/ A+ Bz + Cz? + Da? dp — _ 2(c*Cd — Bed? + Ad® — ¢°D)
(c+ dz)5/2 3d*(c + dz)3/?
2@&m-3&-&ﬂ»+2wd—%m¢5§ﬂ+2D@+mﬁﬂ
dVc+dzx d* 3d¢

output‘—2/3*(A*d‘3—B*c*d‘2+C*c‘2*d—D*c‘3)/d‘4/(d*x+c)‘(3/2)+2/3*D*(d*x+c)‘(3/2)/d
\‘4+2*(—B*d‘2+2*C*c*d—3*D*c‘2)/d‘4/(d*x+c)‘(1/2)+2*(C*d—3*D*c)*(d*x+c)‘(1/2
L)/d‘4

3.21.2 Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.66

/A+Bm—|—Cac2+D:c3
(c+ dz)>/?

dz =

2(16¢3D — 8c2d(C — 3Dzx) + 2¢d*(B + 3z(—2C + Dzx)) + d*(A + 3Bz — z2(3C + Dx)))

3d%(c + dz)3/?

input LIntegrate[(A + B*x + C*x~2 + D*x~3)/(c + d*x)~(5/2),x]

0utput‘(—2*(16*c“3*D - 8%c™2%d*(C — 3*D*x) + 2%cxd"2x(B + 3*x*(-2%C + D*x)) + d~3
‘*(A + 3%B*x - x72%(3%C + D*x))))/(3*d"4*x(c + d*x)~(3/2))

A+Bz+Cz2+Da3
321, [ AtBtCeyDs’ gy
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3.21.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 113, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Mumber of rules _ ( (3 Ryles used

integrand size
= {2389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

dx

/A+Bw+Cw2+Dac3
(c + dz)>/2

l 2389

/ <Ad3 — Bed? 4+ 3(—D) + 2Cd + Bd? 4 3c¢*D — 2¢Cd 4 Cd — 3cD + D+/c+ da;) i
d3(c + dx)5/2 d3(c + dx)3/2 d3v/c+ dx d3

l 2009

_ 2(Ad® — Bed® + ¢*(=D) + *Cd) N 2(—Bd? — 3¢’D + 2cCd) N 2v/c + dz(Cd — 3cD) N
3d*(c + dz)3/? dvc +dz d4
2D(c + dz)3/?
3d4

-

input Int[(A + B*x + C*x~2 + D*x~3)/(c + d*x)~(5/2),x]

output} (-2%(c™2%C*d - B*cxd™2 + A*d"3 - c~3%D))/(3*d"4x(c + d*x)~(3/2)) + (2%(2%c
\*C*d - Bxd™2 - 3%c”2*D))/(d"4#Sqrtlc + d*x]) + (2%(C*d - 3xc*D)*Sqrt[c + d
*x])/d74 + (24Dx(c + d*x)"(3/2))/(3+d"4)

3.21.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2389‘Int[(Pq_)*((a_) + (b_.)*(x_)"(n_.))"(p_.), x_Symbol] :> Int[ExpandIntegrand
‘[Pq*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, n}, x] && PolyQ[Pq, x] && (IGtQ[p
, 01 |l EaQ[n, 11)

N

~—

A+Bz+Cz2+Da3
321, [ AtBtCeyDs’ gy
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3.21.4 Maple [A] (verified)

Time = 1.64 (sec) , antiderivative size = 72, normalized size of antiderivative = 0.64

method result size
o s 2((—Dz®—3C z2+3Bz+A)d3+2¢(3Dz%—6Cz+B)d?—8c?(—3Dz+C)d+16 Dc?
pseudoelliptic _ 2 ) ( 3 ) ( ) ) 72
3(dz+c)2d*
2(=Dx3d®—3C d3z24+6Dcd?z?2+4+3B d3x—12Ccd?z+24Dc?dx+A d3+2Bcd?—8C c?d+16Dc3
gosper - 3 90
3(dz+c)2d4
2(=Dx3d®—3C d3z24+6Dcd?z%2+4+3B d®x—12Ccd?z+24Dc?dx+A d3+2Bcd?—8C c?d+16Dc3
trager — 3 90
3(dz+c)2d4
aD(date) 3 24O A6 DeyTsTe (Bd?—20ca+3Dc?) 2(4d3-Be d2+C3c2d—Dc3)
3 Vdz+c 3
derivativedivides = S(dote) 2 98
2D (dwtc)3 +2dCErTo—6Dev/drTe (Bd?-2Ccd+3Dc?) 2(Ad®-Be d2+c3c2d—Dc3)
3 dz+c
z+c) 2
default h 3(dotc) 98

input Lint ((D*x~3+C*x~2+B*x+A) / (d*x+c) ~(5/2) ,x ,method=_RETURNVERBOSE)

-/

Output‘—2/3*((—D*x‘3—3*C*x‘2+3*B*x+A)*d‘3+2*c*(3*D*x‘2—6*C*x+B)*d“2—8*c‘2*(—3*D*x
+C)*d+164D*c"3) / (d*x+c) " (3/2)/d™4 |

3.21.5 Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 110, normalized size of antiderivative = 0.97

(c+ dz)>/ do= 3 (d°z2 + 2 cdoz + 2d?)

/ A+ Bz + Cz? + Dz? 2(Dd?z® — 16 Dc® + 8 Cc*d — 2 Bed? — Ad® — 3(2 Ded? — Cd®)z®> — 3 (8 D

input Lintegrate ((D*x~3+C*x~2+B*x+A) / (d*x+c) ~(5/2) ,x, algorithm="fricas") J

output‘2/3*(D*d‘3*x“3 - 16*%D*c”3 + 8*Cxc~2xd - 2*Bxc*d"2 - A*d~3 - 3*x(2*D*c*d~2 -
\ Cxd~3)*x"2 - 3*(8*D*xc~2*%d - 4*Ckc*d~2 + B*d~3)*x)*sqrt(d*x + c)/(d"6*x"2
\+ 2kckd"5*x + ¢ 2%d"4) \

A+Bz+Cz2+Da3
321, [ AtBtCeyDs’ gy
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3.21.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 425 vs. 2(119) = 238.

Time = 0.36 (sec) , antiderivative size = 425, normalized size of antiderivative = 3.76

_ 2Ad° _ 4Bcd? _ 6Bd3x +
A+ Bx + 0332 + Dl’3 3cd*/ct+dz+3d5x+/c+dzx 3cd*/ct+dx+3d5x+/c+dzx 3cd*\/ct+dx+3d5x/c+dx 3cd4+/c
I = 2 3 24
(c+ da)? Ao B O 1 2y

c2

~—

inputLintegrate((D*X**3+C*X**2+B*X+A)/(d*X+C)**(5/2),X)

output | Piecewise ((-2%Axd**3/ (3*cxd**4xsqrt(c + d*x) + 3*d**b*x*sqrt(c + d*x)) - 4
*Bxcxd**2/ (3kcxd*x4*sqrt(c + dxx) + 3xd**B¥xxsqrt(c + d*x)) - 6xBkdx*3xx/(
3kckdx*4*sqrt(c + d*xx) + 3*kd**E*xx*sqrt(c + d*xx)) + 16*%Ckxcx*2+d/ (3kckxdx*4*s
grt(c + dxx) + 3*d*xb*x*ksqrt(c + d*x)) + 24xCxckd**2*x/ (3*kckdx*4xsqrt(c +
d*x) + 3*d**bxx*sqrt(c + d*x)) + 6xCkd**3*x**2/(3*xckd**4*sqrt(c + d*x) + 3
*d**x5xx*sqrt (c + d*x)) - 32*%D*c**3/(3*kckd**4*sqrt(c + d*x) + 3*d*x5xx*sqrt
(c + d*x)) - 48*D*c**2kd*x/(3*c*xd**4*sqrt(c + d*x) + 3*d**xb*x*ksqrt(c + d*x
)) = 12xD*cxd**2*xx*2/ (3*ckd**4*sqrt(c + d*x) + 3*d**bxx*sqrt(c + d*x)) +
2xD*d**k3xx**3/ (3xckd**4xsqrt (c + d*x) + 3*d**b*xx*sqrt(c + d*x)), Ne(d, 0))
, ((A*x + B*x**2/2 + Ckxx**x3/3 + D*x**x4/4)/c*x*(5/2), True))

3.21.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 98, normalized size of antiderivative = 0.87

(Qm+@%p—ugay0@¢ﬁﬁc+_D@—Cﬁwﬂ%ﬁ—Aﬁ—S@D&—2Cd+BﬁﬂM%d)
d3

/ A+ Bz + Cx? + Dx? p (do+c)3 d3
€Tr =
(c+ do)o2 3d
inputLintegrate((D*x“3+C*x“2+B*x+A)/(d*x+c)‘(5/2),x, algorithm="maxima") J

output‘2/3*(((d*x + ¢c)~(3/2)*D - 3*(3*#D*c - Cxd)*sqrt(d*x + c))/d"3 + (D*c~3 - C*
‘c“2*d + Bxc*d™2 - A*d~3 - 3*(3*D*c”2 - 2xCkc*d + B*d"2)*(d*x + c))/((d*x +
)" (3/2)*a"3))/a |

A+Bz+Cz2+Da3
321, [ AtBtCeyDs’ gy
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3.21.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.02

/U4+Bx+C&L+Dﬁd$:
(¢ + dx)5/2
_2(9(dz +¢)Dc® = D — 6 (dz + c)Ced + Cc’d + 3 (dw + ¢) Bd® — Bed? + Ad?)
3 (dz + c)2d
. 2 ((dm +¢)?Dd® — 9+/dz + cDed® + 3 \/mCd")
3d12

input Lintegrate ((D*x~3+Ckx~2+B*x+A) / (d*x+c)~(5/2) ,x, algorithm="giac")

output‘-2/3*(9*(d*x + c)*Dxc”2 - D*c~3 - 6*(d*x + c)*Cxckxd + Cxc~2*%d + 3*(d*x + c
\)*B*d‘2 - B*c*d™2 + A*d~3)/((d*x + c)~(3/2)*%d"4) + 2/3x((d*x + c)~(3/2)+*D*
‘d‘S - 9xsqrt(d*x + c)*D*c*xd"8 + 3*sqrt(d*x + c)*C*xd~9)/d~12

3.21.9 Mupad [F(-1)]

Timed out.

/A+Bx+0x2+Dx3dx_/A+Bx+0x2+x3D .

(c+ o) (c+da)?

inputtint((A + B*x + Cxx"2 + x73+D)/(c + d*x)~(5/2),x%)

outputLint((A + B¥x + C*x~2 + x~3%D)/(c + d*x)~(5/2), x)

A+Bz+Cz2+Da3
321, [ AtBtCeyDs’ gy
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3.22 A+Bz+Cz?4+Dax3 dr
(a4bz) (c+dx)5/2

3.22.1 Optimal result . . . . . . . . . . . . .. 195]
3.22.2 Mathematica [A] (verified) . . . . . . . ... ... Lo 195
3.22.3 Rubi [A] (verified) . . . . ... .. . ... 1961
3.22.4 Maple [A] (verified) . .. .. ... ... .. 197
3.22.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... .... T98]
3.22.6 Sympy [A] (verification not implemented) . . ... ... ... ... . .... 199
3.22.7 Maxima [F(-2)] . . . . . . 199
3.22.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 2001
3.22.9 Mupad [F(-1)] . . . . . oo 200

3.22.1 Optimal result

Integrand size = 32, antiderivative size = 210

(a+ bz)(c+ dzx)5/? v 3d3(bc — ad)(c + dz)3/?
N 2(ad(2¢Cd — Bd* — 3¢*D) — b(c*Cd — Ad® — 2¢* D))
d3(bc — ad)?v/c+ dz

/ A+ Bz + Cz? + D2? 2(c*Cd — Bed? + Ad? — D)

oDVerds AV —a(b*B — abC + a?D)) arctanh(%)
+ bd3 o b3/2(bc _ ad)5/2

| (B¥b~2-Ckaxb+D+a"~2))*arctanh (b~ (1/2)* (d*x+c)~(1/2) / (-a*d+b*c) = (1/2)) /b (3/
2)/ (-axd+bxc) " (5/2) +2% (axd* (-Bxd~2+2+Ckc*d-3*D*c"2) ~b* (~Axd~3+Cxc™2%d-2+Dx

( N
output| 2/3% (A*d"3-Bxcxd 2+Cxc 2xd-Dxc"3) /d"3/ (—a*d+bxc) / (d¥x+c) " (3/2) -2 (Axb~3-ax |
1€73))/d"3/ (~axd+brc) "2/ (dxx+c) " (1/2) +2xDx (d¥x+c) " (1/2) /b/d"3 |

3.22.2 Mathematica [A] (verified)

Time = 0.47 (sec) , antiderivative size = 230, normalized size of antiderivative = 1.10

dxr =
(a+bz)(c+dz)ypz ™ 3

2(Ab® — a(b?B — abC + a?D)) arctan (—%)
b3/2(—bc + ad)®/?

/ A+ Bz +Cz®>+Dz® | 6a’d’D(c+ dzx)? — 2abd(14¢*D + d*(A + 3Bx) + ¢*(—5Cd 4 21dDx) + 2ce

_|_

A+Bz+Cz2+Da3
3.22 7;;3;ﬂ;;3;;yg-dx
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input‘ Integrate[(A + B*x + C*x~2 + D*x~3)/((a + b*x)*(c + d*x)~(5/2)),x]

output | (6*%a~2xd~2*D*(c + d*xx)~2 - 2*%axb*d*(14*c~3*%D + d"3%x(A + 3*B*xx) + c~2%(-5%C
*d + 21xd*D*xx) + 2*kc*d"2*(B - 3*Cxx + 3*D*x72)) + 2*b~2*(4*A*c*d"3 + 8xc”4
*D + 3xAxd"4*xx — 2%c”3*%d*(C - 6*D*x) — c”2*xd"2*(B + 3*x*(C - D*x))))/(3*bx*
d"3*(b*c - a*d)"2x(c + d*x)~(3/2)) + (2*%(A*b~3 - a*x(b~2*B — a*b*C + a~2+*D)
)*ArcTan[(Sqrt [b]*Sqrt [c + d*x])/Sqrt[-(bxc) + axd]])/(b~(3/2)*(-(b*c) + a
*d)~(5/2))

3.22.3 Rubi [A] (verified)

Time = 0.51 (sec) , antiderivative size = 210, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, number of rules _ 0.062, Rules used

integrand size
= {2122, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/A+Bm+Cx2+Dm3
(a + bz)(c + dz)>/2

l 2122

/ Ab® — a(a®D — abC + b*B) N b(—Ad® — 2¢D + 2Cd) — ad(—Bd?* — 3¢?D + 2¢Cd) N Ad3 — Bed? + ¢3(-
b(a + bx)v/c + dx(bc — ad)? d2(c + dz)3/2(bc — ad)? d?(c + dx)5/2(c

l 2009

2(Ab® — a(a®D — abC + b’B)) arctanh(% Vc‘iﬁ”)
- b3/2(bc — ad)3/? *

2(ad(—Bd? — 3¢2D + 2¢cCd) — b(—Ad3 — 283D + 2Cd)) ~ 2(Ad® — Bed? + 3(—D) + 2Cd)

+
d3+/c + dz(bc — ad)? 3d3(c + dx)3/2(bc — ad)
2D+vc+dx
bd3

input Int[(A + B*x + C*x~2 + D*x~3)/((a + b*x)*(c + d*x)~(5/2)),x]

N J

A+Bz+Cz2+Da3
3.22 atbo) (otdr)/Z dx
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output  (2x(c~2*C*d - B*c*xd™2 + A*d~3 - c~3*D))/(3*d"3*(b*c - axd)*(c + d*x)~(3/2)
) + (2% (a*xd* (2%c*Cxd - B*d™2 - 3%c™2*D) - b*(c™2+C*d - A*d~3 - 2%c~3%D)))/
(d"3*(b*c - axd)~2xSqrt[c + d*x]) + (2#D*Sqrtl[c + d*x])/(b*d~3) - (2x(A*b~
3 - ax(b"2%B - a*b*C + a~2*D))*ArcTanh[(Sqrt[b]*Sqrt[c + d*x])/Sqrt[bxc -
a*d]])/ (b~ (3/2)*(b*c - a*d)~(5/2))

3.22.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2122‘Int[((Px_)*((c_.) + (d_D)*(x))"(n2))/((a_.) + (b_.)*(x_)), x_Symbol] :> In ‘
‘t[ExpandIntegrand[l/Sqrt[c + d*x], Px*((c + d*x)"(n + 1/2)/(a + b*x)), x],
‘x] /; FreeQ[{a, b, c, d, n}, x] &% PolyQ[Px, x] && ILtQ[n + 1/2, 0]

3.22.4 Maple [A] (verified)

Time = 1.82 (sec) , antiderivative size = 202, normalized size of antiderivative = 0.96

method result
w@_}_ 2(b3Aa-ab?BrC a2b—1:a3)d3 arctan( ”(“{%b) 2(ad-Bed+o Czd;Dca)  2(-AbaP+Badd-2Cac dz-;-Cl
derivativedivides (ad=be)TbVad=belt 3<‘}‘13_"°><dz+c)i (ad—be)*V/
2DVdzte | 2(v34-ab?B+C a?b—Da%)d? arc“‘““( b(%b) _2(4d®-Bed®+02d-Dc?)  2(-Abd®+Bad®—2Cacd®+C1
b (ad—bc)2by/(ad—bc)b (ad—bc)2 /¢

3
- b
default 3(«2; be) (dzte)

3 2 2 3) 43 bv/dz+c
2(b A—ab“B+Ca“b—Da )d arctan( (ad—bc)b) 2(Ad3—Bcd2+Cczd—Dcs) 2(Abd3—Bad3+2Cacd2—Cbc
(ad—bc)2by/(ad—bc)b - (ad—bc)2v/d

2D\/bdz+c + 3
3(ad—bc)(dz+c) 2
a3

pseudoelliptic

input Lint ((D*x~3+C*kx~2+B*x+A) / (b*x+a) / (d*x+c) ~(5/2) ,x,method=_RETURNVERBOSE)

N

output‘2/d‘3*(D/b*(d*x+c)‘(1/2)—1/3*(A*d“S—B*c*d‘2+C*c“2*d—D*c“3)/(a*d—b*c)/(d*x+
\c)‘(3/2)—1/(a*d—b*c)‘2*(—A*b*d‘3+B*a*d‘3—2*C*a*c*d‘2+C*b*c‘2*d+3*D*a*c‘2*d
| -2%Dxbxc"3) / (d*x+c) " (1/2)+1/ (axd-bkc) “2% (Axb~3-Bkaxb~2+Cxa~2%b-Dxa~3) /bxd"
‘3/((a*d—b*c)*b)“(1/2)*arctan(b*(d*x+c)“(1/2)/((a*d-b*c)*b)”(1/2)))

—

A+Bz+Cz2+Da3
3.22 atbo) (otdr)/Z dx
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3.22.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 637 vs. 2(191) = 382.

Time = 0.30 (sec) , antiderivative size = 1287, normalized size of antiderivative = 6.13

/A+Bz+Cw2+Dx3

(a + bz)(c + dz)5/2 dz = Too large to display

input ‘ integrate ((D*x~3+Cxx~2+Bxx+A) / (b*x+a) /(d*x+c) ~(5/2) ,x, algorithm="fricas") ‘

output

[1/3* (3% ((D*a~3 - C*xa”2*b + B*a*b~2 - A*b~3)*d"5*x"2 + 2x(D*a~3*c - (C*a~2
*b — B*axb~2 + A*b~3)*c)*d~4*x + (D*a"3*c”2 - (C*a"2*b - Bxa*xb™2 + A*b~3)*
c"2)*d"3) *sqrt (b"2*c - a*bxd)*log((b*d*x + 2xb*c - axd + 2*sqrt(b~2*c - ax
b*d)*sqrt(d*x + c))/(b*x + a)) + 2%(8*%D*b~4*c”5 + A*a~2%b~2xd~5 + (2*B*a~2
*b~2 — BxAxaxb~3)*kc*d"4 - (3*%D*a~3xbxc”2 + (5xC*a”2%b~2 + B*a*xb~3 - 4xA*xb”
4)*c~2)*d"3 + (17*D*a"2xb"2*c~3 + (7*C*xa*b~3 - Bxb~4)*c~3)*d"2 + 3*(D*b~4x*
c73*%d"2 - 3*D*axb”3*c”2*d"3 + 3*D*a”2*b~2kc*d"4 - D*a”~3*b*xd"5)*x72 - 2%(11
*Dxaxb~3*c~4 + Ckb~4*c~4)*d + 3*%(4*xD*b~4*c”4*d + (B*a~2%b~2 - Axa*b~3)*d"5
- (2*D*a~3%b*c + (2*C*a~2%b~2 + Bka*b~3 - A*b~4)*c)*d~4 + 3% (3*D*xa”~2xb~2x
c”2 + C*a*b~3xc”2)*d"3 - (11xD*a*b~3%c~3 + C*b~4*c~3)*d"2)*x)*sqrt(d*x + ¢
))/(b"5*%c”5%d"3 - 3*axb~4*xc~4*d~4 + 3*a”~2*%b"3*%c"3*%d"5 - a~3*b"2xc"2*d"6 +
(b~5*%c~3*%d~5 - 3*a*xb~4*c"2*%d"6 + 3*a~2xb~3*ckd~7 - a~3*b"2*%d"8)*x"2 + 2x(b
“B*c”"4*xd~4 - 3*axb~4*xc”3*%d"5 + 3*%a”2*%b"3*%c"2*%d"6 - a~3*b"2*kcxd"7)*x), -2/3
*(3*x((D*a~3 - C*a"2%b + B*a*b™2 - A*b~3)*d"5*x"2 + 2% (D*a"3*c - (Cxa~2xb -
Bxaxb~2 + A*b~3)*c)*d"4*x + (D*a"3*c”2 - (C*a"2%b - B*a*b~2 + A*xb~3)*c”2)
*d"3) *sqrt (-b~2*c + axbxd)*arctan(sqrt(-b~2*c + axb*d)*sqrt(d*x + c)/(b*xd*
X + bxc)) - (8+%D*b”4*c”5 + A*a~2*b"2*xd"5 + (2*B*a~2*b"2 - 5*Axaxb”3)*c*xd"4
- (3*D*a~3%b*c™2 + (5xC*a~2*b~2 + Bka*b~3 - 4*Axb~4)*c~2)*d~3 + (17*D*a”2
*b"2%c”™3 + (7*C*a*b”~3 - B*b~4)*c~3)*d"2 + 3*%(D*b~4*c~3*%d"2 - 3*D*a*b~3*c"2
*d~3 + 3*D*a”2*b”"2*c*d"4 - D*a”3*b*d"5)*x"2 - 2x(11*D*a*b~3*c”4 + Cxb~4...

A+Bz+Cz2+Da3
3.22 YZIESQIEEEE—dx
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3.22.6 Sympy [A] (verification not implemented)
Time = 10.43 (sec) , antiderivative size = 306, normalized size of antiderivative = 1.46
d(—Ab3+Bab?-

o| Dvetds _ —Abd®+Bad®—2Cacd®+Cbc?d+3Dac?d—2Dbc3 + —Ad34Bed?—Cc2d+Dc3
2 2 “bo)2 3
bd d4+/c+dxz(ad—bc) 3d2 (c+dz) 2 (ad—be) b2,

/A+Ba:+C:c2+Dx3 d

de =
(a+ bz)(c+ dx)>/? v z forb=0

(—Ab3+Bab2 —Ca? b+Da3)

log (a+bzx) .
3 22(Cb—Da z(Bbzfcab+Da2) — 0 otherwise
3b 2b2 b3 53

~—

inputLintegrate((D*x**3+C*x**2+B*x+A)/(b*x+a)/(d*x+c)**(5/2),x)

output Piecewise((2*(D*sqrt(c + d*x)/(bxd**2) - (-A*b*d**3 + Bxakxd**3 - 2*Ckaxcxd
*%2 + Ckbkc**2%d + 3xDkakxck*2*d — 2xDkbkc**3)/(d*x*2+sqrt(c + d*x)*(axd - b
*c)*%x2) + (-A*d**3 + Bkcxd*x*2 - Ckc*x*2%d + D*c**3)/(3xd**2*(c + d*x)**(3/2
Y*¥(axd - bxc)) - dx(-A*b**3 + Bxaxb*x2 — Ckax*2*b + D¥a*+*3)*atan(sqrt(c +
d*x)/sqrt((a*xd - b*c)/b))/(bx*2xsqrt((a*xd - b*c)/b)*(a*xd - bxc)**2))/d, Ne
(d, 0)), ((D*x**3/(3*b) + x**2%(Cxb - Dxa)/(2*b**2) + x*(Bxb**2 - Cka*b +
D*ax*2) /b*x3 - (-Axb*x3 + Bkaxb*x2 - Ckax*2xb + D*ax*3)*Piecewise((x/a, Eq
(b, 0)), (log(a + b*x)/b, True))/b**3)/c**(5/2), True))

3.22.7 Maxima [F(-2)]

Exception generated.

A+B ?+ Dz’
/ +Br+ Caz"+ Dz dx = Exception raised: ValueError

(a + bx)(c + dx)5/2

~

input‘integrate((D*x‘3+C*x‘2+B*x+A)/(b*x+a)/(d*x+c)‘(5/2),x, algorithm="maxima")

-/

p

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(a*d-bxc>0)', see “assume?” for m

———————————

‘ore detail

A+Bz+Cz2+Da3
3.22 7;;3;ﬂ;;3;;yg-dx
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3.22.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 281, normalized size of antiderivative = 1.34

/ A+ Bzt Cz® 4+ Dz o _2 (Da® — Ca®b + Bab® — Ab®) arctan <\/_:%>
(a+ bz)(c+ dx)>/? (b3c? — 2 ab?cd + a?bd?)v/ —b%c + abd

N 2 (6 (dz + ¢)Dbc® — Dbc* — 9 (dz + ¢)Dac*d — 3 (dz + ¢)Cbc?d + Dac*d + Cbc*d + 6 (dz + ¢)Cacd? — C
3 (b%c?d3 — 2 abed* 4 a2d®)(dzx |

+ 2+/dx + cD
bd3

inputLintegrate((D*x“3+C*x“2+B*x+A)/(b*x+a)/(d*x+c)‘(5/2),x, algorithm="giac") J

output | -2x(D*a”~3 - C*a~2*b + Bxa*b~2 - A*b~3)*arctan(sqrt(d*x + c)*b/sqrt(-b~2*c
+ a*xb*d))/((b~"3*%c"2 - 2%a*b~2*c*kd + a~2%b*d~2)*sqrt(-b~2*c + a*b*xd)) + 2/3
*(6*%(d*x + c)*D*b*c™3 — D*b*xc™4 - 9*k(d*x + c)*Dxa*c™2xd - 3*x(d*x + c)*Cxbx*
c~2*%d + D*a*c”3*d + Cxb*c™3*d + 6x(d*x + c)*Cxaxc*d™2 — C*axc™2+%d~2 - Bxbx*
c"2xd"2 - 3*x(d*x + c)*Bxa*d~3 + 3*(d*x + c)*A*b*d~3 + Bxaxc*d"3 + Axb*ckxd”
3 - A*axd~4)/((b~2%c~2%d"3 - 2%a*b*c*d~4 + a~2*%d"~5)*(d*x + c)~(3/2)) + 2x%s
qrt(d*x + c)*D/(b*d"3)

3.22.9 Mupad [F(-1)]

Timed out.

A+ Bx + Cz? + Dx? _/A+Bw—|—C’x2—l—w3D
(a +bz)(c + dz)5/ (a+bz) (c+dz)*?

~—

input Lint((A + Bxx + C*xx~2 + x73*D)/((a + b*x)*(c + d*x)~(5/2)),x)

output‘ int((A + Bxx + C*x~2 + x~3#D)/((a + bxx)*(c + d*x)~(5/2)), x) J

A+Bz+Cz2+Da3
3.22 7;;3;ﬂ;;3;;yg-dm
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3.23 A+Bz+Cz?4+Dax3 dr
(a+bx)2(c+dz)>/2

3.23.1 Optimalresult . . . . . . . . . . . . . . e 2071
3.23.2 Mathematica [A] (verified) . . . . . . . ... .. .. Lo 202
3.23.3 Rubi [A] (verified) . . . . ... .. . ...
3.23.4 Maple [A] (verified) . ... ... ... ... 205
3.23.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... 205
3.23.6 Sympy [F(-1)] . . . . o 200
3.23.7 Maxima [F(-2)] . . . . . . 207
3.23.8 Giac [A] (verification not implemented) . . . ... ... ... ... ...... 207l
3.23.9 Mupad [F(-1)] . . . . . oo 208

3.23.1 Optimal result

Integrand size = 32, antiderivative size = 336

/ A+ Bz +Cz®+Dz® | 3ab’Bd® — 3a*bC'd® + 3a°d®*D — b*(2c*Cd — 2Bcd® + 5Ad® — 2¢° D)

(a+b2)2(c+dzysr 363d2(bc — ad)?(c + dz)3/2
a 2 —al a2
A— (v’B bz;c+ D)

(bc — ad)(a + bz)(c + dz)3/?
a*bCd® — a®d®D + ab?d(4cCd — 3Bd? — 6¢*D) — b3(2Bcd? — 5Ad® — 2¢3D)
b2d?(bc — ad)3v/c + dx
(b*(2Bc — 5Ad) — ab*(4¢C — 3Bd) — a*dD — a®b(Cd — 6¢D)) arctanh(—%%jf)
b3/2(bc — ad)7/?

output | 1/3* (3*a*b~2xB*d~3-3*a~2*b*Cxd~3+3*a~3*d~3*D-b~3* (5xA*d"~3-2*B*c*d~2+2*C*c”
2xd-2xD*c”3) ) /b~3/d"2/ (—a*d+b*c) "2/ (d*x+c) ~ (3/2) + (~A+a* (Bxb~2-C*a*b+D*a"~2)
/b~3)/ (-axd+b*c) / (bxx+a) / (d*x+c) ~(3/2) - (b~ 3* (~5xAxd+2xBxc) —a*b~ 2% (-3*B*d+4
*C*c) —a~3*d*D-a~2%b* (Cxd-6*D*c) ) *arctanh (b~ (1/2) * (d*x+c) ~(1/2) / (~a*d+b*c) ~
(1/2))/v~(3/2) / (ma*d+b*c) ~(7/2) +(-a~2*b*C*xd~3+a”3*d~3*D-a*xb~2*d* (-3*B*d~2+
4%Cxcxd-6+D*c”2) +b~3* (-5xA*d~3+2*B*c*d~2-24%D*c~3) ) /b~2/d~2/ (—a*xd+b*c) ~3/(d
*x+c) " (1/2)

A+Bz+Cz2+Da3
3.23. 1515556;15553-dx
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3.23.2 Mathematica [A] (verified)

Time = 0.90 (sec) , antiderivative size = 354, normalized size of antiderivative = 1.05

(et bo)(c+da)p? =

(b%(2Bc — 5Ad) + ab?(~4cC + 3Bd) — a*dD + a*(—Cd + 6¢D)) arctan Y2/ )
b3/2(—bc + ad)7/?

/ A+ Bz +Cz®>+Dz® |, —3a’d*D(c+ dx)? — a?bd(16¢*D + 2cd?(2B — 9Cx) + ¢*(—13Cd + 18dDx

input‘ Integrate[(A + B*x + C*x~2 + D*x~3)/((a + b*x)"2+(c + d*x)~(5/2)),x]

output

(-3*%a~3*%d"2*%D*(c + d*x)"2 - a”2%bxd*(16*c™3*%D + 2*c*d~2*%(2*%B - 9*C*xx) + c~
2% (-13*%C*d + 18*d*D*x) + d~3*(2%A + 6%Bxx — 3*Cxx~2)) + a*b™2*(4*c™4xD + d
“4xxx (10%A — 9*Bkx) + 2%c”3*d*(C - 5xD*xx) + 2kckd"3*(7*A - 8*Bxx + 6xCxx”2
) + c”2xd" 2% (-11%B + 2*x*(5%C — 9*D*x))) + b 3% (A*d"2*(3*c”2 + 20*c*kd*x +
15%d"2*%x"2) + 2%c*x* (—4*%Bxc*d"2 + 2*c"3*D - 3*%B*d"3*x + c”2*xd*(C + 3*Dx*x))
))/(3*bxd"2% (- (b*c) + axd)~3x(a + b*x)*(c + d*x)~(3/2)) - ((b~3*%(2#B*c - 5
*Axd) + axb"2*(-4*c*xC + 3*%Bxd) - a~3*d*D + a~2xbx(-(Cxd) + 6*c*D))*ArcTan[
(Sqrt[bl*Sqrtlc + d*x])/Sqrt[-(b*xc) + axd]])/(b~(3/2)*(-(bxc) + axd)~(7/2)
)

3.23.3 Rubi [A] (verified)

Time = 0.89 (sec) , antiderivative size = 348, normalized size of antiderivative = 1.04,

number of steps used = 6, number of rules used = 5, Lumber of rules _ 0.156, Rules used
integrand size

— {2124, 27, 1192, 1584, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/A+Bm+Cx2+Dac3 .
(a + bx)2(c + dx)>/2
| 2124
3 2_,2 3
2(C_ani)Dz2+2(bc—ad)b(30—aD):c+3dDa —b(3Cd—2cD)a —bb(3200—3Bd)a+b (2Bc—5Ad)
_f o 2(a+bz)(c+dz)5/2 dz _
bc — ad

a(a2D—abC+b2B
4 ele?Dowcrp)

(a + bx)(c + dz)3/2(bc — ad)

| 27

A+Bz+Cz2+Da3
3.23. 1515556;15553-dx
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3d5a3_xscd;§ﬂ»a2_(%c7fB@a+2<c_%g)Dx2+QBc_5Ad+2wc_mqgc—apn
f (a+bz)(ct+dz)5/2
2(bc — ad)
a(a?D—abC+b2B
4 — alD-w0+#D)
(a + bzx)(c + dz)3/2(bc — ad)

l 1192

dr

3a Da2—bCa+sz
—2Dc3+2Cdc2—23d2c—2(c—%;i)D(c+dz)2+d3 sa_ e ) — 2br obBCH ad Sheljintdrs

f (ct+dz)2(be—ad—b(c+dz)) dve+dz
d?(bc — ad)
a a2 —a 2
A— (a®2D bgC+b B)
(a + bz)(c+ dx)3/2(bc — ad)

| 1584
(dDa®+b(Cd—6cD)a?+b?(4cC—3Bd)a—b%(2Bc—5Ad) ) d? —((—2Dc3+2Bd?c—5Ad3)b3)+ad(—6Dc?+4Cdc—3Bd?)b?+a2Cd3b—ad>.
f ( b(bc—ad)? (bc—ad—b(c+dzx)) + b2(bc—ad)?(c+dzx)
d?(bc — ad)
2D—abC+b%°B
_A__Eﬁlgg%%giggl
(a + bx)(c + dx)3/2(bc — ad)
| 2009
d2arctanh ( % ‘;j:jf) (0,3 (—d).D—a2b(Cd—GCD)—ab2 (4CC—3Bd)+b3 (QBC—5Ad)) —a3d3D+a2de3+ab2d(—3Bd2 —6c2 D+4ch) _ (b3
- b3/2 (bc—ad)5/2 B b2v/c+dz(bc—ad)?
d?(bc — ad)

A a(aQD—abC—i-sz)
— UeTDasCHV B)
(a + bx)(c + dz)3/2(bc — ad)

input\Int[(A + B*x + Cxx"2 + Dxx"3)/((a + b*x)~2x(c + d*x)~(5/2)),x] \

output -((A - (ax(b"2*%B - a*b*C + a~2*D))/b~3)/((b*c - a*d)*(a + b*x)*(c + d*x)~(
3/2))) + ((3*axb~2xBxd~3 - 3*a”2%b*C*d~3 + 3*a~3*d"3*D — b~ 3*(2*c"2*Cxd -
2%B*c*d™2 + 5xAxd~3 - 2*c”~3*D))/(3*%b"3*(b*c - axd)*(c + d*x)~(3/2)) - (a~2
*b*Cxd~3 — a"3*d"3*D + a*b”2*d* (4*xcxCxd — 3*Bkd"2 — 6%c”2%D) - b~ 3% (2xBxcx*
d™2 - 5xA*d~3 - 2xc~3*D))/(b"2*(bxc - axd)"2*Sqrtlc + d*x]) - (d~2*(b~3*(2
*Bxc — BxA*xd) - a*b”2x(4*cxC - 3*%Bxd) - a~3*d*D - a~2xb*x(Cxd - 6+*c*D))*Arc
Tanh [(Sqrt [b]*Sqrt[c + d*x])/Sart[bxc - a*d]])/(b~(3/2)*(bxc - a*d)~(5/2))
)/ (d"2%(b*c - a*d))

A+Bz+Cz2+Da3
3.23. (atba)2(c+da)s® dx
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3.23.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 1192 Int[((d_.) + (e_.)*(x_)) " (m_)*((f_.) + (g_.)*(x_)) (@ )*((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[2/e"(n + 2*%p + 1)  Subst[Int[x"(
2xm + 1)*(exf - d*kg + g*x~2) "n*(c*d"2 - b*d*e + a*xe”™2 - (2%cxd - b*e)*x"2 +
c*x~4)"p, x], x, Sqrtld + e*x]], x] /; FreeQ[{a, b, c, d, e, £, g}, x] &&

IGtQ[p, 0] && ILtQ[n, 0] && IntegerQ[m + 1/2]

ruka1584‘Int[((f_.)*(x_))‘(m_.)*((d_) + (e_.)*(x_)72)7(q_)*((a_) + (b_.)*(x_)"2 + (
‘c_.)*(x_)‘4)A(p_.), x_Symbol] :> Int[ExpandIntegrand[(f*x) m*(d + e*x"2) g*
‘(a + b*x"2 + c*x"4)7p, x], x] /; FreeQ[{a, b, c, d, e, £, m, q}, x] && NeQ[
'b72 - 4%axc, 0] & IGtQlp, 0] && IGtQlq, -2

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2124 Int [(Px_)*((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(an_.), x_Symbol] :
> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + bxx, x]}, Simp[R*(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((m + 1)*(b*c -
axd))), x] + Simp[1/((m + 1)*(b*c - a*xd)) Int[(a + b*x)"(m + 1)*(c + d*x
) “n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*R*(m + n + 2), x], x], x]] /; Fr
eeQ[{a, b, c, d, n}, x] && PolyQ[Px, x] && LtQ[m, -1] && (IntegerQ[m] [[| !
ILtQ[n, -11)

A+Bz+Cz2+Da3
3.23. 1515556;15553-dx
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3.23.4 Maple [A] (verified)

Time = 2.00 (sec) , antiderivative size = 275, normalized size of antiderivative = 0.82

method result
o[ (3 4=ab?B1C a?v-Da?) vzt (54b3d—3Bab2d—2Bb3c+C a®bd+4Cab?etaddD—6Dabe) arctan(
d 25((daF<)bFad—be) + 2b+/(ad—bo)b
. . L. (ad—bc)3
derivativedivides
o[ 4(43A—ab?B+C a?s-Da®) vaFe (5A b3d—3Bab2d—2B b3c+C a2bd+4Ca b2c+a3dD—6Da2bc> arctan(
2d 26((dz+c)bFad—be) + 2b+/(ad—bo)b
d f lt (ad—bc)3
elau
2,/(ad—bc)b (
3 2bc( B b2 —2Cab+3Da2
5(do+0) ( (A= 2at2B+1C a?bt 1 Dad)d— 2l +309%) \ (it a)d? arctan ( —bYEEEE
5 5 5 5 (ad—bo)b
pseudoelliptic

input tint ((D*x~3+C*x~2+B*x+A) / (b*x+a) "2/ (d*x+c) " (5/2) ,x,method=_RETURNVERBOSE)

output

2/d72%(d"2/ (a*xd-b*c) “3* (1/2*d* (A*b~3-B*a*b~2+C*xa”~2*xb-D*a~3) /b* (d*x+c) ~(1/2
)/ ((d*x+c) *b+axd-b*xc)+1/2* (5xAxb~3*d-3*B*a*b~2*%d—-2*B*b~3*c+C*a”~2*b*d+4*C*a
*b~2xc+D*a~3*d-6*D*a”2xb*c) /b/ ((a*xd-bxc) *b) ~(1/2) *arctan (b* (d*x+c) ~(1/2) /(
(a*d-b*c)*b) ~(1/2)))-1/3* (A*d~3-B*c*d~2+C*c~2*d-D*c~3) / (a*d-b*c) ~2/ (d*x+c)
~(3/2) -1/ (a*d-b*xc) ~3* (-2%Axb*d~3+B*a*xd " 3+B*b*c*d~2-2xCka*c*d~2+3*Dxa*xc~2*d

-Dxb*xc~3) / (d*x+c)~(1/2))

3.23.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1215 vs. 2(315) = 630.

Time = 0.37 (sec) , antiderivative size = 2444, normalized size of antiderivative = 7.27

A+ Bz + Cz? + Dz?
(a + bz)?(c + dz)>/?

dx = Too large to display

.
input ‘ integrate ((D*x~3+Cxx~2+B*x+A) / (b*x+a) "2/ (d*x+c) ~(5/2) ,x, algorithm="fricas ‘

n)

A+Bz+Cz2+Da3
3.23. (atba)2(c+da)s® dx
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[-1/6%(3*%((D*a~4*c~2 + (C*a~3%b - 3*B*a~2%b~2 + 5xA*axb~3)*c~2)*d~3 + ((D*
a~3xb + Cxa~2%b~2 - 3*B*a*b~3 + 5*xA*b~4)*d"5 - 2x(3*%D*a”~2*b~2xc - (2*C*a*xb
3 - Bx¥b74)*c)*d"4)*x"3 - 2% (3*%D*a~3xbxc”3 - (2*C*a~2%b"2 - B*xaxb~3)*c”"3)*
d"2 + ((D*a"4 + Cxa~3xb — 3*B*a”~2%b~2 + 5*xA*xa*xb~3)*d~5 — 2% (2*D*a”3*b*c -
(3*%C*xa~2*xb~2 — 4*Bka*b~3 + 5*A*b~4)*c)*d~4 — 4*x(3*D*a”2%b"2*c”2 - (2*xCxaxb
3 - B*¥b74)*c"2)*d"3)*x"2 + (2% (D*a"4*c + (C*a~3*b - 3*B*a~2*b"2 + 5*Axa*b
~3)*c)*d~4 - (11*D*a~3*b*c”2 - (9*C*ka~2*xb~2 - 7*B*a*xb~3 + 5xA*xb~4)*c”2)*d”
3 - 2%(3xD*a"2*b"2%c”3 - (2*Cxa*b~3 - B*b~4)*c”3)*d"2)*x)*sqrt(b"2*c - a*b
*d) *log ((bxd*x + 2%b*c - a*d - 2*sqrt(b~2*c - axb*d)*sqrt(d*x + c))/(b*x +
a)) + 2%(4%Dxaxb~4*c”5 + 2%A*a~3*b~2%d"5 + 4% (B*a~3*%b~2 - 4%xA*a~2%b"3)*cx
d~4 + (3*%D*a~4*b*c”2 - (13*%Cxa~3*b~2 - 7*B*a~2*xb~3 - 11kxA*a*b~4)*c~2)*d"3
+ (13*D*a~3*b"2%c~3 + (11*C*a~2*xb~3 - 11%B*a*xb”4 + 3*A*b~5)*c~3)*d"2 + 3*(
2*Dxb~5*xc”4*d - 8*D*a*b"4*xc~3*%d"2 + (D*a"4%b - C*xa~3%b~2 + 3*%B*a~2*b~3 - 5
*A*xaxb~4)*d"5 - (D*a"3*b"2%c + (3*%C*xa~2xb~3 + Bka*b™4 - 5*A*b~5)*c)*d~4 +
2% (3*%D*a~2*b"3*c”2 + (2*Cka*b”™4 - B*b~5)*c”2)*d~3)*x"2 — 2% (10*D*a~2*b"3*c
~4 - Cxaxb”4*c”4)*d + 2% (2xD*b"5xc”5 + (3*B*a~3*b"2 - 5*xA*xa~2*b~3)*d"5 + (
3*xD*a”~4*bxc - (9*C*a~3*b~2 - 5*B*a~2*b"3 + LkA*axb~4)*c)*d"4 + 2% (3*xD*ka”3*
b"2%c”2 + (2*%C*a"2*b~3 - 2*B*a*b~4 + 5xA*b~5)*c”2)*d"3 - 4*x(D*a~2*b~3*c”3
- (Cxa*b™4 - B*b"5)*c"3)*d"2 - (7#D*axb~4*c™4 - Cxb~5*c™4)*d)*x)*sqrt (d*x

+ ¢))/(a¥b~6xc"6%d~2 - 4%a~2%b~5kc~5xd"3 + 6%a”~3%b~4%xc~4xd"4 - 4%a~4xb”...

3.23.6 Sympy [F(-1)]

Timed out.

dz = Timed out

/A+B:r+C’m2+Dm3
(a + bx)?(c + dx)>/2

inputLintegrate((D*x**3+C*x**2+B*x+A)/(b*x+a)**2/(d*x+c)**(5/2),X)

~—

-

output LTimed out

-/

A+Bz+Cz2+Da3
3.23. 1515556;15553-dx
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3.23.7 Maxima [F(-2)]

Exception generated.

/A+Bx+Cw2+Da:3

(a + bz)?(c + dx)5/? dz = Exception raised: ValueError

input  integrate ((D*x~3+C*x~2+B*x+A)/ (b*x+a) ~2/(d*x+c)~(5/2) ,x, algorithm="maxima
n)

N

output Exception raised: ValueError >> Computation failed since Maxima requested
additional constraints; using the 'assume' command before evaluation *may*
help (example of legal syntax is 'assume(a*d-b*c>0)', see “assume?” for m

ore detail

3.23.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 439, normalized size of antiderivative = 1.31

/ A+ Br+ Ca? + Dz . (6 Da*bc — 4 Cab®c + 2 Bb’>c — Da*d — Ca®bd + 3 Bab*d — 5 Ab*d) arctan (

(a+ bx)?(c + dz)5/? (bic3 — 3 ab3c2d + 3 a2b2cd? — a3bd3)/—b%c + abd
Vdz + cDa*d — /dz + cCa®bd + /dz + cBab*d — v/dx + cAb*d
+ (b*c® — 3ab3c?d + 3 a?b%ecd? — a?bd3)((dx + ¢)b — be + ad)
2 (3 (dz + ¢)Dbc® — Dbc* — 9 (dzx + c¢)Dac*d + Dac®d + Cbc3d + 6 (dzx + c¢)Cacd? — 3 (dx + ¢) Bbed? — (
3 (3c3d? — 3ab?cd? + 3 a%bed* — ala

input  integrate ((D*x~3+C*x~2+B*x+A) / (b*x+a) ~2/(d*x+c)~(5/2),x, algorithm="giac")

output | (6xD*xa~2xbxc — 4*Cka*xb™2%c + 2*%Bxb~3%c - D*a”~3*d - C*a~2xb*xd + 3*Bxaxb~2*d

- BxAxb~3*d)*arctan(sqrt(d*x + c)*b/sqrt(-b"2xc + a*bxd))/((b"4xc~3 - 3*a
*b"3xc”"2xd + 3*a”"2*b"2xc*d"2 - a~3*%b*d”"3)*sqrt(-b"2*c + a*bxd)) + (sqrt(d*
X + c)*D*a”3*d - sqrt(d*x + c)*Cxa~2%bxd + sqrt(d*x + c)*Bxa*b~2*d - sqrt(
d*xx + c)*A*b"3*d)/((b~4*c~3 - 3*a*b”~3*c”2*d + 3*a"2*b"2xc*xd"2 - a”~3*b*d"3)
*((d*x + c)*b - b*c + a*d)) - 2/3*(3*(d*x + c)*D*b*c”3 - Dxbxc”™4 - 9*(d*x
+ c)*Dka*c”2*d + D*xa*c”3*d + Cxb*c™3*d + 6*(d*x + c)*Cxaxc*d™2 - 3*(d*x +
c)*Bxb*cxd"2 - Ckaxc™2*%d"2 — Bxb*c~2+%d"2 - 3*(d*x + c)*B*a*xd~3 + 6x(d*x +
c)*Axb*d~3 + B*akc*d~3 + Axb*cxd"3 - A*axd~4)/((b"3*%c~3*d"2 - 3*a*xb~2%c 2%
d~3 + 3*a~2xbxcxd~4 - a~3xd"5)*(d*x + c)~(3/2))

A+Bz+Cz2+Da3
3.23. 1515556;15553-dx
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3.23.9 Mupad [F(-1)]

Timed out.

/A—I—Bm+C’w2+D:B3 _/A+Bm+C’:c2+m3D
(a + bz)*(c+ dx)5/2 (a+bz)? (c+dz)*?

input Lint((A + B*x + Cxx"2 + x~3+D)/((a + b*x)~2x(c + d*x)~(5/2)),x)

output Lint((A + Bxx + Cxx"2 + x73xD)/((a + b*x)"2x(c + d*x)~(5/2)), x)

A+Bz+Cz2+Da3
3.23. [ 4tBCeDe gy
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3.24 A+Bz+Cz?4+Dax3 dr
(a+bz)3(c+dz)>/2

3.24.1 Optimal result . . . . . . . . . . . ... 2001
3.24.2 Mathematica [A] (verified) . . . . . . . . .. ... Lo 2101
3.24.3 Rubi [A] (verified) . . . . ... .. ...
3.24.4 Maple [A] (verified) . .. .. ... . ... . 214
3.24.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ... 214
3.24.6 Sympy [F(-1)] . . . . o 215
3.24.7 Maxima [F(-2)] . . . . . . 216
3.24.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 276l
3.24.9 Mupad [F(-1)] . . . . . oo 217

3.24.1 Optimal result

Integrand size = 32, antiderivative size = 438

dzr =

A+ Bz +Cz® + Da?
/ (a+ bz)3(c + dz)5/?
3ab? Bd® — 3a*bCd® + 3a®d®D — b3(4c*Cd — 4Bced? + TAd® — 4¢3 D)
a 6b3d(bc — ad)3(c + dx)3/?
Ab® — a(b®B — abC + a®D)
 203(be — ad)(a + bx)2(c + dz)3/?
a?bCd? + b*(2c*C — 4Bcd + TAd?) — a3d®D + ab*(4cCd — 3Bd? — 6¢2D)
* v2(bc — ad)*+/c + dx
(53(4Bc — TAd) — ab*(8¢cC — 3Bd) — 5a3dD + a2b(Cd + 12¢D)) V¢ + dx
4b(bc — ad)*(a + bzx)
(b3(8c2C — 20Bcd + 35Ad?) + a3d®D + 3a?bd(Cd — 4cD) + 3ab*(8¢cCd — 5Bd? — 8¢ D)) aul‘c'caulh(‘/i"/cjr

be—(
4b3/2(bc — ad)9/?

output | 1/6* (-3*axb~2*Bkd~3+3*a " 2*%b*C*d~3-3*a~3*d~3*D+b~3* (7*A*d~3-4*B*c*xd~2+4*C*c
~2xd-4*D*c”~3)) /b~3/d/ (—a*d+b*c) ~3/ (d*x+c) ~(3/2)+1/2* (~A*b~3+a* (B¥xb~2-C*xaxb
+D*a~2)) /b~3/ (—a*d+b*c) / (bxx+a) "2/ (d*x+c) ~(3/2)-1/4* (b~ 3* (35*A*d~2-20*B*c*
d+8*C*c~2) +a~3*d~2*D+3*a” 2xb*xd* (Ckd—-4*D*c) +3*a*xb~2* (—5*B*xd~2+8*C*c*d-8*D*c
~2))*arctanh (b~ (1/2)*(d*x+c) ~(1/2)/(—a*d+b*c)~(1/2)) /b~ (3/2) / (-a*xd+b*c) ~ (9
/2)+(a"2*xb*C*d~2+b " 3* (7T*A*d~2-4*B*cxd+2+Cxc~2) —a”~3*d~2*D+a*b~2* (-3*xB*d"2+4
*C*xc*d-6xD*c~2) ) /b~2/ (-a*d+b*c) ~4/ (d*x+c) ~(1/2)-1/4% (b~3% (-7*A*d+4*B*c) —a*
b~2% (-3*B*d+8*C*c) —5*a~3*d*D+a”~2xb* (Cxd+12*D*c) ) * (d*x+c) ~(1/2) /b/ (—a*xd+b*c
)~4/ (b*x+a)

A+Bz+Cz2+Da3
3.24. (atbe)? (crda)s/® dx
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3.24.2 Mathematica [A] (verified)

Time = 1.54 (sec) , antiderivative size = 554, normalized size of antiderivative = 1.26

dr =

/ A+ Bz +Cz®>+Dz® |, —3a'd®D(c+ dx)? — 4b*cx(2cx(—4cCd + 2D — 3Cd*x) + Bd(3¢® + 20cdx

(a+ bz)3(c + dz)5/?

(b3(8¢2C — 20Bcd + 35Ad?) + a*d?D + 3abd(Cd — 4cD) — 3ab?*(—8cCd + 5Bd? + 8c2D)) arctan (

* 46372 (—be + ad))?

input‘ Integrate[(A + B*x + C*x~2 + D*x~3)/((a + b*x)"3*(c + d*x)~(5/2)),x]

output

(-3*a~4*d"2+%D*(c + d*x) "2 - 4*b~4xckx* (2xckx* (—4*c*Cxd + c~2*D - 3*kC*d~2*x
) + Bxd*(3*c™2 + 20*c*d*x + 15%d"2*x"2)) + a”3*b*d*(-94*c”3*D + c”2*d*(55%
C - 129#D#*x) + 3*d"3*x*x(-8*B + 5*C*x + D*x72) - 2xcxd"2*(8*B - 39*C*x + 12
*D*xx72)) — a"2*b" 2% (8%c”4*D + 3*%d"4*x"2x(25%B - 3*C*x) + c 3% (-50*%Cxd + 16
4xd*D*x) + 2%c*d"3*x*(67*B — 66*%Ckx + 18%D*x72) + c~2*%d"2*(83*%B - 149*C*x
+ 216*D*x72)) + Axbkd*(-8*a”3*%d"3 + 8*a”2¥bxd”"2*(10*c + 7*d*x) + a*b™2*xd*(
39%c™2 + 238*ckdxx + 175%d"2%x"2) + b~ 3% (-6*c”3 + 21*kc"2*d*x + 140*c*xd~2*x
~2 + 105%d"3*x"3)) - axb " 3*(Bxd*x(6*c”3 + 145%c”2xd*x + 160*ckd~2*x~2 + 45%
d~3%x73) + 8xcxx*(2%c”3*%D - 9*%Ckd~3*x"2 + c*xd"2%x*(-17*C + 9%D*x) + c~2%(-
11%Ckd + 8*d*D*x))))/(12xbxd*(b*c - a*d) “4*(a + b*x) "2x(c + d*x)~(3/2)) +
((b~3%(8*c™2+%C — 20*Bxc*d + 35*%A*d~2) + a~3*%d"2*D + 3*a”~2*bxd*(C*d — 4*c*D
) - 3*axb”2%(-8xc*C*d + 5%B*d~2 + 8%c~2*D))*ArcTan[(Sqrt[b]*Sqrtlc + d*x])
/Sqrt [-(b*xc) + axdl])/(4xb~(3/2)*(-(bxc) + axd)~(9/2))

3.24.3 Rubi [A] (verified)

Time = 1.26 (sec) , antiderivative size = 471, normalized size of antiderivative = 1.08,
number of steps used = 9, number of rules used — 8, umber of rules _ ( 95 Ryles used

integrand size
= {2124, 27, 1192, 25, 1582, 25, 1584, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

A+ Bz + Cz? + Dx3
(a + bx)3(c + dz)>/2

l 2124

dx

A+Bz+Cz2+Da3
3.24. (atbe)? (crda)s/® dx
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ad 2, 4(bc—ad)(bC—aD)z , 3dDa3—b(3Cd—4cD)a?—b2(4cC—3Bd)a+b3 (4Bc—TAd)
4(C—T)D$ + b2 + o3

dr

f B 2(a+bx)2(c+dx)5/2
2(bc — ad)
Ab® — a(a®D — abC + b*B)
2b3(a + bz)2(c + dz)3/2(bc — ad)

| 27

3d£”a3 _ (3Cd—bA§cD)a2 _ (4cC—b3Bd)a +4 (C—%>D$2+4BC—7ACH- 4(bc—ad)b(gC—aD)w
f (a+bz)2(c+dx)5/2
4(bc — ad)
Ab® — a(a®D — abC + b*B)
2b3(a + bx)2(c + dx)3/2(bc — ad)

l 1192

dzr

—4Dc3+4Cdc2—4Bd2c—4 (C—%)D(C+dx)2+d3 T A— 3a(Da2_bbSCa+b2B) _4(bc—ad)(de—¢2§d—2bcD)(c+dm)
f _ (c+dz)2(bc—ad—b(c+dx))? dv/c+ dx
2d(bc — ad)

Ab® — a(a®D — abC + b?B)
26%(a + bz)?(c + dx)3/?(bc — ad)

| 25

3a Da? —bCa 2B
—4Dc3+4Cdc? —4Bd%c—4 (c— “T;f) D(c+dz)2+d3 | TA— ( . +°5) \ _ Abe=ad) (bCd—aDd=2heD) (c+ds)
f (c+dz)?(bc—ad—b(c+dx))? dve+dx

2d(bc — ad)
Ab® — a(a?D — abC + b*B)
2b3(a + bz)2(c + dz)3/%(bc — ad)

l 1582

2 (— ((—4Dc3+40d02 —4Bd2c+7Ad3) 63) +3aBd3b2—3a2Cd3b+343d3D

b
d?v/c+dz(—5a®dD+a?b(12cD+Cd)—ab? (8cC—3Bd)+b3(4Bc—T7Ad)) J-
2b(bc—ad)3(—ad—b(c+dx)+bc) -

Ab® — a(a2D —abC + b2B)
2b3(a + bz)2(c + dz)3/2(bc — ad)

| 25

A+Bz+Cz2+Da3
3.24. (atbe)? (crda)s/® dx
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2(—((-aDc3+40dc?—4Bd?c+74d%)b3) +3aBd3b2 —302Cd3b+3a3d% D) (be—ad)?
+

s 2 ( (—4Dc3+4Bd2c—7Ad3) b3 —ad(—12Dc2+SCdc—SBd2) b2+a2Cd3b—a
f (c+dw)2(bc—ad—b(c+dz))
2b2 (bc—ad)3

Ab® — a(a®D — abC + b*B)
2b3(a + bx)2(c + dx)3/2(bc — ad)

l 1584

bd(—dQDa3—3bd(Cd—4cD)a2 —3p2 (—8Dc2+80dc—53d2) a—b3 (8002 —203dc+35Ad2)) 4d (d2 Da3—bCd2a2 b2 (—6Dc2 +4Cdc—sBd2) a—b3 (2002—4Bd
f bc—ad—b(ct+dzx) + c+dx

2b2(bc—ad)3

Ab® — a(a®D — abC + b*B)
2b3(a + bz)2(c + dz)3/2(bc — ad)

l 2009

ﬁdarctanh(% Vf‘tff) (a®d2D+3a%bd(Cd—4cD)+3ab? (—5Bd? —8c2 D+8cCd) +b3 (354d% —20Bed+8c2C) ) 4d(a3(~a2) D+a2b0d% +ab? (~3Bd2—6c
- = +
Vbc—ad cta

2b2(bc—ad)3

Ab® — a(a®D — abC + b*B)
2b3(a + bx)2(c + dx)3/2(bc — ad)

.
input  Int[(A + B*x + Cxx~2 + D*x"3)/((a + b*x)~3*(c + d*x)~(5/2)),x]

output | -1/2x(A*xb~3 - a*(b~2%B - a*b*C + a~2*D))/(b~3*(bxc - a*d)*(a + b*x) " 2x(c +
d*x)~(3/2)) + ((d"2x(b~3*(4*xBxc - 7TxAxd) - a*b~2*(8*c*C - 3%Bxd) - 5*a~3*
d*D + a"2xb*(Cxd + 12%c*D))*Sqrt[c + d*x])/(2xb*(bxc - axd) “3x(b*c - a*d -
bx(c + d*x))) + ((-2*(b*c - axd)*(3*a*xb"2*B*d~3 - 3*a~2*¥b*Cxd~3 + 3*a~3*d
~3%D - b"3%(4*c"2*C*d - 4%B*c*d"2 + TxAxd~3 — 4*c”3%D)))/(3*b*x(c + d*x)~(3
/2)) + (4xd*(a~2xb*C*xd~2 + b~ 3*%(2*%c"2*%C — 4*Bkcxd + TxA*d"2) - a~3xd"2+D +
axb”2x (4xc*Cxd - 3*B*d"2 - 6*%c~2+D)))/Sqrtlc + d*x] - (Sqrt[b]lx*d*(b~3+* (8%
c”2*C - 20*%B*cxd + 35*A*d"2) + a~3*d"2xD + 3*a~2*b*d*x(C*d - 4*c*xD) + 3*ax*b
~2%(8%c*C*d - 5*Bxd~2 - 8%c”~2+D))*ArcTanh[(Sqrt[b]*Sqrt[c + d*x])/Sqrt[b*c
- a*d]])/Sqrt[bxc - a*d])/(2+b~2*(bxc - axd)~3))/(2xd*(b*c - a*d))

N J

A+Bz+Cz2+Da3
3.24. (atbe)? (crda)s/® dx
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3.24.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 1192 Int [((d_.) + (e_.)*(x_)) " (m_)*((£f_.) + (g_.)*(x_))"(n_)*((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[2/e"(n + 2*%p + 1)  Subst[Int[x"(
2xm + 1)*(exf - d*g + g*x~2) "n*k(c*d"2 - b*d*e + a*xe”™2 - (2%cxd - b*e)*x"2 +
c*x"4)"p, x], x, Sqrtld + e*x]], x] /; FreeQ[{a, b, c, d, e, £, g}, x] &&

IGtQ[p, 0] && ILtQ[n, 0] && IntegerQ[m + 1/2]

rule 1582 Int [(x_)~(m_)*((d_) + (e_.)*(x_)"2)"(q )*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"
4)~(p_.), x_Symbol] :> Simp[(-d)~"(m/2 - 1)*(c*d”™2 - bxd*e + axe”2) p*x*((d

+ exx”2)7(q + 1)/(2xe”~(2*%p + m/2)*(q + 1))), x] + Simp[(-d)~(m/2 - 1)/(2xe”
(2xp)*(q + 1)) Int[x"m*x(d + e*xx"2)"(q + 1)*ExpandToSum[Together[(1/(d + e
*x72) )% (2% (-d) " (-m/2 + 1)*e~(2xp)*(q + 1)*(a + b*x"2 + c*x"4)7p - ((c*d™2 -
bxd*e + axe”2) p/(e”(m/2)*x"m))*(d + ex(2xq + 3)*x~2))], x], x], x] /; Fre
eQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*a*xc, 0] && IGtQ[p, 0] && ILtQ[q, -1]

&& ILtQ[m/2, 0]

e

rule 1584

Int [(C£_)*(x_))"(m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (
‘c_.)*(x_)‘4)‘(p_.), x_Symbol] :> Int[ExpandIntegrand[(f*x) m*(d + e*x~2) g%
‘(a + b*x~2 + c*x"4)7p, x], x] /; FreeQ[{a, b, c, d, e, £, m, q}, x] && NeQ[
Lb"2 - 4xaxc, 0] && IGtQ[p, 0] && IGtQlq, -2]

~

ruk32009LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2124 Int[(Px_)*((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :
> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + b*xx, x]}, Simp[R*(a + b*x)"(m + D*((c + d*x)~(n + 1)/((m + 1)*(b*c -
axd))), x] + Simp[1/((m + 1)*(b*c - a*xd)) Int[(a + b*x)"(m + 1)*(c + d*x
) “n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*¥R*(m + n + 2), x], x], x]] /; Fr
eeQ[{a, b, c, d, n}, x] &% PolyQ[Px, x] && LtQ[m, -1] && (IntegerQ[m] || !
ILtQ[n, -11)

A+Bz+Cz2+Da3
3.24. (atbe)? (crda)s/® dx
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3.24.4 Maple [A] (verified)

Time = 1.96 (sec) , antiderivative size = 459, normalized size of antiderivative = 1.05

method result
3.2 4 2,2 2
3 d(13Aab3d2—134b%cd—9B a2b2d2 4
(%Ab3d2—%3ab2d2—%Bb3cd+%a2b0d2+cab26d+§a3d21)—%Da2bcd)(dz+c)?+ (
2d
((dw+c)b+ad—bc)2
derivativedivides
3 d(134ab3d2—13Ab%cd—9B a2b2d2 4
., (%Ab?’d?—g&zbde—%Bb3cd+ga2b0d2+0ab2cd+§a342D—%Da2bcd)(dz+c)7+ (
2
((da:+c)b+ad—bc)2
default
2_6 35,2
3 4(Bbv2-8Cab+3 Da )bcd 2 20hp_ \
5 3,4_3 ;2 3 ~.2,0 1 5 3)\2_ ( 5 5 8b“c?(Cb—3Da) 2 ( bv/dztc
35(dz+-c) ((b A 7ab B+3—50a b+§5Da )d - + 35 (bz+a)“darctan \/m/
pseudoelliptic 4

input tint ((D*x~3+C*x~2+B*x+A) / (b*x+a) "3/ (d*x+c) " (5/2) ,x,method=_RETURNVERBOSE)

output

p

2/d*(-1/3* (A*d~3-B*c*d~2+C*c~2*d-D*c~3) / (a*xd-b*c) "3/ (d*x+c) ~(3/2) +d* (3*A*b
*d”~2-B*axd”~2-2*Bxb*cxd+2*Cxa*xc*d+Cxb*c~2-3*D*axc”2) / (a*xd-b*c) 4/ (d*x+c) ~ (1
/2)+d/ (a*d-b*c) “4*x (((11/8%A*xb~3*d"2-7/8*B*axb~2*xd~2-1/2*B*b~3*c*d+3/8*a~2*
b*C*xd~2+C*a*b~2xc*d+1/8*a~3*%d"2*D-3/2*D*a”~2+b*c*d) * (d*x+c) ~(3/2) +1/8*d* (13
*A*axb~3xd"2-13*A*b~4*ckxd-9*B*a~2xb~2xd"2+5*B*a*xb~3*ckd+4*Bxb~4*xc~2+5%C*xa”
3xb*kd"2+3*Cka~2xb"2*c*d-8*Ckaxb~3*kc~2-D*xa”~4*d~2-11*D*a”3xb*kc*kd+12*¥D*xa”~2*b~
2%c”2) /bx (d*x+c) ~(1/2) )/ ((d*x+c) ¥b+a*d-b*c) “2+1/8% (35xA*xb~3*d~2-15*B*a*b~2
*d"2-20*%B*b~3*ckd+3*%C*a~2*%b*d~2+24*C*ka*xb~2*xcxd+8*xCxb~3*xc~2+D*a~3*%d~2-12*D*
a~2xbxc*d-24*D*xaxb~2*c~2) /b/ ((a*d-b*c) *b) ~(1/2) *arctan (b* (d*xx+c)~(1/2)/((a
*d-b*c)*b)~(1/2))))

3.24.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1938 vs. 2(415) = 830.

Time = 0.51 (sec) , antiderivative size = 3889, normalized size of antiderivative = 8.88

A+B * + Da?
/ + Bz + Cz* + Dx dxz = Too large to display

(a + bz)3(c + dz)>/?

A+Bz+Cz2+Da3
3.24. (atbe)? (crda)s/® dx
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integrate ((D*x~3+Cxx~2+B*x+A) / (bxx+a) ~3/ (d*x+c) ~(5/2) ,x, algorithm="fricas
n)

[1/24% (3% (((D*a~3*xb~2 + 3*C*a~2%b~3 - 15%Bxaxb~4 + 35*A*b~5)*d"5 - 4% (3*Dx*
a~2%b"3*c - (6xCxaxb”4 - 5*B*b~5)*c)*d"4 - 8x(3*xD*axb”~4*c”2 - C*b~5*xc~2)*d
~3)*x74 + (D*a”"5*%c”2 + (3*%C*a~4*b - 15xBxa~3*b~2 + 35%A*a~2%b~3)*c~2)*d"3
+ 2% ((D*a~4xb + 3*C*a~3*b"2 - 15*B*a~2*b~3 + 35*A*xa*b”4)*d"5 - (11*%D*a”3#*b
~2xc - (27*C*a~2*b~3 - 35*B*a*b”4 + 35%A*xb”5)*c)*d"4 - 4*(9*xD*a”2xb"3*c”~2
- (8*C*axb~™4 - 5xB*b~5)*c”2)*d~3 - 8% (3*Dxa*b~4*c~3 - C*b~5%c~3)*d"2)*x"3
- 4x(3*xD¥a~4*b*c~3 - (6%C*a~3*%b~2 - 5xB*a~2*b~3)*c~3)*d~2 + ((D*a"5 + 3*Cx
a~4xb - 15*%Bxa”3*b"2 + 35*%A*a”2*b~3)*d"5 - 4*(2+D*a"4*b*c - (9*%C*xa~3*b~2 -
20%B*a~2%b"3 + 3b5kAxaxb~4)*c)*d"4 - (71xD*a”~3xb~2*c”"2 - (107*C*a”~2xb~3 -
95*B*xa*b~4 + 35xA*b"5)*c”"2)*d~3 - 4*(27*D*a”2%b~3*c”~3 - (14*Cxa*b~4 - 5*B*
b~5)*c"3)*d"2 - 8% (3*D*a*xb~4*xc”4 - Cxb~5*xc”4)*d)*x"2 - 8*(3*xD*xa”~3*b~2*c"4
- C*a™2%b"3*c"4)*d + 2*x((D*a"b*c + (3*C*a~4xb - 15*B*a”~3*b~2 + 35*A*a~2*b~
3)*c)*d~4 - (11xD*xa”4x*xbkc”™2 - (27*%C*a~3%b~2 - 35xB*a~2%b~3 + 35*A*a*b~4)*c
~2)*d"3 - 4% (9*D*a”3*b"2*c~3 - (8*xC*a"2*xb~3 - 5*xBka*b~4)*c~3)*d"2 - 8%(3*D
*3"2*%b"3%c”4 - Cxaxb~4*c”4)*d)*x)*sqrt(b~2*c - a*b*xd)*log((bxd*x + 2xbxc -
a*d - 2xsqrt(b~2*c - a*b*d)*sqrt(d*x + c))/(b*x + a)) - 2%(8xD*a~2xb~4xc"”
5 — 8xA*a~4%b”~2%d"5 - 8*(2%B*a~4*b~2 - 11xA*a~3*b~3)*c*kd~4 - (3*D*a~5xbxc”
2 - (55%C*a~4%b~2 - 67*Bxa~3%b~3 - 41xA%xa~2%b~4)*c~2)*d~3 + 3% ((D*a~4%b~2
+ 3*%C*xa”~3%b~3 - 15xB*a~2*b~4 + 35*%A*a*xb”5)*d~5 - (13*D*a~3*b~3*c - (21*C*a
~2xb~4 - 5*B*axb”~5 - 35%A*b"6)*c)*d"4 - 4*x(3*%D*xa”2+b~4*xc”2 + (4*Cxaxb”5...

3.24.6 Sympy [F(-1)]
Timed out.

dz = Timed out

/A+Bx+0x2+Dx3
(a + bzx)3(c + dz)>/?

input Lintegrate ((D*x**3+Ckx**2+Bxx+A) / (b*x+a) **3/ (d*x+c) **(5/2) ,x)

output

\

~—

Timed out

J

A+Bz+Cz2+Da3
3.24. zg;aag&;:a;a@'d$
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3.24.7 Maxima [F(-2)]

Exception generated.

A+B ?+ Da?
/ + Bz + Cz* + Dx dz = Exception raised: ValueError

(a + bz)3(c + dz)>/?

input | integrate ((D*x~3+Cxx~2+B*x+A) / (b*x+a) ~3/(d*x+c)~(5/2) ,x, algorithm="maxima
n)

output | Exception raised: ValueError >> Computation failed since Maxima requested
additional constraints; using the 'assume' command before evaluation *mayx*
help (example of legal syntax is 'assume(a*d-b*c>0)', see ~assume?” for m
ore detail

3.24.8 Giac [A] (verification not implemented)

Time = 0.33 (sec) , antiderivative size = 767, normalized size of antiderivative = 1.75

/A—I—Bm+C’x2+Dx3
dzr =

(a + bzx)3(c + dz)>/?
(24 Dab*c* — 8 Cb3c? + 12 Dabed — 24 Cab®cd + 20 Bb®cd — Dad? — 3 Ca?bd? + 15 Bab*d? — 35 Ab*d?)
4 (b5t — dabrc3d + 6 a2b3c2d? — 4 a3b%cd3 + atbd*)v/—b2c + abd
2 (Dbc* + 9 (dz + ¢)Dac?d — 3 (dz + ¢)Cbc*d — Dac*d — Cbc*d — 6 (dx + ¢)Cacd? + 6 (dz + ¢) Bbed? +
3 (bictd — 4 ab3c3d? + 6 a2b?c?d? — 4 a3bcd?
12 (dz + c)%Dazbzcd —8(dz + c)%C’ab3cd +4(dz + c)%Bb4cd — 12+V/dz + cDa*b?c*d + 8 /dx + cCab’c

inputLintegrate((D*x“3+C*x“2+B*x+A)/(b*x+a)‘3/(d*x+c)“(5/2),x, algorithm="giac") J

A+Bz+Cz2+Da3
3.24. (atbe)? (crda)s/® dx
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-1/4% (24*D*xaxb~2xc™2 — 8*Cxb~3*c™2 + 12*D*a~2xbxckxd - 24*Cka*xb”~2*c*d + 20%
Bxb~3*c*d - D*a~3*%d~2 - 3*C*xa~2*b*d"2 + 15%Bxaxb~2xd~2 - 35%A*b~3*d"2)*arc
tan(sqrt(d*x + c)*b/sqrt(-b~2*c + axb*d))/((b~5*c~4 - 4*axb~4*xc~3*d + 6*a”
2¥b~3%c”2*d"2 - 4*%a~3*b"2%c*d"3 + a~4xb*d~4)*sqrt(-b~2*c + axb*d)) - 2/3%(
Dxbxc™4 + 9% (d*x + c)*Dxaxc”2xd — 3*(d*x + c)*Cxb*c~2*xd — D*xaxc~3*d - C*b*
c”3*%d - 6*%(d*x + c)*Cxa*xc*d~2 + 6x(d*x + c)*Bxbxc*d™2 + C*axc”2+%d~2 + Bxbx*
c~2%d"2 + 3x(d*x + c)*B*a*d~3 - 9x(d*x + c)*A*b*d~3 - Bxakxcxd"3 - Axb*ckxd”
3 + Axa*d~4)/((b~4*c”4*d - 4*axb”~3*c”~3*d"2 + 6*a~2%b~2*%c"2*%d"3 - 4*a”3*xbx*c
*d"4 + a~4xd"b)*(d*x + c)~(3/2)) - 1/4*%(12x(d*x + c)~(3/2)*D*a~2%b"2xcxd -
8*%(d*x + c)~(3/2)*Cxa*b~3%cxd + 4*(d*x + c)~(3/2)*B*b~4*cxd - 12xsqrt(d*x
+ c)*D*a”2%b"2xc"2%d + 8*sqrt(d*x + c)*Ckaxb~3*c"2*d - 4*sqrt(d*x + c)*Bx
b~4*c™2xd - (d*x + c)~(3/2)*D*a~3*b*d~2 - 3*(d*x + c)~(3/2)*C*a~2*b~2*xd~2
+ 7Tx(d*x + c)~(3/2)*#B*a*b~3*%d"2 - 11*x(d*x + c)~(3/2)*A*xb~4*d"2 + 11l*sqrt(d
*x + c)*D*a”~3xb*c*d"2 - 3*sqrt(d*x + c)*Cxa~2%b~2*c*d"2 - 5*sqrt(d*x + c)*
Bxa*b~3*cxd"2 + 13*sqrt(d*x + c)*A*b~4*cxd"2 + sqrt(d*x + c)*D*a"4*xd"3 - 5
*xsqrt (d*x + c)*C*a~3*%bxd~3 + 9*sqrt(d*x + c)*B*a~2*%b"2+%d"3 - 13*sqrt(d*x +

c)*A*axb~3*d"3) / ((b~5*c™4 - 4*a*xb~4*c"3*d + 6*a”~2*%b~3*c”"2+%d"2 - 4*xa”3*b~2
*cxd"3 + a"4¥bxd"4)*((d*x + c)*b - b*c + a*xd)~"2)

N

3.24.9 Mupad [F(-1)]

Timed out.

/A+Bz+C:c2+Dx3 _/A+Bz+0x2+a:3D
(a +bz)3(c + dz)>/2 a (a+bz)* (c+dx)*?

input[int((A + Bxx + Cxx~2 + x~3xD)/((a + b*x) " 3x(c + d*x)~(5/2)),x)

-/

s

Outputtint((A + Bxx + Cxx~2 + x"3xD)/((a + b*x) 3*(c + d*x)~(5/2)), x)

|

A+Bz+Cz2+Da3
3.24. zg;aag&;:a;a@'d$
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3.25.4 Maple [B] (verified) . .. . ... ... ... 221]
3.25.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... 222
3.25.6 Sympy [B] (verification not implemented) . . ... ... ... ... ... .. 222
3.25.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 223]
3.25.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... 224
3.25.9 Mupad [F(-1)] . . . . . oo 225

3.25.1 Optimal result
Integrand size = 30, antiderivative size = 455

/(a +bz)*(c+ dz)" (A+ Bz + C2* + D1°) dz
(bc — ad)?® (c*Cd — Bed? + Ad® — D) (¢ + dz)' "

a1+ n)

(bc — ad)? (ad(2cCd — Bd? — 3¢*D) — b(5¢*Cd — 4Bcd? + 3Ad® — 6¢3D)) (¢ + dx)*™
B d7(2 +n)

(bc — ad) (a®*d?*(Cd — 3¢D) — abd(8¢Cd — 3Bd* — 15¢2D) + b*(10c*Cd — 6 Bed? + 3Ad® — 15¢3 D)) (c
B d’(3 +n)
N (a®d®D + 3a*bd?(Cd — 4¢D) — 3ab*d(4cCd — Bd? — 10¢2D) + b*(10c*Cd — 4Bed? + Ad® — 20¢3 D)) (

d'(4+n)
N b(3a%d?D + 3abd(Cd — 5¢D) — b%(5¢Cd — Bd* — 15¢2D)) (c + dz)5t"
7(5+n)
N b?(bCd — 6bcD + 3adD)(c + dz)®*™  b*D(c+ dz)™*"
(6 +n) &7+ n)

output | - (~a*xd+b*c) ~3% (A*d~3-B*c*d~2+C*c~2*d-D*c~3) * (d*x+c) ~(1+n) /d~7/ (1+n) - (-a*xd+
bxc) ~2* (a*xd* (-B*d~2+2*Cxc*xd—-3*D*xc”2) —b* (3*A*d~3-4*B*c*xd~2+5*Cxc”~2*d—-6*D*c”
3))*(d*x+c) " (2+n) /d"7/ (2+n) - (ma*d+b*c) * (a~2*xd~2* (Ckxd—3*D*c) —a*b*d* (-3*%B*d~
2+8*C*c*d-15%D*c”~2) +b~ 2% (3% A*d~3-6*B*c*d~2+10*Cxc~2*d-15*%D*c~3) ) * (d*x+c) ~ (
3+n)/d”~7/(3+n) +(a~3*d"3*D+3*a~2%b*d "~ 2* (Cxd-4*D*c) -3*a*xb~2*d* (-B*xd~2+4*Cxc*
d-10*D*c~2) +b~3* (A*xd~3-4*B*c*d~2+10*%Cxc~2*d-20*D*c~3) ) * (d*x+c) ~(4+n) /d"7/(
4+n) +b* (3*xa~2*%d " 2*D+3*a*bxd* (Cxd-5*D*c) -b~2* (—-B*d~2+5*C*c*d—15+%D*kc~2) ) * (d*
x+c) " (5+n) /d"7/ (5+n) +b~2* (Cxb*d+3*D*a*d—6*D*xb*c) * (d*x+c) ~(6+n) /d"7/(6+n) +b
~3*D* (d*x+c) " (7+n) /d"7/(7+n)

325.  [(a+bz)*(c+dz)" (A+ Bz + Cz* + Dz?) dx
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3.25.2 Mathematica [A] (verified)

Time = 2.03 (sec) , antiderivative size = 418, normalized size of antiderivative = 0.92

/(a +bz)*(c + dz)" (A + Bz + C2* + D1°) dz

(C + dx) 14n <(bc—ad)3(—CQCd+Bcd2—Ad3+C3D) (bc—ad)2(—a,d(—2ch+Bd2+352D)+b(—5020d+4Bcd2—3Ad3+603D))(c+dm) )

14+n 24n

e

inputLIntegrate[(a + b*x)"3%(c + d*x)"n*(A + Bxx + C*x~2 + D*x"3),x]

~—

output | ((¢ + d*x)~(1 + n)*(((b*c - a*d) ~3*(-(c"2*C*d) + B*c*d"2 - A*d~3 + c”~3x*D))
/(1 + n) - ((bxc - a*xd) "2k (-(a*d*(-2*c*C*d + Bxd~2 + 3*%c”~2*D)) + b*(-5%c~2
*Cxd + 4xBxcxd™2 - 3xAxd"3 + 6xc”3xD))*(c + d*x))/(2 + n) + ((b*c - a*xd)*(
a~2*d~2%(-(Cxd) + 3*c*D) + axbxd*(8kcxCkd — 3*B*d~2 - 15%c~2*D) + b~2%(-10
*C"2xCxd + 6xBxcxd”2 - 3xA*d~3 + 15%c”3*D))*(c + d*x)~2)/(3 + n) + ((a~3+*d
~3%D + 3*a"~2%b*d"2%(C*d - 4*c*D) + 3*axb~2xd*(-4*c*Ckxd + Bxd~2 + 10%*c~2*D)
+ b~ 3% (10*%c™2*%C*d — 4*Bxc*d™2 + A*d~3 - 20*c”3#D))*(c + d*x)~3)/(4 + n) +

(b*x (3*%a~2xd"2*D + 3*a*b*d*(C*d - 5xc*xD) + b~ 2k (-5*c*C*d + B*d~2 + 15xc”2x*
D))*(c + d*x)~4)/(5 + n) + (b~2x(bxC*xd — 6%b*c*D + 3*a*d*D)*(c + d*x)~5)/(
6 + n) + (b~3*D*(c + d*x)~6)/(7 + n)))/d"7

3.25.3 Rubi [A] (verified)

Time = 0.75 (sec) , antiderivative size = 455, normalized size of antiderivative = 1.00,
— _ o number of rules _

number of steps used = 2, number of rules used = 2, integrand size 0.067, Rules used

= {2123, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (a+b2)%(c + dz)" (A + Bz + Ca® + Da?) de

l 2123

/ ((bc — ad)(c + dz)"*? (—a?d?(Cd — 3cD) + abd(—3Bd* — 15¢2D + 8cCd) — (b*(3Ad® — 6Bcd? — 15¢3D + 1
6

l 2009

325.  [(a+bz)*(c+dz)" (A+ Bz + Cz* + Dz?) dx
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(bc — ad)(c + dz)"*3 (a®d*(Cd — 3cD) — abd(—3Bd? — 15¢?D + 8¢Cd) + b*(3Ad® — 6Bcd? — 15¢3D + 10¢*Ce
B d’(n+ 3)
b(c+ dz)™* (3a2d2D + 3abd(Cd — 5cD) — (b2(~Bd? — 156D + 5cCd)))
d7(n+5) +
(c+dz)"™ (a3d3D + 3a2bd?(Cd — 4cD) — 3ab?d(—Bd? — 10¢2D + 4cCd) + b%(Ad3 — 4Bcd?® — 20c3D + 10c*C
d’(n+4)
(bc — ad)?(c + dz)"*! (Ad® — Bed? + ¢3(—D) + ¢*Cd)
d'(n+1)
(bc — ad)?(c + dz)"*? (ad(—Bd? — 3¢?D + 2¢Cd) — b(3Ad> — 4Bcd? — 6D + 5¢°Cd))
d’(n + 2) +
b%(c + dz)"*(3adD — 6bcD +bCd)  b3D(c+ dz)™*7
d’(n + 6) d'(n+7)

e

inputLInt[(a + b*x) "3*%(c + d*x) " n*(A + B*x + C*x~2 + D*x"3),x]

~—  /

output | - (((b*c - a*d) “3%(c"2*%C*kd - Bkc*d™2 + A*d~3 - c~3*D)*(c + d*x)~(1 + n))/(d
“7x(1 + n))) - ((b*c - a*d) "2k (a*xd*(2*cxCxd - Bxd"2 - 3*c”2*xD) - bx(5*c~2x*
Cxd - 4xBxcxd™2 + 3xAxd"3 - 6xc~3xD))*(c + d*x)~(2 + n))/(d"7*(2 + n)) - (
(b*c - a*d)*(a~2*xd"2*(Cxd - 3*c*xD) - a*b*xd*(8kcxCxd - 3*Bxd~2 - 15%c~2*D)
+ b~2% (10*xc~2%C*d - 6%Bkcxd~2 + 3*xA*d~3 - 15%c™3*D))*(c + d*x)~(3 + n))/(d
“7x(3 + n)) + ((a"3+%d"3*D + 3*a~2xbkd"2*x(Ckd - 4*c*D) - 3*axb”~2*d* (4*c*Cxd
- B*d"2 - 10*c”2*D) + b~3*%(10*c"2*C*d - 4*Bxcxd~2 + A*d~3 - 20%c~3#*D))*(c
+ d*x)"(4 + n))/(d"7*(4 + n)) + (b*(3*a"2*%d"2xD + 3*xaxbkd*(C*d - 5%c*D) -
b~2* (5*%ckCxd — B*d™2 - 15%c”2*D))*(c + d*x)~(5 + n))/(d"7*(5 + n)) + (b"2
*(b*xC*xd — 6*bxc*D + 3*a*xd*D)*(c + d*x)~(6 + n))/(d"7*x(6 + n)) + (b~3*D*(c
+ d*x)~(7 + n))/(@7*(7 + n))

3.25.3.1 Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul ‘

rule 2123‘Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] ‘
‘ :> Int[ExpandIntegrand [Px*(a + b*x) m*(c + d*x)~°n, x], x] /; FreeQ[{a, b, c ‘
, d, m, n}, x] && PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) ‘

325.  [(a+bz)*(c+dz)" (A+ Bz + Cz* + Dz?) dx



input

output

\
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3.25.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 3931 vs. 2(455) = 910.

Time = 1.77 (sec) , antiderivative size = 3932, normalized size of antiderivative = 8.64

method result size

norman Expression too large to display | 3932
gosper Expression too large to display | 5003
parallelrisch | Expression too large to display | 9319

Vs

int ((b*x+a) ~3% (d*x+c) “n* (D*xx~3+C*x~2+B*x+A) ,x ,method=_RETURNVERBOSE)

Dxb~3/ (7+n) *x~T*exp (n*x1n(d*x+c) ) +c* (A*a~3*d~6*n"6+27*A*a~3*xd~6*n"5-3xA*a"2
*b*c*kd~5*n"5-B*a~3xc*d"5*n"5+295%A*a”3*d"6*n"4-75%A*xa"2¥b*c*kd 5*xn~4+6*Axax
b~ 2%c"2*%d"4*n"4-25*%B*a~3*cxd " 5*n"4+6*B*xa”2%bxc”2xd"4*n"4+2*C*a~3*c"2*d"4*n
“4+1665%A*a”3*%d"6*n"3-735*A*a”"2¥b*c*d"5*n"3+132xA*axb”~2%c"2*d"4*n"3-6*A*b~
3*c”3*d"3*n"3-245%Bxa”3*%c*d~5*n"3+132*B*a”~2¥b*c"2%d"4*n"3-18*B*a*b”~2xc”3*d
~3*%n"3+44*C*xa~3*c"2%d"4*n"3-18*C*a”~2*b*c~3*d"3*n"3-6*D*a”~3*c~3*d"3*n"3+510
4xAxa~3*d"6*n"2-3525*%A*a”2*b*c*kd " 5*xn"2+1074*A*a*b"2%c”2*xd"4*n"2-108*A*b" 3%
c"3*%d"3*n"2-1175%B*a~3*c*d " 5*n"2+1074*B*a~2*b*c”~2*%d"4*n"2-324*B*a*b~2%c” 3%
d~3*n"2+24*%Bxb~3%c"4*d"2*%n"2+358*%Cxa~3*c”~2*d"4*n"2-324*C*xa”2*b*c~3*d"3*n"2
+72%C*a*b~2%c"4*d~2*n"2-108*D*a”~3*c~3*d " 3*n~2+72*D*a”2xb*c~4*d~2*n"2+8028%*
Axa~3*d~6*n-8262*A*a”2*xb*c*d " 5*n+3828*A*a*xb~2xc"2*d"4*n-642*A*b”3%c”3*d " 3*
n-2754%B*a”~3*c*d " 5*n+3828*B*a”2xb*c~2*%d"4*n-1926*B*a*xb~2*c~3*d"3*n+312*B*b
“3%cT4*xd"2*n+1276*Cka~3*c”2*d"4*n-1926*%C*a”~2*b*c~3*d~3*n+936*C*a*xb~2*xc 4*d
~2%n-120*%C*b~3*c~5*d*n-642*D*a”~3*c”3*d”~3*n+936*D*a”2xb*c~4*d”~2*n-360*D*a*b
“2%c”5*d*n+5040*%A*a”3*%d"6-7560*A*a”~2*¥bxc*d~5+5040*A*a*b~2*%c”~2*xd"4-1260*A*b
“3*%c”3*d"3-2520*B*a”~3*c*d~5+5040%B*xa”~2*%b*c"2*%d"4-3780*B*a*xb~2*xc~3*d~3+1008
*B*b~3*c"4*d"2+1680*C*a~3*c”2*xd~4-3780*%Cxa~2*b*c”3*d~3+3024*Cxa*xb~2%c"4*d™
2-840*C*b~3*c~5*xd-1260*D*a”3*c~3*d~3+3024*D*a”2*xb*c~4*d~2-2520*D*a*b~2*c~5
*d+720*D*b~3%c~6) /d"7/(n"7+28*n~6+322*n"5+1960%n"4+6769*n"3+13132*n"2+1306
8*n+5040) *exp (n*1n(d*x+c) )+ (Axb~3*d~3*n"~3+3*B*axb~2*d~3*n"3+B*b~3*c*d"2. ..

325.  [(a+bz)*(c+dz)" (A+ Bz + Cz* + Dz?) dx
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3.25.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 4115 vs. 2(455) = 910.

Time = 0.36 (sec) , antiderivative size = 4115, normalized size of antiderivative = 9.04

/(a + bz)*(c + dz)" (A + Bz + Cz® + Dz*) dz = Too large to display

input  integrate ((b*x+a) ~3* (d*x+c) “n* (D*x~3+C*x~2+B*x+A) ,x, algorithm="fricas")

output | (A*a~3*c*d~6*n"6 + 720%D*b~3*c~7 + 5040*A*a~3*c*d~6 + 1680*(C*a~3 + 3*Bka~
2xb + 3*A*a*b~2)*xc”"3*xd"4 - 2520%(B*a”~3 + 3xA*a~2%b)*c~2+%d"5 + (D*b~3*d"7*n
"6 + 21*%D*xb"3*%d"7*n"5 + 175%D*b~3*%d"7*n"4 + 735*D*b~3*d"7*n"3 + 1624*xD*xb~3
*d"7*n"2 + 1764*Dxb~3*%d"7*n + 720*%D*b~3*d"7)*x"7 + (840*(3*D*a*xb~2 + C*xb~3
)*d~7 + (D*b~3*c*d"6 + (3*D*axb”2 + Cxb~3)*d"7)*n"6 + (15%D*b~3*c*xd"6 + 22
*(3*D*a*xb”2 + Cxb~3)*d"7)*n"5 + 5x(17+#D*xb~3*c*xd~6 + 38*(3*D*xa*b™2 + C*b~3)
*d"7)*n~4 + 5% (45*%D*b”"3*c*d~6 + 164*(3*D*a*b”2 + C*b~3)*d~7)*n"3 + (274*Dx*
b~3*c*xd"6 + 1849%(3*D*a*b~2 + Cxb~3)*d”~7)*n~2 + 2*(60*D*b~3*c*d~6 + 1019%*(
3*xD*xaxb~2 + Cxb~3)*d~7)*n)*x"6 + (27*A*xa~3*c*d~6 — (B*a~3 + 3*A*a~2xb)*c~2
*d~5)*n~5 + (1008%(3*D*a”~2*b + 3*Cxa*xb~2 + Bxb~3)*d~7 + ((3*D*a”~2xb + 3*Cx*
a*xb~2 + B*b~3)*d~7 + (3*D*ax*b~2%c + Cxb~3%c)*d~6)*n"6 - (6*Dxb~3%c~2xd~5 -

23%(3#%D*a”~2xb + 3*Cxaxb~2 + Bxb~3)*d"7 - 17*(3*D*axb~2*c + Cxb~3*c)*d"~6)*
n~5 - 3*%(20%D*b"3*c~2*d"5 - 69*(3*D*a~2*b + 3*Cka*b~2 + Bxb~3)*d~7 - 35*(3
*Dxaxb~2xc + Cxb~3*c)*d"6)*n"4 - 5x(42*xDxb~3*c”~2*d"5 - 185%(3*xD*a~2xb + 3x*
Cxa*b~™2 + B*b~3)*d~7 - 59*(3*D*a*b~2%c + C*b~3*c)*d"6)*n"3 — 2*x(150*D*b~3*
c™2xd"5 - 1072*(3*D*a”2%b + 3*Cxa*xb~2 + Bxb~3)*d"7 - 187*(3*D*xaxb~2xc + Cx*
b~3*c)*d"6)*n"2 - 12*(12*%D*b~3*c~2*d"5 - 201*(3*%D*a~2*b + 3*C*xaxb~2 + B*b~
3)*d”~7 - 14*(3*D*a*b~2*c + Cxb~3*c)*d"6)*n)*x"5 + (295*xA*a~3*xcxd"6 + 2*(C*
a~3 + 3*%B*a~2%b + 3xA*xa*b”2)*c~3*d~4 - 25%(B*a”~3 + 3*A*a”~2xb)*c~2%d"5)*n"4
+ (1260%(D*a~3 + 3%C*a~2%b + 3*Bxa*b~2 + A*b~3)*d~7 + ((D*a~3 + 3%Cx*xa~...

N

3.25.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 65321 vs. 2(445) = 890.

Time = 11.92 (sec) , antiderivative size = 65321, normalized size of antiderivative = 143.56

/(a +bz)%(c + dz)" (A + Bz + C2* 4+ D1?) dz = Too large to display

325.  [(a+bz)*(c+dz)" (A+ Bz + Cz* + Dz?) dx
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input | integrate ((bkx+a)**3x (d*x+c) *kn* (Dxx**3+Crx**2+Bxx+A) ,x)

output | Piecewise ((c**n* (Axa*x*3%x + 3kAxa*x*2xbkxx*x*2/2 + Akaxb**x2*xx**3 + Axbkxk3kxk*
4/4 + Bxa*x*3xx*%*2/2 + Bkakx*2xb*x**3 + 3*%Bkxakxbk*2kx**x4/4 + Bxbx*3%xx**x5/5 +
Cka*x*3*x**3/3 + 3*xCka*x*2xb*x**x4/4 + 3*xCkaxbkx*2*xx**x5/5 + Cxb*x*3*xx**6/6 + Dx*
ax*3*xx*k*4/4 + 3*Dkax*2*bxx**5/5 + Dkaxbk*2xx*x6/2 + Dxb*x3*x*x*7/7), Eq(d,
0)), (—10*Axa*x*x3xd*x*6/ (60*kc**6xd**7 + 360*Cck*x5xd*x*x8*x + 900*Ck*4*xd**Q*kx**2
+ 1200*c**3*xd**10*x*k*3 + 900%Cc*k*2kd*k*11*xx**4 + 360*ckd**x12*%x**5 + 60*kd**1
3xx**k6) — GxAxa*x2xbkckdx*5/(60*c*k*6*d**7 + 360%C*kx5*xd**x8*x + 900*ck*4*d**
Oxx*k*2 + 1200%C**3%d*x*10%x**3 + 900*Ck*2%d**11*x**4 + 360*Cckd*x*12*x**5 + 6
O*d**13*x**6) — 36%A*xa**2xbkxd**6*x/ (60*c**x6xd**7 + 360*c**x5xd**8*x + 900*c
*k4xA*kQkx k%2 + 1200k C**3kd**10*x*k*3 + 900*kC**2kd**11*x*k*x4 + 360*kckd**12*x
**5 + B60%d*x*13*x*%6) — 3kAkaxb*x2kck*k2kd*x*4/ (60*ck*B*d*x*7 + 360%Ck*5kd**S*
X + 900*ckx*4*xd*x*9kx**2 + 1200%Ck*3*d*x*10*x**3 + 900*ck*2*kd*x*11*x**4 + 360%
cxd*x12xx*k*5 + 60*d**13*x**6) — 18*A*axb**2*cxd*x5*x/ (60*c**x6*xd**7 + 360%*c
*k5xd*k8%xX + 900k CHk*k4xd*kQ*xx*k*x2 + 1200*Cc**3xd**k10*x*x*3 + 900*CcHk*kxd**k11*x*
*4 + 360%ckd**12%x**5 + B60*kd**13%x**6) — 45kA*akxbk*x2kxd*x*x6*xx**2/ (60*Cc*k*6*kd*
*7 + 360%ckk5xd*x*x8*x + 900*ck*4xd*x*Oxx*k*2 + 1200%c*k*3xd*k*10%x**3 + 900*kc*k*
kdk*k11kxk*4d + 360*Ckd**12%x**5 + 60*d**x13*x**6) — Axbk*x3kc**k3kd**3/(60*c*
*6kd**7 + 360%Ckx5xd*x*x8*x + 900*ck*x4*xd*x*xQ*kx*x*x2 + 1200%c*k*x3*d*k*x10*x**3 + 90
Okc*x*2xd**k11*x*k*k4 + 360kckd**x12%x**5 + B0*d**13%xX**k6) — BGkAxb**k3kCk*kkd**4
*x/ (60*CxxBxd**7 + 360*%Ck*5xd**8*x + 900*Ck*kdkdkkOkx*k*2 + 1200%Cck*3kd*x*, .,

3.25.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1802 vs. 2(455) = 910.

Time = 0.27 (sec) , antiderivative size = 1802, normalized size of antiderivative = 3.96

/(a + bz)*(c + dz)" (A + Bz + Cz® + Dz®) dz = Too large to display

input  integrate ((b*x+a) ~3* (d*x+c) “n* (D*x~3+C*x~2+B*x+A) ,x, algorithm="maxima")

\

325.  [(a+bz)*(c+dz)" (A+ Bz + Cz* + Dz?) dx



output
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(d~2*(n + 1)*x"2 + ckd*n*x - c~2)*(d*x + c) n*B*a~3/((n"2 + 3*n + 2)*d"2)

+ 3%(d"2%(n + 1)*x”2 + cxd*n*x - c”2)*(d*x + c) n*xA*a"2*xb/((n"2 + 3%n + 2)
*d"2) + (d*x + c)"(n + 1)*A*a~3/(d*(n + 1)) + ((n"2 + 3*n + 2)*d"3*x"3 + (
n~2 + n)*ckd"2*x"2 - 2*%c”2xd*n*x + 2*c”"3)*(d*x + c) n*Cxa~3/((n"3 + 6*n"2
+ 11%n + 6)*d"3) + 3*((n"2 + 3*n + 2)*d"3*x"3 + (n"2 + n)*cxd"2*x"2 - 2%c”
2xd*n*x + 2xc~3)*x(d*x + c) n*B*a~2*b/((n"3 + 6*n~2 + 11*n + 6)*d~3) + 3*((
n~2 + 3*n + 2)*d"3*%x"3 + (n72 + n)*ckd"2*x"2 - 2*cT2xd*n*x + 2*xc~3)*k(d*x +
c) “n*A*a*xb~2/((n"3 + 6*%n"2 + 11*n + 6)*d~3) + ((n~3 + 6*n~2 + 11%n + 6)*d
~4%x~4 + (0”3 + 3*%n"2 + 2#n)*c*d"3*x"3 - 3*(n"2 + n)*c"2*%d"2*x"2 + 6*%c~3*d
*n*x - 6xc”4)*(d*x + c) n*D*a~3/((n"4 + 10*n~3 + 35%n"2 + 50*n + 24)*d"4)
+ 3%((n"3 + 64%n"2 + 11*n + 6)*d"~4*x"4 + (n~3 + 3*n~2 + 2*n)*cxd~3*x"3 - 3*
(0”2 + n)*c™2*%d"2*x"2 + 6*c”3*kd*n*x - 6*xc”4)*(d*x + c) n*Cxa”~2+%b/((n"4 + 1
0*%n~3 + 35%n"2 + 50*n + 24)*d"4) + 3*%((n"3 + 6*n"2 + 11*n + 6)*d"4*x"4 + (
n~3 + 3*n"2 + 2#n)*c*d"3*x"3 - 3*(n"2 + n)*c"2*%d"2*x"2 + 6xc”3*xd*n*x - 6%C
~4)*(d*x + c) n*Bxaxb~2/((n"4 + 10*n"3 + 35%n"2 + 50%n + 24)*d~4) + ((n~3
+ 6*n"2 + 11%n + 6)*d"4*x"4 + (n"3 + 3*n"2 + 2*n)*c*d"3*x"3 - 3*(n"2 + n)*
CT2%d"2%x"2 + 6xc”3*d*n*x - 6%c”4)*(d*x + c) n*Axb"3/((n"4 + 10*n"3 + 35%n
2 + 50*n + 24)*d"4) + 3*%((n"4 + 10*n"3 + 35%n"2 + 50%n + 24)*d"5*xx"5 + (n
4 + 6%n"3 + 11*n"2 + 6*n)*c*d"4*x"4 - 4%(n"3 + 3*n"2 + 2*n)*c " 2*d"3*x"3 +
12%(n~2 + n)*c~3*%d"2*x"2 - 24%c™4xd*n*x + 24*c”5)*(d*x + c) n*D*a~2xb/...

3.25.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 9032 vs. 2(455) = 910.

Time = 0.35 (sec) , antiderivative size = 9032, normalized size of antiderivative = 19.85

/(a +bz)%(c + dz)" (A + Bz + C2* 4+ D1?) dz = Too large to display

input  integrate ((b*x+a) ~3* (d*x+c) “n* (D*x~3+C*x"2+B*x+A) ,x, algorithm="giac")

~—

325.  [(a+bz)*(c+dz)" (A+ Bz + Cz* + Dz?) dx



output

input

output
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((@*x + c) "n*D*b~3*d"7*n"6*x"7 + (d*x + c) n*D*b~3*c*xd"6*n"6*x"6 + 3*(d*x
+ ¢) " n*D*a*xb”~2*%d"7*n"6*x"6 + (d*x + c) n*Cxb~3*d~7*n"6*x"6 + 21*k(d*x + c)~
nxDxb~3*d"7*n"5+%x"7 + 3*(d*x + c) n*D*a*b”~2*c*d"6*n"6*x"5 + (d*x + c) n*C*
b~ 3*c*xd"6*n"6*x"5 + 3*(d*x + c) “n*D*a”~2*b*d"7*n"6*x"5 + 3*(d*x + c) n*C*a*
b~2xd"7*n"6*x"5 + (d*x + c) "n*Bxb~3*d"7*n"6*x"5 + 15%(d*x + c) “n*D*xb~3*c*d
“6*n"5%x"6 + 66*(d*x + c) n*D*ka*xb~2*d"7*n"5*%x"6 + 22x(d*x + c) n*Cxb~3*d"7
*n"5%x76 + 175%(d*x + c) "n*D*b"3*d"7*n"4*x”7 + 3*(d*x + c) “n*xD*xa”2xbxcxd”~6
*n"6*x"4 + 3x(d*x + c) “n*Cxaxb~2*xcxd"6*n"6*x"4 + (d*x + c) n*Bxb~3*c*xd"6*n
“6*x~4 + (d*x + c) " n*D*xa”3*d"7*n"6*x"4 + 3*%(d*kx + c) n*Cka~2*bxd"7*n"6*x"4
+ 3*%(d*x + c) n¥Bxa*xb"2*d"7*n"6*x"4 + (d*x + c) nxA*b~3*d"7*n"6%¥x"4 - 6%(
d*x + c) "nxD¥b”~3*c”2%d"5*n"5*x"5 + 51k (d*x + c) n*D*a*xb"2*c*d"6*n"5%x"5 +
17*%(d*x + c) "n*C*b~3*c*d~6*n"5+%x"5 + 69*(d*x + c) “n*D*a”~2*b*d"~7*n"5*%x~5 +
69% (d*x + c) n*Cxaxb~2*d~7*n"5*%x"5 + 23*(d*x + c) n*B*b~3*d"7*n"5*%x"5 + 85
*(d*x + c) n*Dxb”"3*cxd"6+n"4*x"6 + 570%(d*x + c) n*D*xa*b”~2*xd"7*n"4*x"6 + 1
90* (d*x + c) "n*Cxb~3*d"7*n"4*x"6 + 735%(d*x + c) “n*D*b~3*d"7*n"3*x"7 + (d*
X + c) "n*D*a"3*c*d"6*n"6xx"3 + 3k (d*x + c) n*C*xa~2*bxcxd~6*n"6*x"3 + 3*(d*
X + c) "n*Bkaxb~2%ckd"6*n"6%*x"3 + (d*x + c) nkAxb~3*ckd~6*n~6%x"3 + (d*x +
c) "n*C*a”~3*d"7*n"6%x"3 + 3*x(d*x + c) n*Bxa”"2*bxd"7*n"6*x"3 + 3*(d*x + c)"n
*A*axb~2xd"7*n"6*x~3 - 15%(d*x + c) nxD*axb~2xc”~2*d"5*n"5*x~4 - 5*(d*x + c
) nxC*b~3%c~2+%d"5+%n"5%x"4 + 57*(d*x + c) “n*D*a”2*b*ckd~6*n~5*x~4 + 57*x(...

3.25.9 Mupad [F(-1)]
Timed out.

/(a +bz)%(c+ dz)" (A + Bz + C2® 4+ D1°) dz

:1/(a+bwf(c+dxf(A4<3x4—0x2+x3D)dx

N

int((a + b*x) "3*(c + d*x) "n*x(A + B*x + Cxx~2 + x~3*D),x)

——

~—

-

Lint((a + bxx)~3%(c + d*x) nk(A + B¥x + C*x~2 + x~3%D), x)

325.  [(a+bz)*(c+dz)" (A+ Bz + Cz* + Dz?) dx

|
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3.26 [(a+bx)*(c+dz)” (A + Bz + Cz* + Dx°) dx

3.26.1 Optimalresult . . . . .. .. . ... .. .. 226
3.26.2 Mathematica [A] (verified) . . . . . . . ... ... L oo 227
3.26.3 Rubi [A] (verified) . . . . . . ... .. 227
3.26.4 Maple [B] (verified) . . . ... ... . ... 229
3.26.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 230
3.26.6 Sympy [B] (verification not implemented) . . .. ... ... ... ...... 2301
3.26.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. .. 2311
3.26.8 Giac [B] (verification not implemented) . . . .. .. ... ... ....... 232
3.26.9 Mupad [F(-1)] . . . . . 233

3.26.1 Optimal result

Integrand size = 30, antiderivative size = 338

/(a +bz)?*(c+ dz)" (A+ Bz + C2® + D1°) dz
(bc — ad)? (*Cd — Bed? + Ad® — D) (¢ + dz)'t

dS(1+n)

(bc — ad) (ad(2¢Cd — Bd? — 3¢2D) — b(4c*Cd — 3Bcd? + 2Ad3 — 5¢3D)) (¢ + dx)*™
+ B2+ n)

(a*d*(Cd — 3¢D) — 2abd(3cCd — Bd? — 6¢*D) + b*(6¢*Cd — 3Bcd? + Ad® — 10¢3D)) (¢ + dz)*t™
* (3 +n)

(a*d®D + 2abd(Cd — 4cD) — b*(4cCd — Bd?* — 10¢2D)) (c + dz)**™
+ (4 +n)

b(bCd — 5bcD + 2adD)(c + dz)>™  b>D(c+ dx)®™

ds(5+mn) ds(6 +n)

output | (—a*d+b*c) “2* (A*xd~3-B*c*d~2+C*c~2*d-D*c”~3) * (d*x+c) ~ (1+n) /d"6/ (1+n)+(-a*d+b
*c) * (axd* (—B*d~2+2*C*c*d-3*D*c~2) —~b* (2xA*d~3-3*B*c*d~2+4*Cxc~2*xd—-5*D*c~3) )
* (d*x+c) ~(2+n) /d~6/ (2+n) + (a~2*d~2* (C*d-3*D*c) —2*a*xb*d* (-Bxd~2+3*C*c*xd—-6*D*
c”~2)+b" 2% (A*xd~3-3%B*c*xd~2+6*Cxc~2%d-10%D*c~3) ) * (d*x+c) ~(3+n) /d~6/(3+n) +(a~
2xd"2xD+2xa*xbxd* (Ckd—4*D*c) —-b~ 2% (-B*d~2+4*Ckcxd-10*D*c~2) ) * (d*x+c) ~(4+n)/d
=6/ (4+n) +b* (C¥bxd+2*xD*a*xd-5*Dxb*c) * (d*xx+c) ~ (5+n) /d"6/ (5+n) +b~2*D* (d*x+c) ~ (
6+n)/d"6/(6+n)

326. [(a+bz)*(c+dz)"(A+ Bz + Cz* + Dz?) dx
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3.26.2 Mathematica [A] (verified)

Time = 0.77 (sec) , antiderivative size = 308, normalized size of antiderivative = 0.91

/(a +bz)?(c + dz)" (A+ Bz + C2* + D1°) dz
(C + dx) 14n <(bc—ad)2 (c2Cd—Bcd?+Ad®—c®D) (be—ad) (—ad(—2cCd+Bd?+3c2D)+b(—4c2Cd+3Bcd?—2Ad®+5¢3 D) ) (c+dz)

(
24n + ’

14+n +

e

inputLIntegrate[(a + bkx)"2%(c + d*x) nx(A + Bkx + Cxx"2 + D*x"3),x]

~—

output| ((c + d*x)~(1 + n)*(((b*c - a*d) 2*(c™2*C*d - Bxc*d™2 + A*d~3 - c~3*D))/(1

+ n) + ((b*c - a*xd)*(-(a*xd*(-2%c*C*d + B*d™2 + 3%c~2*D)) + bk (-4*c™2*C*d
+ 3*Bxc*d~2 - 2%A*d"3 + 5*c”3*D))*(c + d*x))/(2 + n) + ((a"2xd"2x(Cxd - 3*
c*D) + 2xa*xbxd*(-3*ckCxd + B*d~2 + 6%c”~2+D) + b 2% (6xc”~2*C*d - 3*Bxckd~2 +
Axd~3 - 10*%c”3*D))*(c + d*x)"2)/(3 + n) + ((a~2+%d"2*D + 2*a*xbxd*x(Cxd - 4%
c*D) + b~24(-4*xcxCxd + B*d~2 + 10%c™2*D))*(c + d*x)~3)/(4 + n) + (b*x(b*Cxd
- Bxbkc*D + 2%axd*D)*(c + d*x)~4)/(5 + n) + (b~2*D*(c + d*x)~5)/(6 + n)))
/d"6

3.26.3 Rubi [A] (verified)

Time = 0.58 (sec) , antiderivative size = 338, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, Bumber of rules _ , 467 Ryles used
integrand size

= {2123, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(a + bz)*(c + dz)" (A + Bz + C2* + Dz?) da

l 2123

/ ((c + dz)"*? (a®’d?*(Cd — 3¢D) — 2abd(—Bd? — 6¢*D + 3cCd) + b*(Ad® — 3Bcd? — 10¢*D + 6cCd)) + (c+
ds o

l 2009

326. [(a+bz)*(c+dz)"(A+ Bz + Cz* + Dz?) dx
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(¢ + da)™** (a*®(Cd — 3¢D) — 2abd(~Bd? — 6¢*D + 3cCd) + 1 (Ad® — 3Bed’ — 106°D +66°Cd))

db(n + 3)
(c+ dz)"** (a’d®D + 2abd(Cd — 4cD) — (b?(—Bd? — 102D + 4cCd))) N
dS(n+4)
(bc — ad)?(c + dz)"*! (Ad® — Bed? + A(—D) + >Cd)
dS(n+1) +
(bc — ad)(c + dz)"*? (ad(—Bd? — 3¢2D + 2¢Cd) — b(2Ad® — 3Bcd? — 5¢3D + 4c*Cd) ) N
dS(n+2)
b(c+ dz)"3(2adD — 5bcD +bCd)  b*>D(c + dz)"+6
dS(n +5) db(n+6)
inputLInt[(a + b*x) "2%(c + d*x)"n*x(A + B*x + C*x~2 + D*x73),x] J

output | ((b*c - a*d) 2% (c"2%C*d - B*c*d™2 + A*d~3 - c¢~3*D)*(c + d*x)~(1 + n))/(d"6
*(1 + n)) + ((b*c - a*xd)*(axd*(2%c*Cxd - B*d~2 - 3%c~2+D) - bx(4*c 2%Cxd -
3xBkxc*d~2 + 2%A*d~3 - 5*c”3*D))*(c + d*x)~(2 + n))/(d"6%x(2 + n)) + ((a~2%
d~2%(Cxd - 3*c*D) - 2*kaxbkd*(3*cxCxd - B*d~2 - 6%c~24D) + b ~2x(6*c~2xC*d -
3xBxcxd~2 + A*d~3 - 10%c”3*D))*(c + d*x)~(3 + n))/(d"6%(3 + n)) + ((a~2*d
~2xD + 2xaxb*d*(Ckd - 4*c*D) - b 2x(4*cxCkxd - B*d"2 - 10%c~2*D))*(c + d*x)
“(4 + n))/(@"6*(4 + n)) + (b*x(bxCxd — S5xbkc*D + 2*a*d*D)*(c + d*x)~(5 + n)
)/(d"6*%(5 + n)) + (b"2*D*(c + d*x)~(6 + n))/(d"6*(6 + n))

3.26.3.1 Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2123‘(Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symboll
‘ :> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c
, d, m, n}, x] & PolyQ[Px, x] &% (IntegersQ[m, n] || IGtQ[m, -21)

———

326. [(a+bz)*(c+dz)"(A+ Bz + Cz* + Dz?) dx



input

output

\
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3.26.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 2174 vs. 2(338) = 676.

Time = 1.69 (sec) , antiderivative size = 2175, normalized size of antiderivative = 6.43

method result size

norman Expression too large to display | 2175
gosper Expression too large to display | 2588
parallelrisch | Expression too large to display | 5150

Vs

int ((b*x+a) ~2% (d*x+c) “n* (D*xx~3+C*x~2+B*x+A) ,x ,method=_RETURNVERBOSE)

N\

D*b~2/ (6+n) *x~6*exp (n*1n(d*x+c) ) +c* (A*a~2xd~5*n"5+20*A*a~2*d~5*n"4-2xA*a*b
*ckd"4*n"4-Bxa”"2xc*kd"4*n"4+155%A*a"2*%d"5*n"3-36*A*axbkckxd"4*n"3+2*%Axb"2%c”
2%d"3*n"3-18*B*a~2%c*d"4*n"3+4*Bxa*bkc~2%d"3*n"3+2*C*a”~2*c”"2*d"3*n"3+580%A
*a"2%d"5*n"2-238*A*axb*ckd"4*n"2+30*%A*b"2%c"2*%d"3*%n"2-119*B*a~2*cxd"4*n"2+
60*B*axb*c~2%d”~3*%n"2-6*%B*xb~2%c”3*d"2*n"2+30*C*ka~2%c"2*d"3*n"2-12*C*a*xb*c”3
*d"2%n"2-6*%D*a”2xc”"3*d"2*n"2+1044*A*a”"2*%d"5*n-684*Axa*bkc*d 4*n+148*%A*xb" 2%
c”2%d"3*n-342%B*a”2*c*d"4*n+296*B*xa*xb*c”2*d"3*n-66*B*b~2%c”3*d"2*n+148*C*xa
T2%c"2%d"3*n-132*Cxaxbkc~3%d"2*n+24*Cxb~2%c~4*xd*n-66*D*ka”~2%c”3*d " 2*n+48*D*
axbxcT4*d*n+720*A*a”2%d"5-720*A*axbkcxd~4+240%A*xb~2%c~2%d~3-360*B*a”2*xc*d”
4+480%*B*a*xb*c”2*%d~3-180%B*b~2*c”~3%d~2+240*C*a~2*%c~2*d"3-360*C*a*xb*c~3*d "2+
144%Cxb~2%c~4*d-180%D*a"~2*c~3*d~2+288*D*axb*c~4*d-120*%D*b~2%c"~5) /d~6/ (n"6+
21*n"5+175%n"4+735%n"3+1624*n"~2+1764*n+720) *exp (n*1n (d*x+c) )+ (B¥b"2%d~2*n"~
2+2*Ckxa*xb*xd~2*n"2+Cxb~2*kc*d*n~2+D*a”~2*d~2*n"2+2*D*a*xb*cxd*n~2+11*B*b~2*d"2
*n+22%Cxa*b*xd~2+n+6*Cxb~2*cxd*n+11*D*ka~2xd~2+n+12*D*axb*c*xd*n-5xD*b~2xc 2%
n+30%Bxb~2+d~2+60*Cxa*b*d~2+30*D*a~2+%d~2) /d~2/ (n~3+15*n"2+74*n+120) *x~4*ex
p(n*1n(d*x+c))+(A*xb~2%d~3*n"3+2*B*a*xb*d~3*n~3+B*b~2*c*d~2*n"3+C*a”~2*d~3*n"
3+2*Cxaxbkc*d~2+n~3+D*a"~2xc*xd~2*%n"3+15%A*xb~2*d~3*n"2+30*B*a*b*d~3*n"2+11*B
*¥b"2%ckd"2*%n"2+15%C*ka~2*%d " 3*n"2+22*Ckaxb*ckxd~2*n"2-4*Cxb~2*%c"2*d*n"2+11*Dx*
a”2xc*d"2*n"2-8*D¥axb*c”2*d*n"2+74*A*b"2+d " 3*n+148*B*axbxd”~3*n+30*B*xb~2*c*
d"2*n+74*C*a”2*%d~3*n+60*Cxa*b*c*xd™2*xn-24*Cxb~2xc~2*d*n+30*D*a~2%c*xd " 2*n. ..

326. [(a+bz)*(c+dz)"(A+ Bz + Cz* + Dz?) dx
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3.26.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 2258 vs. 2(342) = 684.

Time = 0.32 (sec) , antiderivative size = 2258, normalized size of antiderivative = 6.68

/(a + bz)*(c + dz)" (A + Bz + Cz® + Dz®) dz = Too large to display

input  integrate ((b*x+a) ~2* (d*x+c) “n* (D*x~3+C*x~2+B*x+A) ,x, algorithm="fricas")

output | (A*a~2*c*d~5*n"5 - 120%D*b~2%c~6 + 720*A*xa~2kc*d~5 + 240%(C*a~2 + 2*xBxaxb
+ A*b~2)*c~3*%d"3 - 360*(B*a~2 + 2kAxa*b)*c~2*d~4 + (D*b~2*%d"6*n"5 + 15%Dxb
“2%¥d"6*n"4 + 85*%D*b"2*%d"6*n"3 + 225*%D*b"2*d"6*n"2 + 274*D*b"2*d"6*n + 120%
Dxb~2*d"6) *x~6 + (144*(2xD*axb + Cxb~2)*d"6 + (D*¥b~2*xc*d~5 + (2*D*a*b + C*
b~2)*d"6)*n"5 + 2% (5+%D*b"2*c*d~5 + 8*(2*D*a*b + C*b~2)*d"6)*n"4 + 5*%(7*D*b
~2xc*d”5 + 19*%(2*D*a*b + C*b~2)*d"6)*n"3 + 10*(5*D*b~2%c*d~5 + 26* (2xD*ax*b
+ C*b~2)*d"6)*n"2 + 12x(2*D*b~2%c*d"5 + 27*(2*xD*axb + Cxb~2)*d"6) *n)*x"5
+ (20*A*a~2xc*d"5 — (B*a~2 + 2xA*xa*b)*c"2+*d"4)*n~4 + (180*(D*a~2 + 2xCxka*b
+ B*¥b"2)*d"6 + ((D*a~2 + 2*Ckaxb + B*b~2)*d~6 + (2#D*ax*bxc + C*b~2xc)*d~5
)*n~5 - (5xD*b~2%c~2%d"4 - 17x(D*a”2 + 2xCxa*b + B*xb~2)*d"6 - 12%(2*D*a*bx*
c + Cxb~2%c)*d~5)*n"4 - (30*D*b~2%c~2*d~4 - 107*(D*a~2 + 2*Cxaxb + Bxb~2)*
d"6 - 47*(2*xD*a*xbxc + Cxb~2*c)*d"5)*n"3 - (55*D*b~2*c~2*xd"4 - 307*(D*a"2 +
2%Cxa*b + B*b~2)*d"6 - 72%(2*D*a*b*c + C*xb~2*c)*d”~5)*n~2 - 6*(5*D*b~2%c"2
*d~4 - 66x(D*a”2 + 2*C*a*b + B*b~2)*d"6 — 6*x(2*D*axb*c + Cxb~2*c)*d~5)*n)*
x"4 + (155%A*a~2xcxd”5 + 2*x(C*a”~2 + 2*B*axb + A*b~2)*c"3*d"3 - 18*(B*a~2 +
2%A*axb)*c”2*%d"4)*n"3 + (240%(C*a~2 + 2*Bxaxb + A*b"2)*d"6 + ((C*a~2 + 2%
B*axb + A*b~2)*d~6 + (D*a~2*c + (2%Ckaxb + B*b~2)*c)*d~5)*n"5 + 2% (9% (C*xa"
2 + 2%Bxaxb + A*xb"2)*d"6 + T*(D*a~2*c + (2*Cxaxb + Bxb~2)*c)*d"5 - 2% (2*Dx*
axb*c”2 + C*b~2%c”2)*d"4)*n"4 + (20*D*b~2*c~3*d"3 + 121*(C*a~2 + 2xBkaxb +
A*¥b~2)*d"6 + 65%(D*a~2%c + (2xCxa*b + Bxb~2)*c)*d~5 - 36%(2*D*a*bxc™2 ...

N

3.26.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 32849 vs. 2(328) = 656.

Time = 6.73 (sec) , antiderivative size = 32849, normalized size of antiderivative = 97.19

/(a +bz)?(c + dz)" (A + Bz + C2* 4+ D1?) dz = Too large to display

326. [(a+bz)*(c+dz)"(A+ Bz + Cz* + Dz?) dx
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input  integrate ((b*x+a)**2* (d*x+c) **kn* (D*x**3+C*x**2+B*x+A) ,X)

output | Piecewise ((c**n* (Axa*x*2*x + Axaxb*x**2 + Axb**2%xx**3/3 + Bkaxx2xx**2/2 + 2
*Bkxaxb*x**3/3 + Bxb**2%x**4/4 + Cxa**x2*xx**3/3 + Cka*xb*x**x4/2 + Cxbk**2kxx**5
/5 + Dkaxx2*x*x*4/4 + 2+Dxaxb*x*x5/5 + D*b*x*2+x**6/6), Eq(d, 0)), (-12*Axa*
*2*d**5/(60*c**5*d**6 + 300*%c*k*k4xdx*7T*x + 600kc*k*k3kd**x8*kx**2 + B600*kCc*k*k2%kd*
*Qkx**x3 + 300*kckd**x10*x**4 + 60*d**11*x*%*5) — BGkA*axbkckd**x4d/(60*xcx*5xd**6
+ 300*%ck*k4xdx*7T*kx + 600kck*k3kd*k*k8*kx**k2 + B600kCck*k2*kd*x*kQ*kx*k*3 + 300*c*kd**x10
*x*k*4 + 60*d*kx11xx**5) — 30kAkaxb*d**x5*xx/ (60*c**x5xd**x6 + 300kCH*4xA**xT*x +
B00*Cck*k3kd*x*k8kx*k*k2 + B00kCk*k2kd*x*kQ*kx*k*3 + 300%kckd*k*x10%x*k*k4 + 60kd**11kx*k*
5) - 2xAxb**2%ck*x2%d**3/ (60*Ck*k5xd**6 + 300kCr*k4xd**kT*xX + 600k CHkIkA**k8kx*
*2 + 600*Cck*x2kA*kOkx**3 + 300*ckd**x10*x*k*k4 + G0*kd**11*x**5) — 10*Axbk*2*kc*
dx*4xx/ (60*Cck*k5*xd**x6 + 300kCk*4kxd**T*xx + 600kC*k*3kdA**8kxx**2 + B00*kCk*kd**
Oxx*%3 + 300%ckd*x*10%x**4 + B0*d*x*k11*x**5) — 20%A*xb*x*2kxd**x5*xx*x*2/ (60*Cc**5%
d**6 + 300kck*k4kd*x*7*x + 600%c*k*k3kd**x8kx*k*k2 + B600kc*k*k2%kd*x*O*x**3 + 300*c*d
*x10*x**x4 + 60*dk*11xx*k*5) — 3*kBraxk2kckdr*k4d/(60kc**5xd**6 + 300*ck*kd*xd**7
*X + 600%c*kk3kd*x*k8*kx*k*2 + 600*kc*k*k2kd**kOkxx**k3 + 300*kckd*x*k10*x*%*4d + 60*%kd**x11
*x%%x5) — 15%Bkxa**x2xd*x*5%x/ (60%c*k*x5xd*x*6 + 300%ck*x4xd**7T*x + 600%kC*k*3*kd**S*
Xk*k2 + B600*CHk*2*xd**xQxx*x*x3 + 300*kckd**10*x**4 + 60*d**11*xx**5) — 4*kBkaxbkc*
*2*d**3/(60*c**5*d**6 + 300%ck*k4xd*x*7T*x + 600kCc*k*k3%kd**k8kx**x2 + B600*kCc*k*k2%kd*
*O*x**3 + 300kCckd**x10*x**4 + 60*xd**x11kx**5) — 20*%Bkaxbkckdk*d*x/ (60*c**x5*d
*k6 + 300kc*k*k4*kd**xT*x + 600%Ck*3xA*k*Bxx*k*x2 + 600*Cck*x2kd**xJ*kx**3 + 300*c. ..

3.26.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1118 vs. 2(342) = 684.

Time = 0.24 (sec) , antiderivative size = 1118, normalized size of antiderivative = 3.31

/(a + bz)*(c + dz)" (A + Bz + Cz® + Dz*) dz = Too large to display

input  integrate ((b*x+a) ~2* (d*x+c) “n* (D*x~3+C*x~2+B*x+A) ,x, algorithm="maxima")

\

326. [(a+bz)*(c+dz)"(A+ Bz + Cz* + Dz?) dx



output
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(d™2*(n + 1)*x"2 + ckd*n*x - c~2)*(d*x + c) n*B*a~2/((n"2 + 3%n + 2)*d"2)

+ 2%(d"2%(n + 1)*x”2 + cxd*n*x - c"2)*(d*x + c) nxA*xa*xb/((n"2 + 3*n + 2)*d
"2) + (d*x + c)"(n + 1)*A*a"2/(d*(n + 1)) + ((n"2 + 3%n + 2)*d"3*x"3 + (n~
2 + n)*c*xd"2*xx"2 — 2kc"2*kd*n*x + 2*%c"3)*(d*x + c) nkC*a"2/((n"3 + 6*n"2 +
11*n + 6)*d"3) + 2*%((n"2 + 3*n + 2)*d"3*x"3 + (n™2 + n)*cxd™2*x"2 — 2%c”2%
d*n*x + 2*%c~3)*(d*x + c) n*Bxa*xb/((n~3 + 6%n"2 + 11*n + 6)*d"3) + ((n~2 +
3%n + 2)*d"3*x"3 + (072 + n)*c*kd"2*x"2 - 2*xc”2xd*n*x + 2%c”3)*(d*x + c) "nx*
Axb~2/((n"3 + 6#n"2 + 11*n + 6)*d"3) + ((n~3 + 6*n"2 + 11*n + 6)*d"4*x"4 +
(n™3 + 3*n"2 + 2*n)*cxd"3*%x"3 - 3*%(n"2 + n)*c"2*xd"2*x"2 + 6*c”3kd*n*x - 6
*C~4)*(d*x + c) n*D*a"2/((n"4 + 10*n~3 + 35*%n~2 + 50%n + 24)*d~4) + 2x((n~
3 + 6*xn"2 + 11*%n + 6)*d~4*x"4 + (n~3 + 3*%n"2 + 2¥n)*c*xd"3*x"3 - 3*(n"2 + n
YkcT2x%d"2%x"2 + 6*c”3*kd*n*x - 6*xc”4)*(d*x + c) n*Cxaxb/((n"4 + 10*n"3 + 35
*n~2 + 50*n + 24)*d"4) + ((n”3 + 6*n"2 + 11*n + 6)*d"4*x"4 + (n~3 + 3*n"2
+ 2*n) *c*d"3*x"3 - 3*(n"2 + n)*c"2*d"2*x"2 + 6xc”3xd*n*x — 6%c”4)*(d*x + C
)"n*B*b~2/((n"4 + 10*n~3 + 35%n"2 + 50*n + 24)*d"4) + 2*x((n"4 + 10*n"3 + 3
5%n"2 + 50*n + 24)*d"5*%x"5 + (n"4 + 6*n"3 + 11*n"2 + 6*n)*c*d"4*x"4 - 4x(n
"3 + 3*n"2 + 2*n)*c”"2*%d"3*x"3 + 12*%(n"2 + n)*c"3*d"2*x"2 - 24*cT4xd*nxx +
24%c”5)*(d*x + c) “n*D*xaxb/((n"5 + 15%n~4 + 85*n~3 + 225*%n"2 + 274%n + 120)
*d"5) + ((n~4 + 10%n"3 + 35*%n"2 + 50%n + 24)*d"5*x"5 + (n"4 + 6*n~3 + 11%n
~2 + 6*n)*cxd~4*x"4 - 4%(n~3 + 3*n~2 + 2*n)*c"2*%d"3%x”3 + 12*x(n"2 + n)*...

3.26.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 4972 vs. 2(342) = 684.

Time = 0.34 (sec) , antiderivative size = 4972, normalized size of antiderivative = 14.71

/(a +bz)?(c + dz)" (A + Bz + C2* 4+ D1?) dz = Too large to display

input integrate((b*x+a) ~2*(d*x+c) “n* (D*x~3+C*x~2+B*x+A) ,x, algorithm="giac")

~—

326. [(a+bz)*(c+dz)"(A+ Bz + Cz* + Dz?) dx



output

input
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((d*x + c) n*D*b~2*d~6*n"5%x"6 + (d*x + c) n*D*b~2%c*d"5*n"5*x"5 + 2x(d*x

+ ¢) "n*D*axb*d"6*n"5*%x"5 + (d*x + c) "n*C*b~2*d"6*n"5*%x"5 + 15x(d*x + c) “n*
Dxb~2*d~6*n"4*x"6 + 2*(d*x + c) “n*D*ax*bk*c*d"5+%n"5%x"4 + (d*x + c) n*C*xb~2*
c*d~5*n"5*x"4 + (d*x + c) n*D*a"2*xd"6*n"5*x"4 + 2% (d*x + c) n*Cxaxbxd~6*n~
5%x74 + (d*x + c) “n*Bxb"2*d"6*n"5%x"4 + 10*(d*x + c) “n*D*b~2%c*d"~5+n"4*x"5
+ 32%(d*x + c) nxD*xaxbxd"6*n"4*x"5 + 16*(d*x + c) n*Cxb~2*d"6*n"4*x"5 + 8
5%(d*x + c) "n*D*xb~2*xd"6*n"3*x"6 + (d*x + c) n*D*a”~2*c*d"5*n"5*x"3 + 2x(d*x
+ c) “n*C*axbxc*d~5*xn"5%x"3 + (d*x + c) n*Bxb~2*c*d"5*n"5*xx"3 + (d*x + c)~
n*C*a~2xd"6*n"5*x"3 + 2x(d*x + c) “n*Bkaxb*d~6+n"5*x"3 + (d*x + c) nxAxb~2x*
d"6*n"5*x~3 - 5k (d*x + c) n*D*b~2%c"2*%d"4*n"4*x"4 + 24*(d*x + c) “n*Dxaxb*c
*d"5xn"4*x"4 + 12%(d*x + c) n*xCkb~2%cxd"5xn"4*x~4 + 17*(d*x + c) n*xD*a~2*d
“6*n"4*x"4 + 34*x(d*x + c) n*Cka*xbxd~6*n"4*x"4 + 17*(d*x + c) n*Bxb~2*d"6*n
~4xx~4 + 35x(d*x + c) "n*D¥b"2*c*d"5xn"3*x"5 + 190*(d*x + c) “n*xDxaxbxd~6*n~
3*%x75 + 95x(d*x + c) n*Cxb~2*%d"6#n"3*x"5 + 225%(d*x + c) "n*D*b"2*d"6*n"2*x
"6 + (d*x + c) nkC*a~2%c*d"5+n"5%x"2 + 2x(d*x + c) “n*B*a*b*c*d~5*n"5xx"2 +
(d*x + c) “nxA*xb~2%c*d"5+%n"5%x"2 + (d*x + c) n*B*a"2*d"6*n"5*x"2 + 2x(d*x
+ ¢) "n*A*a*b*d"6*n"5xx"2 — 8*(d*x + c) “n*D*xaxbxc”2*xd"4*n"4*x"3 - 4*(d*x +
C) "n*Cxb~2xc~2*d"4*n"4*x"3 + 14*(d*x + c) n*D*a”~2%c*d"5*n"4*x"3 + 28*(d*x
+ c) n*Ckaxbxc*d~5*n~4*x~3 + 14%(d*x + c) n*B¥b~2%c*xd~5*%n"4*x~3 + 18%(d*x
+ ) n*C*a”~2*xd"6+n"4*x"3 + 36%(d*x + c) “n*kBxaxb*d"6*n"4*x"3 + 18k (d*x +...

N

——

3.26.9 Mupad [F(-1)]

Timed out.
/(a +bz)*(c+ dz)" (A+ Bz + C2® 4+ D1°) dx
:1/(a+bwf(c+dxf(A4<3x4—0x2+x3D)dx
int((a + b*x) "2*(c + d*x) "n*x(A + B*x + Cxx~2 + x"3*D),x)

~—

-

output Lint((a + b*x)"2%(c + d*x) n*(A + B*x + C*x~2 + x~3*D), x)

|

326. [(a+bz)*(c+dz)"(A+ Bz + Cz* + Dz?) dx
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3.27 [(a+bz)(c+dz)" (A + Bz + Cz? + Dz?) dx

3.27.1 Optimal result . . . . . . . . . ... . 234
3.27.2 Mathematica [A] (verified) . . . . . . ... ... .. Lo oL 235
3.27.3 Rubi [A] (verified) . . . . . ... . 235
3.27.4 Maple [B] (verified) . . . . ... ... ... 230]
3.27.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ... 237
3.27.6 Sympy [B] (verification not implemented) . . ... . ... ... ... ... .. 238
3.27.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 2391
3.27.8 Giac [B] (verification not implemented) . . . ... .. ... .. ....... 240
3.27.9 Mupad [F(-1)] . . . . o o 241]

3.27.1 Optimal result

Integrand size = 28, antiderivative size = 226

/(a +bz)(c + dz)" (A+ Bz + Cz* + Dz?) dz

(bc — ad) (c*Cd — Bed? + Ad® — ¢3D) (¢ + dx)'™
d5(1+n)
(ad(2¢Cd — Bd? — 3¢2D) — b(3c2Cd — 2Bcd? + Ad® — 4¢3 D)) (c + dz)**™
d3(2 +n)
(ad(Cd — 3¢D) — b(3¢Cd — Bd? — 6¢*D)) (¢ + dz)*™
+
d®*(3+n)
(bCd — 4bcD + adD)(c + dz)**™  bD(c + dx)>*™"
d®(4 +n) (5 +n)

output | - (—a*d+b*c) * (Axd~3-B*c*xd~2+Cxc~2*d-D*c~3) * (d*x+c) " (1+n)/d"5/ (1+n) - (a*xd* (-B
*d"2+2*Cxcxd—3*D*kc”2) ~b* (A*d~3-2*B*cxd~2+3*Ckc~2*%d-4*D*c~3) ) * (d*x+c) ~ (2+n)
/d"5/ (2+n)+(a*d* (Cxd—3*D*c) —b* (-B*d~2+3*C*c*d—-6*D*c”2) ) * (d*x+c) ~(3+n) /d"5/
(3+n) +(Cxbxd+D*a*xd-4*D*b*c) * (d*x+c) ~(4+n) /d~5/ (4+n) +b*D* (d*x+c) ~(5+n) /d"5/
(5+n)

327.  [(a+bz)(c+dz)" (A+ Bz + Cz?+ Dz*) dz
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3.27.2 Mathematica [A] (verified)

Time = 0.44 (sec) , antiderivative size = 199, normalized size of antiderivative = 0.88

/(a + bz)(c+ dr)" (A4 Bz + Cz® + Dz?) do

(bc—ad) (—02 Cd+Bed? —Ad3+03D) + (a,d(—2cC’d+Bd2 +3c2D) +b(352 Cd—2Bcd?+Ad3 —403D) ) (c+dzx) ad(Cd—3cL

(o+ dayt*» +

e

inputLIntegrate[(a + bkx)*(c + d*x)“n*(A + Bxx + Cxx~2 + D*x~3),x]

~—

output| ((c + d*x)~(1 + n)*(((bxc - a*d)*(-(c"2*C*d) + B*c*d~™2 - A*d~3 + c~3*D))/(
1 + n) + ((a*d*(-2%c*C*d + B*d~2 + 3*%c~2%D) + b*(3*%c™2*%Cxd - 2*xBxc*xd~2 + A
*d~3 - 4xc”3*D))*(c + d*x))/(2 + n) + ((axd*(C*d - 3%c*D) + bx(-3*cxCxd +

Bxd"2 + 6xc”24D))*(c + d*x)"2)/(3 + n) + ((b*Cxd - 4*bxcxD + a*d*D)*(c + 4
*x)~3)/(4 + n) + (b*D*(c + d*x)~4)/(5 + n)))/d"5

3.27.3 Rubi [A] (verified)

Time = 0.43 (sec) , antiderivative size = 226, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Lumber of rules _ 0.071, Rules used

integrand size
= {2123, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(a + bz)(c+dz)" (A+ Bz + Cz® + Dz°) dz

l 2123

/ ((ad — bc)(c+ dz)" (Ad® — Bed? + 3(—D) + 2Cd) N (c+dz)"** (b(Ad® — 2Bcd? — 43D + 3c¢2Cd) — ad(
d* d*

l 2009

327.  [(a+bz)(c+dz)" (A+ Bz + Cz?+ Dz*) dz
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(bc — ad)(c + dz)"*! (Ad® — Bed? + 3(—D) + c*Cd)

d®(n+1)
(c + dz)"*? (ad(—Bd? — 3¢2D + 2¢Cd) — b(Ad3 — 2Bcd? — 4¢3D + 3¢*Cd))
B(n+2) +
(c+ dz)"*3 (ad(Cd — 3cD) — b(—Bd? — 6c2D + 3cCd)) (¢ + dzx)"**(adD — 4bcD + bCd)
B(n+3) + B+ 4)
bD(c + dx)"+>
B

input| Int[(a + b*x)*(c + d*x) n*(A + B*x + C*x~2 + D*x"3),x]

N J

output | - (((b*c - a*d)*(c~2%Cxd - Bxc*d"2 + A*d~3 - c~3*xD)*(c + d*x)~(1 + n))/(d"5
*(1 + n))) - ((a*xd*(2*xc*C+*d — B*d~2 - 3*c”~24D) - b*(3*c”™2+#Cxd - 2*Bkc*d~2

+ A*d"3 - 4%c”3%D))*(c + d*x)~(2 + n))/(d"5*%(2 + n)) + ((axd*x(Cxd - 3*c*D)
- b*(3*%c*Cxd - Bxd"2 — 6*%c”2*D))*(c + d*x)~(3 + n))/(d"5%(3 + n)) + ((bxC
*d - 4xbxcxD + axd*D)*(c + d*x)~(4 + n))/(d"5%(4 + n)) + (b*D*(c + d*x)~(5
+ 1n))/(d"5%(5 + n))

3.27.3.1 Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

rule 2123‘Int[(Px_)*((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symboll ‘
‘ :> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)~°n, x], x] /; FreeQ[{a, b, c ‘
, d, m, n}, x] && PolyQ[Px, x] &% (IntegersQ[m, n] || IGtQ[m, -21) ‘

3.27.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 963 vs. 2(226) = 452.

Time = 1.66 (sec) , antiderivative size = 964, normalized size of antiderivative = 4.27

method result

bDxSen In(dz+c) + c(Aad*n*+14Aa d*nd—Abc d®nd—Bac d3n®+71Aa d*n?—12Abc d*n?—12Bac d®n?+2Bb c2d?n2+2Ca
norman =
gosper Expression too large to display

parallelrisch | Expression too large to display

327.  [(a+bz)(c+dz)" (A+ Bz + Cz?+ Dz*) dz



input

output

input
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‘int((b*x+a)*(d*x+c)”n*(D*x“3+C*x“2+B*x+A),x,method=_RETURNVERBUSE)

b*D/ (5+n) *x~5*exp (n*1n (d*x+c) ) +c* (A*xa*d~4*n~4+14*A*a*d~4*n"3-Axbxc*d~3*n"~3
-Bxaxcxd"3*n"3+71kAxa*d"4*n"2-12%A*bkckd”~3*n"2-12*B*a*cxd”~3*n"2+2*Bxb*c” 2%
d"2*n"2+2%Cka*xc™2%d"2*%n"2+154*Axa*d~4*n-47*A*xb*c*kxd~3*n-47*B*akxc*d”~3*n+18*B
*bkc”2%d"2*%n+18*Cka*xc”2*%d~2*n—-6*Cxb*c”~3*d*n—-6*D*a*c”3*d*n+120*A*axd~4-60*A
*bkc*d~3-60%Bxaxckd~3+40*%B*b*c~2xd~2+40*C*a*xc~2*d~2-30*C*b*c~3*d-30*D*a*c™
3*d+24*Dxb*c~4)/d"~5/ (n"5+15*n~4+85%n"3+225%n"2+274*n+120) *exp (n*1n (d*x+c) )
+(Cxb*d*n+D*a*d*n+Dxb*c*n+5*xCxb*d+5*D*axd) /d/ (n~2+9*n+20) *x~4*exp (n*1n (d*x
+c¢) )+ (B*b*xd~2*n"2+C*a*xd~2*n~2+Cxb*cxd*n~2+D*a*ckd*n~2+9*Bxb*d~2*n+9*C*xaxd"~
2+n+5*Cxbkxc*d*n+5*xD*xa*cxd*n-4*D¥bxc”~2+n+20*B*bxd~2+20*C*a*d~2) /d~2/ (n~3+12
*n"~2+47*n+60) *x~3*exp (n*x1n (d*x+c) ) + (A*xb*d~3*n~3+B*a*d~3*n~3+B*b*c*d~2*n"3+
Cxaxcxd™2xn"3+12%Axb*d~3*n"2+12*%B*a*xd~3*n~2+9*B*b*c*d~2*n"2+9*Cxa*cxd~2*n~
2-3%C*xb*c™2*d*n~2-3*D*a*xc”2*d*n"2+47*A*b*d~3*n+47*B*a*xd~3*n+20*B*b*c*xd”~2*n
+20*Cxa*cxd”2*n-15%C*b*c~2*%d*n-15*D*a*c”2*d*n+12*D*b*c”~3*n+60*A*b*d~3+60*B
*a*xd~3) /d"~3/ (n"4+14*n"3+71*n"2+154*n+120) *x~2*exp (n*1n (d*x+c) ) + (A*xa*xd~4*n~
4+Axbkc*d~3*n"4+B*axckd " 3*n"4+14xA*a*xd~4*n"3+12*%Axbkc*d"3*n"3+12*B*axc*d "3
*n"3-2*%B¥b*cT2*%d"2*%n"3-2*%C*xa*xc”2*d"2*n"3+71xA*axd"4*n"2+47*A*b*c*d~3*n"2+4
T*Bxa*xc*xd~3*n"2-18%Bxb*c~2*d~2*n"~2-18*Cka*c™2*%d~2*n"2+6*Cxbxc~3*d*n~2+6%D*
a*xc”3xd*n~2+154xA*a*d"4*n+60*A*b*ckd”3*n+60*Bkaxc*d”~3*n-40*B*b*c”~2%d~2*n-4
0*C*axc~2xd~2*n+30*Cxb*c~3*d*n+30*D*a*c”3*d*n-24*D*b*c”~4*n+120*A*xa*d~4) /4"~
4/ (n~5+15%n"4+85%n"3+225%n"2+274*n+120) *x*exp (n*1n (d*x+c))

3.27.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 988 vs. 2(228) = 456.

Time = 0.27 (sec) , antiderivative size = 988, normalized size of antiderivative = 4.37

/(a + bz)(c+ dr)" (A+ Bz + Cz® + Dz?) do

(Aacd*n* + 24 Dbc® + 120 Aacd* + 40 (Ca + Bb)c3d? — 60 (Ba + Ab)c?d® + (Dbd*n* + 10 Dbd®n® + 35

p

Lintegrate((b*x+a)*(d*x+c)‘n*(D*x‘3+C*x‘2+B*x+A),x, algorithm="fricas")

327.  [(a+bz)(c+dz)" (A+ Bz + Cz?+ Dz*) dz

~—



output
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(Axaxc*d~4*n~4 + 24%Dxb*c~5 + 120*A*a*cxd~4 + 40%(C*a + B¥b)*c~3*%d~2 - 60%

(Bxa + Axb)*c~2*d"3 + (D*b*d~5*n"4 + 10*D*b*d~5*n~3 + 35%D*b*d~5*n"2 + 50%
Dxbxd~5*n + 24*D*b*d"5)*x"5 + (30*(D*a + C*b)*d~5 + (D*bxcxd~4 + (D*a + C*
b)*d"5)*n"4 + (6%D*b*c*d~4 + 11x(D*a + Cxb)*d"5)*n"3 + (11*Dxbxc*d"4 + 41%
(D*a + Cxb)*d"5)*n"2 + (6%D*b*c*d~4 + 61*x(D*a + C*b)*d"5)*n)*x~4 + (14*A*a
*cxd"4 - (B*a + A*b)*c”2+%d"3)*n"3 + (40*(C*a + B*b)*d~5 + ((C*ka + B*b)*d~5
+ (Dxaxc + Cxb*c)*d"4)*n"4 - 4x(D*b*c”2*%d"3 - 3*(Cxa + Bxb)*d~5 - 2x*(D*a*
c + C¥bxc)*d"4)*n"3 - (12#D*b*c~2*%d"3 - 49*(C*a + B*b)*d"5 - 17*(D*a*c + C
*b*c)*d"4)*n"2 - 2x(4*Dxb*c"2*d"3 - 39%(C*a + Bxb)*d~5 — 5*(D*a*xc + Cxbx*c)
*q"4)*n) *x~3 + (71xA*a*xckxd™4 + 2% (Cka + Bxb)*c™3*%d"2 - 12x(Bxa + A*b)*c™2x%
d"3)*n"2 + (60*(Bxa + A*b)*d~5 + ((C*a + B*b)*c*d~4 + (B¥a + A*b)*d"5)*n~4
+ (10*(C*a + B#b)*c*d~4 + 13*(B*a + A*b)*d~5 - 3*(D*a*c™2 + Cxb*c~2)*d"3)
*n~3 + (12*xD*b*c~3*d"2 + 29%(C*a + Bxb)*c*xd"4 + 59%(B*a + A*b)*d~5 - 18*(D
*axc~2 + Cxbxc"2)*d"3)*n"2 + (12*xD*bxc~3*d"2 + 20%(C*a + B*b)*c*d~4 + 107*
(Bxa + Axb)*d”5 - 15%(D*a*c™2 + Cxb*xc~2)*d"3)*n)*x"2 - 30*(D*a*c~4 + Cxb*c
~4)*d + (154xAxaxc*d”™4 + 18*(Cxa + Bxb)*c~3*d"2 - 47*(B*a + A*b)*c~2*xd"3 -
6% (D*a*c™4 + Cxbxc~4)*d)*n + (120*%A*a*d™5 + (A*axd™5 + (B*a + Axb)*c*xd~4)
*n"4 + 2x(7*A*xaxd™5 - (C*a + B¥b)*c"2+%d~3 + 6*(B*a + A*b)*cxd"4)*n"3 + (71
xA*a*d~5 - 18x(Ckxa + B*b)*c™2*d"3 + 47*(B*a + Axb)*cxd~4 + 6x(D*axc™3 + Cx
b*c~3)*d"2)*n"2 - 2% (12*Dxb*c~4*d - 77*A*a*d~5 + 20*(Cxa + B*b)*c~2*xd~3...

3.27.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 13522 vs. 2(211) = 422.

Time = 2.68 (sec) , antiderivative size = 13522, normalized size of antiderivative = 59.83

/(a +bz)(c + dz)" (A+ Bz + Cz® + Dz?*) dz = Too large to display

input‘integrate((b*x+a)*(d*x+c)**n*(D*x**3+C*x**2+B*x+A),x)

327.  [(a+bz)(c+dz)" (A+ Bz + Cz?+ Dz*) dz




output
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Piecewise ((c**nx (A*a*x + A*b*x**2/2 + Bxaxx**2/2 + Bkbkxx**3/3 + Cxa*x**3/3
+ Cxb*x*k*4/4 + D¥a*x**4/4 + D¥b*x**5/5), Eq(d, 0)), (-3*A*xakxdx*4/(12%c**x4
*d**5 + 48%ck*k3kdxkBkx + T2kCk*k2kd**Tkx*x*2 + 48kckd**8*xx**3 + 12%d**xQkx*k*4
) = Axbkckd**3/(12%ck*x4xd*x*5 + 48kckx*k3kd*x*kB6*x + T2kCk*2kd**xT*xx*x*2 + 48%c*d
*k8kx*k*k3 + 12kd**kQkx*k*4) — 4kAxbkdk*4*x/(12%ck*k4xd*x*5 + 48kckx*3*kd**x6*xx + 7
2kCHkk2kAkkTHxk*k2 + 48*ckd**8kx**3 + 12kxd**kOQ*x*k*x4) — Bkaxckdk*x3/(12*ck*x4*xdx*
*5 + A8%ck*3kd*kBxx + T2kCkk2kdA**T*kx**2 + 48kckd**x8kxx**3 + 12xd**Qkx**4) -
4xBxaxd**x4*xx/ (12%ck*4*xd*x*x5 + 48kckk3kd**6*xX + T2kCk*2kd*kkTxx**2 + 48*xckd*
*8kx**3 + 12%d**kQ*x**4) — Bkbkck*2xd**2/(12%ck*4*xd**5 + 48*ck*x3kd*x*x6*x + 7
2kCk*k2kd*kkTHx*k*k2 + A8*kckd**k8kx**3 + 12kd**kOQ*x*k*x4) — 4*Bxbkckd**3xx/(12*ck*
4xd*x*x5 + 48xckx*x3*xd**x6kx + T2kCkk2kd**kT*x**2 + 48*ckd*k8xx**3 + 12kd**Qkx**
4) - 6%Bxbkd**4*x**2/ (12%Cck*4*d**5 + 48kck*3kd**kG*kx + T2kCk*kkA*k*kTkx**x2 +

48k ckd**8kx*k*3 + 12%kd*k*Qkx*%*4) — Ckakck*x2xd*x*2/(12kck*x4xd*x*5 + 48kck*3kd**
6*xX + T2kCk*x2kd*x*kT*x**2 + 4A8kckd**x8xx**3 + 12kd*x*Q*xx**4) — 4*Ckaxckdx*x3*x/
(12%ck*kdxd**5 + 48xc*x*3*kd**6*kx + T2kckk2kd**T*x**2 + 48*ckd**x8xx**3 + 12%d
*kQxxkkd) — 6xCkakxdkkd*xkx2/(12%ck*k4xd*x*x5 + 48kck*3kd*k6xx + T2kck*kd**7*
x*%2 + 48%ckdk*k8kx*x*x3 + 12kd**Okx**4) — 3*xCkbkck*x3*xd/(12*ckx*4*xd*x*x5 + 48*c*
*3kdA*kkBkx + T2kCk*k2kA**¥T*kx*k*2 + 48kckdk*x8kx**3 + 12kxd**Q*kx**4) — 12%Cxbkc*
*2kd*xk2xx/ (12%ckkdxd**5 + A8kck*3kdA**xBkx + T2kCkkkd**T*kx**2 + 48*kckd**x8*x
*¥*3 + 12xdx*O*x**4) — 18xCxbxckxdx*Jkx*k*2/(12%c**4*d**5 + 4ABkCcx*3*d*¥*6*x. . .

3.27.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 596 vs. 2(228) = 456.

Time = 0.22 (sec) , antiderivative size = 596, normalized size of antiderivative = 2.64

/(a +bz)(c + dz)" (A+ Bz + Cz® + D) dx
(d?(n + 1)2? + cdnz — ¢*)(dz + ¢)"Ba N (d*(n + 1)z + cdnz — c2)(dx + ¢)" Ab

(n? +3n + 2)d? (n? + 3n + 2)d?
(dz+¢)" Ao ((n®+3n+2)d®z® + (n? + n)ed?s® — 2 Adnz + 23 (dz + ¢)"Ca
din+1) (n*+6n2+11n+6)d3

N ((n? +3n + 2)d®z® + (n? + n)cd*s? — 2 c2dnz + 2 %) (dz + c)" Bb
(n®4+6n2+11n+6)d?

N ((n®+6n?+11n+6)d*z* + (n® + 3n? 4+ 2n)cd®z® — 3 (n? + n)c2d?z? + 6 c3dnz — 6 ¢*)(dz + ¢)" Da
(n* +10n3 4 35n2 + 50n + 24)d*

N ((n®+6n%+11n+6)d*z* + (n® + 3n? + 2n)cd?s® — 3 (n? + n)2d?z* + 6 3dnz — 6 c*)(dz + ¢)"Cb
(n* + 10713 4+ 35n2 + 50n + 24)d*

N ((n* 4+ 10n3 4+ 35n? + 50n + 24)d°z° + (n* + 6n® + 11n? + 6n)cd*z* — 4 (n® + 3n? + 2n)2d3z® +

(75 + 162 + 8573 + 22512 + 274n + 120)d5

327.  [(a+bz)(c+dz)" (A+ Bz + Cz?+ Dz*) dz
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input‘integrate((b*x+a)*(d*x+c)“n*(D*x“3+C*x“2+B*x+A),x, algorithm="maxima")

output

(d™2%(n + 1)*x72 + cxd*n*x - c"2)*(d*x + c) n*Bxa/((n~2 + 3*n + 2)*d"2) +
(d™2*x(n + 1)*x"2 + c*d*n*x - c”2)*(d*x + c) nxA*xb/((n"2 + 3#%n + 2)*d"2) +
(d*x + c)"(n + D*xA*xa/(d*(n + 1)) + ((n”2 + 3*%n + 2)*d"3*x"3 + (n~2 + n)*c
*d"2xx"2 — 2kxc"2kd*n*x + 2*%c”3)*(d*x + c) n*C*xa/((n"3 + 6*%n"2 + 11*n + 6)*
d~3) + ((n"2 + 3*n + 2)*d"3*x"3 + (n~2 + n)*c*xd™2*x"2 - 2%xc~2kd*n*x + 2%c”
3)*(d*x + c)"n*Bxb/((n"3 + 6*%n~2 + 11%n + 6)*d~3) + ((n~3 + 6%n~2 + 11*n +
6)*d"4*x"4 + (n"3 + 3*n"2 + 2*xn)*c*xd"3*x"3 - 3*%(n"2 + n)*cT2*d"2*x"2 + 6%
c~3*d*n*x - 6xc”4)*x(d*x + c) "n*D*a/((n"4 + 10*n~3 + 35+%n"2 + 50*n + 24)*d”
4) + ((n™3 + 6*n~2 + 11%n + 6)*d"4*x"4 + (n~3 + 3*n"2 + 2*n)*c*d~3*x~3 - 3
*(n"2 + n)*c”2xd"2%x"2 + 6xc”3*d*n*x - 6%c~4)*(d*x + c) n*Cxb/((n"4 + 10%n
3 + 35%n"2 + 50*n + 24)*%d~4) + ((n"4 + 10*%n~3 + 35%n"2 + 50*n + 24)*d~5*x
"5 + (n74 + 6*n"3 + 11#%n"2 + 6*n)*cxd"4*xx"4 - 4*(n"3 + 3*n"2 + 2*n)*c”2*d"
3*%x73 + 12*%(n"2 + n)*c"3*d"2*x"2 - 24*c”4xd*n*xx + 24*c”5)*(d*x + c) “n*Dxb/
((n~5 + 15%n"4 + 85*n~3 + 225*n"2 + 274*n + 120)*d~5)

3.27.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 2224 vs. 2(228) = 456.

Time = 0.31 (sec) , antiderivative size = 2224, normalized size of antiderivative = 9.84

/(a + bz)(c + dz)" (A + Bz + Cz” + Dz*) dz = Too large to display

-

inputLintegrate((b*x+a)*(d*x+c)“n*(D*x“3+C*x‘2+B*x+A),x, algorithm="giac")

| —

327.  [(a+bz)(c+dz)" (A+ Bz + Cz?+ Dz*) dz



output

input

output
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((d*x + c) "n*D*b*d~5#%n"4*x~5 + (d*x + c) n*Dxb*c*d~4*n~4*x"4 + (d*x + c)"n
*Dxa*d~5*xn"4*x~4 + (d*x + c) n*Cxb*xd"5+%n~4*x~4 + 10*(d*x + c) n*D*xb*d~5*n~
3*%x75 + (d*x + c) n*D*axc*d"4#n"4%x"3 + (d*x + c) n*Cxb*c*d"4*n~4*x"3 + (d
*xX + c) nxCxaxd"5*n"4*x"3 + (d*x + c) “n*Bxb*d"5*n~4*x"3 + 6*(d*x + c) “n*Dx*
bxcxd“4*n~3*x"4 + 11*(d*x + c) “n*D*a*d"5*n"3*x"4 + 11x(d*x + c) “n*Cxb*d~5*
n~3*x"4 + 35%(d*x + c) "n*Dxbxd~5*n"2*x"5 + (d*x + c) n*Cxaxcxd~4*n"4*x"2 +

(d*x + c) “n*Bxbkc*d"4*n~4*x"2 + (d*x + c) n*B*a*d"5*%n"4*x"2 + (d*x + ¢c)"n
*Axb*xd"5*xn"4*x"2 — 4% (d*x + c) "n¥Dxbxc”2*xd"3*n"3*x"3 + 8*(d*x + c) “n*xD*xaxc
*d"4*n"3*x"3 + 8*%(d*x + c) n*Cxb*cxd~4*n~3*x~3 + 12%(d*x + c) “n*C*a*xd~5*n"
3*xx~3 + 12%(d*x + c) n*Bxb*d~5%n"3*x"3 + 11%(d*x + c) “n*Dxb*ckd 4*n~2%x~4
+ 41%(d*x + c) n*D*axd"5*n"2*x"4 + 41%(d*x + c) n*Cxbxd~5*n"2*xx~4 + 50*(d*
X + c) n*Dxbxd"5*n*x"5 + (d*x + c) “n*Bkak*ckxd~4*n~4*x + (d*x + c) n*Axbxc*d
“4xn~4xx + (d*x + c) n¥A*a*d"5¥n"4xx - 3x(d*x + c) n*D*a*c”2*d"3*n"3*x"2 -

3% (d*x + c) "n*xCxbxc~2xd"3*n"3*x"2 + 10*(d*x + c) “n*Ckxaxc*d"4*n~3*x"2 + 10
*(d*x + c) “n*Bxbkckd"4*n"3*x"2 + 13*(d*x + c) n*Bka*d"5*%n"3*x"2 + 13*(d*x
+ ¢) "n*A*b*d"5*n"3*x"2 - 12*(d*x + c) “n*D*b*c”2*%d"3*n"2*x"3 + 17*(d*x + c)
“nxDxaxckd~4*n"2*%x"3 + 17*(d*x + c) “n*Cxbxcxd“4*n"2*x"3 + 49*(d*x + c) n*C
*axd~5xn"2*x"3 + 49%(d*x + c) “n*Bxbxd"5xn"2*x"3 + 6*(d*x + c) “nxDxbxcxd~4x*
n*x~4 + 61%(d*x + c) nkDkaxd~5*n*x~4 + 61%(d*x + c) n*Cxb*d~5*n*x~4 + 24x(

d*x + c) n*D*b*d~5*x~5 + (d*x + c) nkA*akxck*d~4*n~4 - 2x(d*x + c) “n*Ckax...

3.27.9 Mupad [F(-1)]
Timed out.

/(a + bz)(c + dz)" (A+ Bz + Cz® + D2*) dzx

:/(a—l—bw) (c+dz)"(A+Bz+Cs’+3°D) do

N

int((a + b*x)*(c + d*x) n*x(A + B*x + C*xx~2 + x~3*D),x)

——

~—

-

Lint((a + b*x)*(c + d*x) " n*(A + Bxx + C*xx~2 + x~3*D), x)

|

327.  [(a+bz)(c+dz)" (A+ Bz + Cz?+ Dz*) dz
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3.28.1 Optimalresult . . . . .. .. . ... .. 242
3.28.2 Mathematica [A] (verified) . . . . . . ... ... .. Lo oL 242
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3.28.7 Maxima [A] (verification not implemented) . ... .. ... ... .. ... .. 2461
3.28.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... 247
3.28.9 Mupad [F(-1)] . . . . o o 247

3.28.1 Optimal result

Integrand size = 23, antiderivative size = 126

(*Cd — Bed? + Ad® — D) (c + dz)*™™

/(c—i—da:)" (A+ Bz + Cz®+ Dz®) dz =

d*(1+n)
(2¢Cd — Bd? — 3¢®D) (c + dx)*™
B d*(2 + n)
(Cd — 3cD)(c+ dz)*>™  D(c+ dx)*™
d*(3+n) d*(4+n)

Output‘(A*d‘S—B*c*d‘2+C*c‘2*d—D*c‘3)*(d*x+c)‘(1+n)/d‘4/(1+n)—(—B*d‘2+2*C*c*d—3*D*
\c“2)*(d*x+c)‘(2+n)/d‘4/(2+n)+(C*d—3*D*c)*(d*x+c)‘(3+n)/d‘4/(3+n)+D*(d*x+c)
~(4+n)/d"4/ (4+n)

3.28.2 Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 108, normalized size of antiderivative = 0.86

/(c +dz)" (A+ Bz + Cz® + Dz°) dx

(c+ da:)H” <c2Cd—Bcd2+Ad3_03D + (—2cCd+Bd?+3c2D)(c+dzx) + (Cd—3cD)(c+dz)? " D(c+dx)3>

1+n 24n 3+n 44n
d4

inputLIntegrate[(c + d*x)"n*(A + Bxx + C*x~2 + D*x~3),x]

328. [(c+dz)"(A+ Bz + Cz*+ Dz?) dx
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output‘ ((c + d*x)~(1 + n)*((c™2*%C*d - B*xc*d™2 + A*d"3 - ¢c"3*%D)/(1 + n) + ((-2*xc*C \
(*d + Bxd™2 + 3%c™2+D)*(c + d*x))/(2 + n) + ((Cxd - 3xcxD)*(c + d*x)~2)/(3 |
+1n) + (Dx(c + d*x)"3)/(4 + n)))/d"4 |

3.28.3 Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Mumber of rules _ ( yg7 Ryles used

integrand size
= {2389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c +dz)" (A+ Bz + Cz® + Dz?) dx

l 2389

/ ((c + dz)" (Ad® — Bed? + ¢3(—D) + ¢*Cd) + (c+ dz)"*! (Bd? + 3¢2D — 2¢Cd) N (Cd — 3cD)(c + dx)™*2

d3 d3 d3
| 2009
(c+dz)"*! (Ad® — Bed? + 3(—D) + 2Cd)  (c+ dx)"2 (—Bd? — 3¢2D + 2¢Cd)
d*(n+1) d*(n+2)
(Cd — 3cD)(c+dz)"*®  D(c+dz)"+*
d*(n+3) d*(n+4)

input LInt[(c + d*x)"n*(A + B*x + C*x~2 + D*x~3),x]

~—

output‘(((c‘2*C*d - Bkc*kd™2 + A*d~3 - c”3*D)*(c + d*x)~(1 + n))/(d"4*(1 + n)) - ((
\2*c*C*d - B*d~2 - 3*c”2#D)*(c + d*x)~(2 + n))/(d"4*(2 + n)) + ((Ckd - 3*c*
\D)*(c + d*x)"(3 + n))/(d"4*x(3 + n)) + (Dx(c + d*x)~(4 + n))/(d"4*x(4 + n))

———

328. [(c+dz)"(A+ Bz + Cz*+ Dz?) dx
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3.28.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ruk32389‘1nt[(Pq_)*((a_) + (b_.)*(x_)"(n_.))"(p_.), x_Symbol] :> Int[ExpandIntegrand
‘[Pq*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, n}, x] && PolyQ[Pq, x] && (IGtQ[p
, 01 || EqQln, 11) |

3.28.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 307 vs. 2(126) = 252.

Time = 1.61 (sec) , antiderivative size = 308, normalized size of antiderivative = 2.44

method result
gosper (da:~|—c)1+n (Dd3n3z3+c’ d3n32246Dd3n223+B d3ndx+7C d3n2x2—3Dcd?n2x2+11Dd3n 23+ A d3n3+8B d3n2x—2Cc d2r
Dztenn(dz+e) | c¢(Ad®n3+9Ad3n2—Bcd?n?+26A d3n—7Bcd?n+2C c2dn+24A d®—12Bc d?+8C c2d—6Dc3)en In(dz+c)
norman L L +
4+n d*(n*+10n3+435n2+50n+24)
parallelrisch B z?(dz+c)"cd*n3+Bax(dz+c)" 2d3n3+14C 23 (dz+c)"cd*n+5C 22 (dz+c)"c2d®n2+2Dz3 (dz+c)" 2 d3n—3Dz? (dz+c)"
input Lint ((d*x+c) “n* (D*x"3+C*x~2+B*x+A) ,x,method=_RETURNVERBOSE) J

output | 1/d~4* (d*x+c) " (1+n) / (n"4+10%n"3+35*%n"2+50*n+24) * (D*d~3*n"3*x~3+C*d~3*n"3*x
T2+6*D*d " 3*n"2*%x " 3+B*d " 3*n"3*x+7*Ckd"3*n"2*x"2-3*D*ckxd"2*%n"2%x"2+11*%D*kd " 3*
nxx”~3+A*d"3*n"3+8*B*d " 3*n"2*x—-2*CkxCckxd " 2*kn " 2*x+14*C*d " 3*n*x"2-9*D*ckd” 2kn*x
~2+6*D*d " 3*x"3+9*kA*d " 3*n"2-Bkc*kd"2*xn"2+19*B*d " 3*n*x-10*C*c*xd " 2*n*x+8*C*d "3
*X"2+6*D*c”2*xd*n*kx—6*Dkckd " 2*x"2+26*%A*d " 3*n-7*B*c*d”2*n+12*B*xd " 3*x+2*xCxc”2
*d*xn—-8*CkCkd ™ 2*x+6*D*C” 2*¢d*x+24*%A*xd”~3-12*Bkc*d~2+8*C*c”~2*d-6*D*c~3)

3.28.5 Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 394 vs. 2(127) = 254.

Time = 0.27 (sec) , antiderivative size = 394, normalized size of antiderivative = 3.13

/(c +dz)" (A+ Bz + Cz® + Dz°) dx
(Acd®n® — 6 Dc* + 8 Cc®d — 12 Bc?d? + 24 Acd® + (Dd*n? + 6 Dd*n? + 11 Dd*n + 6 Dd*)z* + (8 Cd* +

328. [(c+dz)"(A+ Bz + Cz*+ Dz?) dx
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input‘integrate((d*x+c)“n*(D*x“3+C*x“2+B*x+A),x, algorithm="fricas")

output | (Axc*xd~3*n"3 - 6*D*c”4 + 8*C*c~3*d - 12*xBxc~2*d"2 + 24*A*c*d~3 + (D*xd~4*n~
3 + 6*%D*d"4*n"2 + 11*D*d"4*n + 6+%D*d"4)*x"4 + (8*Cxd"4 + (D*c*d"3 + Cxd~4)
*n~3 + (3*Dxc*d”"3 + 7*C*d"4)*n"2 + 2x(Dxc*d"3 + 7*C*d"4)*n)*x~3 - (Bxc~2*d
~2 - 9xAxc*d"3)*n"2 + (12*B*d~4 + (Ckc*d~3 + B*d"4)*n~3 - (3*D*c"2*%d"2 - 5
*Cxc*xd~3 — 8*Bkd"4)*n"2 - (3*%D*c”2*%d"2 — 4*Ckxckd"3 - 19%B*d~4)*n)*x"2 + (2
*Cxc~3%d — 7*Bkc™2%d"2 + 26*A*c*d~3)*n + (24*A*d"4 + (B*c*d~3 + A*d~4)*n"3
- (2%C*c™2*%d"2 - T#Bxc*d"3 - 9*A*d~4)*n"2 + 2x(3*D*kc~3*d - 4xC*c~2+d"2 +
6*Bxc*d~3 + 13*Axd~4)*n)*x)*(d*x + c)"n/(d"4*n"4 + 10*d"4*n"3 + 35*d"4*n"2
+ 50%d~4%n + 24*d~4)

3.28.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 3798 vs. 2(112) = 224.

Time = 1.15 (sec) , antiderivative size = 3798, normalized size of antiderivative = 30.14

/(c + dz)" (A+ Bz + Cz® + Dz®) dz = Too large to display

inputLintegrate((d*x+c)**n*(D*x**3+C*x**2+B*x+A),x)

~—

328. [(c+dz)"(A+ Bz + Cz*+ Dz?) dx



output
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Piecewise((c**n* (A*x + Bxx**2/2 + C*x**3/3 + Dxx*x4/4), Eq(d, 0)), (-2*Axd

*%3/ (6*Cck*3kd**4 + 18kck*2kd**x5*xx + 18kckd**xG*kx**2 + BGkdA**T*kx**x3) — Bkckd*
*2/ (6*c*x*3kd*x*4 + 18kck*2kd**x5*kx + 18%kckd**xB*xx*x*2 + Gkd*x*7*x*%*3) — 3*Bkd**
3*x/ (6kck*3kd**k4 + 18kc*k*x2xd*x*k5kx + 18kckd**Bkx*x*2 + BGkd**xT*kx*k*3) — 2%Ckc*
*2%d/ (6*c*x*3kd**4 + 18kck*2kd**x5*kx + 18*ckd**G*kx**2 + BGkd**xT*xx*x*k3) — G*xCkc
*d*k*k2%x/ (6kCck*k3kd**k4 + 18%kc*k*k2kd*x*5kx + 18kCckd**kBkx*k*2 + BGkd**T*x**3) — 6%
Ckd**x3xx**2/ (6*kck*x3kd*k*4 + 18kcCk*kd**k5kx + 18%kckd**kB*xx*x*2 + Gkd**T7*kx*x%*3)
+ 6+D*cx*3*xlog(c/d + x)/(B*ck*3*kd**4 + 18kck*2kd**5xx + 18xc*d**xB*x**2 + 6
*A*kxTxx*k%3) + 11*%Dkc*k*3/(6kck*3kd**4 + 18%ck*k2kd**5*x + 18*kckd**6*x**x2 + 6
*AkxTxx*k*3) + 18*Dxck*2xdxx*log(c/d + x)/(6*ck*3xdx*4 + 18%ck*2%d**5*x + 1
8xckd*kGkx*k*2 + BGxdAkkT*kx**x3) + 27*Dkck*2kd*x/ (6*kCck*x3kd**4 + 18*kck*2kd**5%*x
+ 18xckxd*x6xx**2 + GkdxkTxx**3) + 18*Dxcxd**2*x**x2%log(c/d + x)/(6xc**3*d
*k4 + 18kck*2kd**k5kxx + 18kckd**xBkx*k*2 + Gkd*kT*xx**3) + 18*Dkckd**x2xx*x*2/(6
*Ck*k3kd*x*k4 + 18kck*x2kd**k5kx + 18kckd*kBkx**2 + Gkd*kT*kx**3) + BG*kDkd*k*k3kx**
3xlog(c/d + x)/(Bkcx*3kd*x*4 + 18kck*2xd**5xx + 18*Ckd**Bkx**2 + G*d*k*T*x*k*
3), Eq(n, -4)), (-Axd**3/(2xc**2*kd**4 + 4xckd**5*xx + 2kd**6*x**2) - Bkcxd*
*¥2/ (2%ckx*2%xd**4 + 4xckd**k5kxx + 2kd*k*kB*kx**%x2) — 2%kBkd**x3xx/ (2*kCck*2kd**4 + 4%
ckdx*bkx + 2%dk*B*x*k*2) + 2*Ckcx*k2xdxlog(c/d + x)/(2kc**2xd**4 + 4kcxdx*bx
X + 2%d**x6*x**2) + 3*%Ckck*k2kd/ (2kc*k*k2kd*x*k4 + 4kckd**x5xx + 2kd*x*6kx**2) + 4
*xCkcxdx*2*x*log(c/d + x)/(2kck*x2xd**4 + 4kckd**5*xx + 2%d**x6xx**2) + 4%C...

3.28.7 Maxima [A] (verification not implemented)
Time = 0.22 (sec) , antiderivative size = 234, normalized size of antiderivative = 1.86

" 0 5 (d*(n + 1)z2 + cdnz — ¢®)(dz + ¢)"B
/(c-i—dx) (A+ Bz + Cz® + Dz°) dz = (2T 3n )8
(dz4c)"7'A  ((n®43n+2)d3® + (n?® + n)cd?x? — 2 Adnz + 2¢3)(dz + ¢)"C
d(n+1) (n®+6n2+11n+6)d3
((n® +6n?+11n+6)d*z* + (n® + 3n2 +2n)cd?z® — 3 (n? + n)c2d?z? + 6 3dnx — 6 ¢*)(dx + ¢)"D
+ (n* + 10713 + 35n2 4+ 50n + 24)d*

inputlintegrate((d*x+c)‘n*(D*x‘3+C*x‘2+B*x+A),x, algorithm="maxima") ‘

output

(@ 2x(n + 1)*x"2 + cxd*n*x - c~2)*(d*x + c) " n*B/((n"2 + 3*n + 2)*d~2) + (d

*x + ¢c)"(n + 1)*A/(d*(n + 1)) + ((n"2 + 3*%n + 2)*d"3*x"3 + (n~2 + n)*c*d~2
*X72 — 2xcT2xd*knkx + 2%c”3)*(d*x + c)"n*C/((n"3 + 6*%n"2 + 11%n + 6)*d~3) +

((n”3 + 6*%n"2 + 11*n + 6)*d"4*x"4 + (n~3 + 3*%n"2 + 2#n)*c*xd"3*x~3 - 3x(n~
2 + n)*c"2+%d"2*x"2 + 6kcT3*d*nkx - 6%c”4)*(d*x + c)"n*D/((n"4 + 10*n~3 + 3
5%n~2 + 50%n + 24)*d"4)

328. [(c+dz)"(A+ Bz + Cz*+ Dz?) dx
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3.28.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 728 vs. 2(127) = 254.

Time = 0.28 (sec) , antiderivative size = 728, normalized size of antiderivative = 5.78

/(c +dz)" (A+ Bz + Cz® + Dz°) dx
(dz + ¢)"Dd*nz* + (dz + ¢)" Ded®*nz® + (dz + ¢)"Cd*n3z® + 6 (dz + ¢)" Dd*n’z* + (dz + ¢)"Ced®n®s

input Lintegrate ((d*x+c) “n* (D*x~3+C*x~2+B*x+A) ,x, algorithm="giac") J

e N

output | ((d*x + c) "n*D*d"4*n"3*x"4 + (d*x + c) n*Dkc*d"3*n"3*x"3 + (d*x + c) n*C*d
“4xn"3%x"3 + 6%(d*x + c) "n*D*d"4*n"2*xx"4 + (d*x + c) "n*Cxc*xd"3*n"3*x"2 + (
d*x + c) n*B*d"4*n"3*x"2 + 3*(d*x + c) "n*D*xc*xd~3*n"2*xx"3 + 7*(d*x + c) n*xC
*d~4*n"2*xx"3 + 11%(d*x + c) "n*¥D*d"4*n*x"4 + (d*x + c) n*Bxcxd~3*n"3*x + (d
*X + ) " nkAxd"4*n"3*x - 3*%(d*x + c) nxD*c”2+%d"2#n"2%x"2 + 5x(d*x + c) “n*Cx
c*xd~3*n"2*x"2 + 8% (d*x + c) n*Bkd~4*n"2%x"2 + 2% (d*x + c) “n*D*c*d"3*n*x"3
+ 14%(d*x + c) n*Ckd~4*n*x~3 + 6x(d*x + c) nkDxd"4*x~4 + (d*x + c) n*xAxcxd
~3*n"3 - 2*%(d*x + c) nkC*c~2*d"2*n"2*x + 7*(d*x + c) "n*kBkckd~3*n"2*x + 9% (
d*x + c) n¥A*d"4*n"2xx — 3*(d*x + c) "n*D*c”2*%d"2*xn*x"2 + 4*(d*x + c) n*Cxc
*d"3*n*x"2 + 19*%(d*x + c) "n*B*d"4*n*x"2 + 8*(d*x + c) n*C*d"4*x"3 - (d*x +

C) "n*Bxc”2xd"2*n"2 + 9% (d*x + c) nxA*xcxd"3*n"2 + 6% (d*x + c) “n*xD*xc”3*xd*nx*
x — 8*%(d*x + c) n*Cxc™2xd"2*n*x + 12*%(d*x + c) “n*Bxcxd"3*n*x + 26*(d*x + c
) "n*¥A*d"4*n*x + 12%(d*x + c) n*Bxd"4%x~2 + 2%x(d*x + c) "n*Ckc~3*dxn - 7Tx(d*
X + ¢) "n*B*c”2+d"2#n + 26x(d*x + c) “n*xAxc*d"3*n + 24*(d*x + c) nkAxd"4*x -

6x(d*x + c) n*D*c”4 + 8+(d*x + c) "nkCxc~3*%d - 12%(d*x + c) n*B*xc™2*d~2 +

24%(d*x + c) n*Axc*d~3)/(d"4*n"4 + 10*d~4*n~3 + 35%d"4*n"2 + 50*d"4%n + 24
*d~4)

3.28.9 Mupad [F(-1)]

Timed out.

/(c-l—da:)" (A+ Bz + Cz® + Dz®) dxz/(c—i-da:)” (A+ Bz +C2*+3°D) dz

e A
int((c + d*x)"n*x(A + Bkx + C*x~2 + x~3%D),x)

N J

input

output‘ int((c + d*x) n*(A + Bxx + C*x~2 + x~3*D), x) ‘

328. [(c+dz)"(A+ Bz + Cz*+ Dz?) dx
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(c+dz)™(A+Bz+Cx?+Da3)

3.29 f a+bx dx

3.29.1 Optimalresult . . .. .. .. . . ... . e 248
3.29.2 Mathematica [A] (verified) . . . . . . ... ... Lo 249
3.29.3 Rubi [A] (verified) . . . . . ... .. 249
3.29.4 Maple [F] . . . . . . 250
3.29.5 Fricas [F] . . . . . . o 251]
3.20.6 Sympy [F] . . . . . 251]
3.29.7 Maxima [F] . . . . . . 2511
3.20.8 Giac [F] . . . . . . 252
3.29.9 Mupad [F(-1)] . . . . oo 252

3.29.1 Optimal result

Integrand size = 30, antiderivative size = 203

(c+dz)" (A+ Bz + Cz? + Dx?) i

a+bx
_ (a®d®D — abd(Cd — cD) — b*(cCd — Bd? — ¢*D)) (c + dzx)'*"
B b3d3(1+ n)
(bCd — 2bcD — adD)(c + dx)>™  D(c+ dz)¥™
B2+ n) bd®(3 + n)

(AV — a(B*B — abC + ? D)) (c + dz)**+" Hypergeometric2F1 (1,1+n,2 +n, "H4) )
b3(bc — ad)(1 +n)

OUtPHt‘(a“2*d”2*D—a*b*d*(C*d-D*c)—b“2*(—B*d“2+C*c*d-D*c”2))*(d*x+c)“(1+n)/b“3/d”3
\/(1+n)+(C*b*d-D*a*d-2*D*b*c)*(d*x+c)“(2+n)/b“2/d‘3/(2+n)+D*(d*x+c)“(3+n)/b
‘ /d~3/(3+n) - (A*xb~3-a* (B*b~2-C*axb+D*a~2) ) * (d*x+c) ~ (1+n) *hypergeom([1, 1+n],
‘ [2+n] ,b* (d*x+c) / (-a*d+b*c)) /b~3/ (—a*xd+b*xc) /(1+n)

a9, [ AT g,
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3.29.2 Mathematica [A] (verified)

Time = 0.36 (sec) , antiderivative size = 181, normalized size of antiderivative = 0.89

/ (c+dx)" (A+ Bz + Cx? + D2?) i
a+ bx
n [ a2d?D+abd(—Cd+cD)+b? (—cCd+Bd2+c2D) | b(bCOd—2bcD—adD)(ctdz) |, b2D(ctdz)?  (A¥’—a(b? B—abC+a?
(c+dz)™ ( B (1+n) + a3 (2+n) + "BEm

~—

input LIntegrate[((c + d*x)"n*(A + B¥x + Cxx~2 + D*x~3))/(a + b*x),x]

output| ((c + d*x)~(1 + n)*((a~2%d"2*D + ax*b*d*(-(C*d) + c*D) + b~2x(-(c*C*d) + Bx
d™2 + c™2xD))/(d"3*(1 + n)) + (b*(b*C*d - 2*b*c*D - a*d*D)*(c + d*x))/(d"3
*(2 + n)) + (b™2«xDx(c + d*x)~2)/(d"3*(3 + n)) - ((A*b~3 - ax(b"2+B - a*b*C
+ a~2+D))*Hypergeometric2F1[1, 1 + n, 2 + n, (b*(c + d*x))/(bxc - a*d)])/
((bxc - a*d)*(1 + n))))/b"3

3.29.3 Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 203, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, umber of rules _ ( y67 Ryles used

integrand size
= {2123, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dz

/ (c+dz)" (A+ Bz + Cz? + Da?)
a+ br

l 2123

(c+dz)™ (Ab® — a(a?D — abC + v’B))  (c+ dz)" (a®*d*D — abd(Cd — cD) — (b*>(—Bd? + ¢*(—D) + cCd
/ b3(a + bx) + b3d2

l 2009

a9, [ AT g,
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(¢4 dz)"+! (Ab® — a(a’D — abC + b* B) ) Hypergeometric2F1 (1, n+1,n+2, bngi?)

b3(n + 1)(bc — ad)
(c+ dz)"*! (a®>d®D — abd(Cd — cD) — (b*(—Bd? + *(—D) + cC4d))) N

b3d3(n+1)
(c+ dz)"*%(—adD — 2bcD +bCd)  D(c+ dx)™*3
b2d3(n + 2) bd3(n + 3)

input LInt[((c + d*x)"n*(A + Bxx + C*xx~2 + D*x"3))/(a + b*x),x]

output | ((a~2*d"2*xD - a*b*d*x(C*d - c*D) - b~2*%(cxCxd - B*d~2 - c~2%D))*(c + d*x)~(
1 + n))/(®"3%d"3*%(1 + n)) + ((bxCxd - 2*b*c*D - a*d*D)*(c + d*x)~(2 + n))/
(b"2%d"3%(2 + n)) + (Dx(c + d*x)~(3 + n))/(b*xd"3*%(3 + n)) - ((A*b~3 - a*x(b
~2xB - axbxC + a”2xD))*(c + d*x)~(1 + n)*Hypergeometric2F1[1, 1 + n, 2 + n
, (bx(c + d*x))/(bxc - a*xd)])/(b~3*(b*c - a*d)*(1 + n))

3.29.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

rule 2123‘Int[(Px_)*((a_.) + (b_)*(x))"(m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
‘ :> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c
L, d, m, n}, x] && PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2])

3.29.4 Maple [F]

/(dx+c)"(Dx3+Cx2+Bx+A)

d
br+a v

input Lint ((d*x+c) “n* (D*x"3+C*x~2+B*x+A) / (b*x+a) ,x)

output Lint ((d*x+c) “n* (D*x~3+Cxx~2+B*x+A) / (b*x+a) ,x)

a9, [ AT g,
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3.29.5 Fricas [F]

dx

/ (c+dx)" (A+ Bz + Cx? + Dx?) i — / (capitalDz® + Cz? + Bz + A)(dz + ¢)"
a+ bz B bz +a

input‘integrate((d*x+c)“n*(D*x“3+C*x“2+B*x+A)/(b*x+a),x, algorithm="fricas")

outputtintegral((D*x“B + C*x72 + B*x + A)x(d*x + c)"n/(b*x + a), x)

3.29.6 Sympy [F]

dx

/(c+dx)"(A+Bx+C’x2+Dw3) dx_/(c—l—d:c)"(A+Bz+Ca:2+Dx3)
a+ bz B a-+ bz

input Lintegrate ((d*x+c) **n* (Dxx**x3+Cxx**2+B*xx+A) / (b*x+a) ,x)

OutputLIntegral((c + d*x)**n* (A + Bxx + Cxx**2 + D*x**3)/(a + b*x), x)

3.29.7 Maxima [F]

dx

/ (c+dz)* (A+ Bz + Cx? + Dz3) e — / (Dz3 + Cx® + Bz + A)(dz + ¢)"
a+ br N br +a

inputLintegrate((d*x+c)‘n*(D*x‘3+C*x‘2+B*x+A)/(b*x+a),x, algorithm="maxima")

outputtintegrate((D*x‘3 + C*x72 + B*x + A)x(d*x + c)"n/(b*x + a), x)

(c+dz)" (A+Bz+Cz2+Dx3) dr

329. [ o
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3.29.8 Giac [F|

dx

/(c+dx)" (A+ Bz + Cz? + Dz?) dx_/(Dx3+C’x2+Bx+A)(dw+c)"
a+ bz B bz +a

input‘integrate((d*x+c)“n*(D*x“3+C*x“2+B*x+A)/(b*x+a),x, algorithm="giac")

outputtintegrate((D*x“B + C*x72 + B*x + A)x(d*x + c)"n/(b*x + a), x)

3.29.9 Mupad [F(-1)]

Timed out.

dz

/(c+dm)"(A+Bm+Cm2+Dx3) dx_/(c+dm)n(A+Bm+C'x2+m3D)
a+ bx N a+bx

input Lint(((c + d*x)"n*(A + Bxx + C*x"2 + x~3%D))/(a + b*x),x)

output Lint(((c + d*x)"n*(A + Bxx + Cxx~2 + x"3*D))/(a + b*x), x)

a9, [ AT g,
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(c+dz)™(A+Bz+Cx?+Da3)
3.30 [ 2 dz
(a+bx)

3.30.1 Optimalresult . . .. ... ... . ... .. . 253
3.30.2 Mathematica [A] (verified) . . . . . . . . ... .. L 254
3.30.3 Rubi [A] (verified) . . . . .. ... .. 254
3.30.4 Maple [F] . . . . . . o
3.30.5 Fricas [F] . . . . . o o o 2561
3.30.6 Sympy [F(-2)] . . . .
3.30.7 Maxima [F] . . . . . . 2571
3.30.8 Giac [F] . . . . .. 257
3.30.9 Mupad [F(-1)] . . . . . oo 257

3.30.1 Optimal result

Integrand size = 30, antiderivative size = 220

/(c-l—da: (A+ Bz + Cxz? +Dx)dx

(a + bz)?

a(b2B—abC+a?D n
(bCd — beD — 2adD)(c + dz)' ™" (A — P BoeteeD) )) (c+dz)™™  p(cy da)2tn

b3d%(1+n) (bc — ad)(a + bx) b2d%(2 + n)
(a®dD(3 + n) — b3(Bc + Adn) + ab?(2¢C + Bd(1 + n)) — a®b(3cD + Cd(2 + n))) (c + dz)**™ Hyperg
b3(bc — ad)?(1 4+ n)

_|_

output | (Cxb*d-2*D*a*d-Dxb*c) * (d*x+c) ~(1+n) /b~3/d"2/ (1+n) - (A-a* (B¥b~2-C*axb+D*a~2)
/b~ 3)*x(d*x+c) " (1+n) / (—a*xd+b*c) / (b*x+a) +D* (d*x+c) ~(2+n) /b~2/d~2/ (2+n) + (a~3*
d*D* (3+n) b~ 3* (A*d*n+B*c) +a*b~2* (2*%Cxc+B*d* (1+n) ) —a”~ 2*b* (3*D*c+C*xd* (2+n) ) )
* (d*x+c) ~(1+n) *hypergeom([1, 1+n], [2+n],b*(d*x+c)/(-axd+b*c))/b~3/(~axd+b*
c)~2/(1+n)

330, [ ST do
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3.30.2 Mathematica [A] (verified)

Time = 0.69 (sec) , antiderivative size = 180, normalized size of antiderivative = 0.82

dz

/ (c+dx)" (A+ Bz + Cx? + D2?)
(a + bz)?

(C + dx)l-l-n (de—bcD—ZadD bc—ad

n bD(ctdz) (bQB—ZabC+3a2D) Hypergeometric2F1<l,l+n,2+n,M) I d(Ab3—a(b2B—abC
d2(14+n) d2(2+n) (bc—ad)(1+n)

b3

e

input tIntegrate[((c + d*x)"n*(A + B*x + C*x~2 + D*x73))/(a + b*x)~2,x]

~—

output | ((c + d*x)~(1 + n)*((b*C*d - b*c*D — 2*axd*D)/(d"2*%(1 + n)) + (b*xD*x(c + dx*
x))/(a"2%(2 + n)) - ((b"2*B - 2*axb*C + 3*a~2*D)*Hypergeometric2F1[1, 1 +
n, 2 + n, (bx(c + d*x))/(b*c - a*xd)])/((b*c - a*d)*(1 + n)) + (d*x(A*b~3 -
a*(b~2*B - a*b*C + a~2*D))*Hypergeometric2F1[2, 1 + n, 2 + n, (b*(c + d*x)
)/ (b*xc - a*d)])/((b*c - a*d)~2*(1 + n))))/b~3

3.30.3 Rubi [A] (verified)

Time = 0.64 (sec) , antiderivative size = 252, normalized size of antiderivative = 1.15,
number of steps used = 3, number of rules used = 3, Lumber of rules _ 0.100, Rules used

integrand size
= {2124, 1195, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dzr

/ (c+dz)" (A+ Bz + Cz? + Dz?)
(a + bx)?

l 2124

3 2,,2 3
(c+da)" (_((c_%>Dm2>_(bcfad)ilychaD)z+dD(n+1)a —b(eD+Cd(n+1))a {é’ (cO+Bd(n+1))a—b (Bc+Adn))

a+bx dz

bc — ad

(o4 dy+t (4 - Do)

(a + bx)(bc — ad)
| 1195

330, [ ST do
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(bc—ad)(bCd—2aDd—bcD)(c+dx)™ (dD(n+3)a®—b(3cD+Cd(n+2))a?+b?(2cC+Bd(n+1))a—b3(Bc+Adn)) (c+dx)™  (bc—ad)L
f o b3d + b3 (a+bx) B {

bc — ad

n a(a®D—abC+b’B
(c+dx) +1(A——( = + )>
(a + bz)(bc — ad)

l 2009

(C+ dl‘)n+1 (A _ a(aQD—abC-i-sz))

b3
(a + bx)(bc — ad)
(c+dz)™t1 Hypergeometric2F1 (1,n+1,n+2, %) (a3dD(n+3)—a?b(3cD+Cd(n+2))+ab?(Bd(n+1)+2cC)—b3(Adn+Bc)) (be—ad)(c-

b3 (n+1)(bc—ad)

bc — ad

input | Int [((c + d*x) n*(A + B¥x + C*xx~2 + D*x~3))/(a + b*x)"2,x]

N J

output | -(((A - (ax(b"2+#B - a*b*C + a~2+D))/b"3)*(c + d*x)~(1 + n))/((b*c - a*xd)*(
a + b*x))) - (-(((b*c - a*d)*(b*Cxd - bxc*D - 2xaxd*D)*(c + d*x)~(1 + n))/
(b"3%d"2*x(1 + n))) - ((b*c - a*d)*D*(c + d*x)~(2 + n))/(b"2*%d"2*%(2 + n)) -

((a~3*d*D*(3 + n) - b~3*(B*c + Axd*n) + a*xb~2*(2*c*C + B*d*(1 + n)) - a~2
*b*(3*xc*D + Cxd*(2 + n)))*(c + d*x)~(1 + n)*Hypergeometric2F1[1, 1 + n, 2
+ n, (b*(c + d*x))/(b*xc - a*xd)])/(b"3*(b*c - a*d)*(1 + n)))/(bxc - a*d)

3.30.3.1 Defintions of rubi rules used

rule 1195‘Int[((d_.) + (e_)*(x)) " (m_)*((£_.) + (g_)*(x))"(a_.)*((a_.) + (b_.)*(x ‘
‘_) + (c_.)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*(f + ‘
‘ g*x) "nx(a + b*x + c*x~2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, n}, x ‘
\] && 1GtQ[p, O] ‘

e 2009““ [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J
330, [ ST do
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rule 2124 Int [(Px_)*((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :
> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + bxx, x]}, Simp[R*(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((m + 1)*(b*c -
axd))), x] + Simp[1/((m + 1)*(b*c - a*xd)) Int[(a + b*x)"(m + 1)*(c + d*x
) “n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*R*(m + n + 2), x], x], x]] /; Fr
eeQ[{a, b, c, d, n}, x] && PolyQ[Px, x] && LtQ[m, -1] && (IntegerQ[m] || !
ILtQ[n, -11)

3.30.4 Maple [F]

/(dm+c)"(Dx3+Cx2+Bx+A)

5 dx
(bz + a)

inputLint((d*x+c)‘n*(D*x‘3+C*x“2+B*x+A)/(b*x+a)‘2,x)

output Lint ((d*x+c) “n* (D*xx~3+C*x~2+B*x+A) / (b*x+a) ~2,x)

3.30.5 Fricas [F]

dx

/ (c+dx)" (A+ Bz + Cx? + Dz?) i — / (capitalDz® + Cz? + Bz + A)(dz + ¢)"
(a+ bzx)? (bx 4 a)®

inputLintegrate((d*x+c)“n*(D*x“3+C*x‘2+B*x+A)/(b*x+a)“2,x, algorithm="fricas")

output‘ integral ((D*x~3 + C*x~2 + B*x + A)*(d*x + c)"n/(b"2*x"2 + 2*axb*x + a”~2),
©

3.30.6 Sympy [F(-2)]

Exception generated.

dx = Exception raised: HeuristicGCDFailed

/ (c+dz)" (A+ Bz + Cx? + Dzx3)
(a + bx)?

input Lintegrate ((d*x+c) *x*kn* (Dkx**3+Ckx**2+B*x+A) / (b*x+a) ¥*2, %)

330, [ ST do
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outputLException raised: HeuristicGCDFailed >> no luck

3.30.7 Maxima [F]

dz

/ (c+dx)" (A + Bz + Cz? + Da?3) i — / (Dz® + Cz% + Bz + A)(dz +¢)"
(a + bx)? (bx + a)?

inputLintegrate((d*x+c)‘n*(D*x‘3+C*x‘2+B*x+A)/(b*x+a)‘2,x, algorithm="maxima")

outputtintegrate((D*x“S + C*x72 + B*x + A)*(d*x + c)"n/(b*x + a)~2, x)

3.30.8 Giac [F]

dz

/ (c+ dx)" (A + Bz + Cz? + Dx3) d — / (D3 + Cz* + Bz + A)(dz +¢)"
(a + bx)? (bz + a)?

inputLintegrate((d*x+c)“n*(D*x‘3+C*x‘2+B*x+A)/(b*x+a)“2,x, algorithm="giac")

outputtintegrate((D*x‘S + C*x72 + B*x + A)*(d*x + c)"n/(b*x + a)72, x)

3.30.9 Mupad [F(-1)]

Timed out.

/(c+da:)”(A+Bx+Cx2+Dx3)dx_/(c+dz)"(A+Bx+Ca:2+x3D) .
(a + bx)? (a+bx)?

inputtint(((c + d*x) "n*(A + B*x + Cxx~2 + x~3*D))/(a + b*x)~2,x)

outputtint(((c + d*x)"n*(A + Bxx + C*x~2 + x~3%D))/(a + b*x)"2, x)

(c+dz)" (A+Bz+Cz2+Dx3) dr

330. [ s
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(c+dz)™(A+Bz+Cx?+Da3)
3.31 | 3 dz
(a+bx)

3.31.1 Optimalresult . . .. ... .. . ... .. . 258
3.31.2 Mathematica [A] (verified) . . . . . . . ... .. .. Lo 259
3.31.3 Rubi [A] (verified) . . . . .. ... ... 259
3.31.4 Maple [F] . . . . . o o 262
3.31.5 Fricas [F] . . . . . o o o 2621
3.31.6 Sympy [F] . . . . o o 263
3.31.7 Maxima [F] . . . . . . . 2631
3.31.8 Giac [F] . . . . o 263
3.31.9 Mupad [F(-1)] . . . . o 264

3.31.1 Optimal result

Integrand size = 30, antiderivative size = 329

/ (c+dz)* (A+ Bz + Cz? + Dx?)
dz
(a + bz)?
_ D(c+dz)*™  (AV° — a(b*B — abC + a?D)) (c + dz)'*"
 bd(l+n) 2b3(be — ad)(a + bx)?

_ (P’(2Bc— Ad(1 — n)) — a’dD(5 + n) — ab*(4cC + Bd(1 +n)) + a*b(6cD + Cd(3 + n))) (c + dz)'*"
2b3(bc — ad)?(a + bx)
(b3(2¢*C + 2Bcdn — Ad*(1 — n)n) — a®d?D(6 + 5n + n?) + a?bd(2 + n)(6¢D + Cd(1 + n)) — ab*(6c*
2b3(bc — ad)3(1

output | D* (d*x+c) ~(1+n) /b~3/d/ (1+n) -1/2* (A*b~3-ax* (Bxb~2-Ckaxb+D*a~2) ) * (d*x+c) ~ (1+n
)/b"3/ (—a*d+b*c) / (bxx+a) ~2-1/2* (b~ 3* (2*xBkc—-A*d* (1-n) ) —a~3*d*D* (5+n) —a*xb~2#
(4xCxc+Bxd* (1+n) ) +a”~2*%b* (6*D*c+C*d* (3+n) ) ) * (d*x+c) ~(1+n) /b~3/ (-a*d+b*c) ~2/
(b*x+a)-1/2% (b~ 3% (2*xC*c~2+2*B*ckd*n-A*xd~2* (1-n) *n) —a~3*d~2*D* (n~2+5*n+6) +a
~2xb*xd* (2+n) * (6*D*xc+C*d* (1+n) ) —a*b~ 2% (6*xD*xc~2+4*c*xCxd* (1+n) +B*xd~2*n* (1+n))
) *(d*x+c) "~ (1+n) *hypergeom([1, 1+n], [2+n],b*(d*x+c)/(-axd+b*c))/b~3/(-axd+b
*c)~3/(1+n)

ES




;
input Integrate[((c + d*x) n*(A + Bxx + Cxx~2 + D*x"3))/(a + b*x)"3,x]

output
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3.31.2 Mathematica [A] (verified)

Time = 1.31 (sec) , antiderivative size = 188, normalized size of antiderivative = 0.57

(c+dx)" (A+ Bz + Cx? + D2?) p
i
(a + bz)3
(C n dx) 14n [ D _ (bC—3aD) Hypergeometric2F1 (1,1+n,2+n,%) n d(b> B—2abC+3a? D) Hypergeometric2F1 (2,1+n,2+n7 bézj
d bc—ad (bc—ad)?

- (1 +n)

((c + d*x)~(1 + n)*(D/4d - ((bxC - 3*a*D)*Hypergeometric2F1i[1, 1 + n, 2 + n
, (bx(c + d*x))/(b*c - a*d)])/(bxc - a*d) + (d*(b~2%B - 2*a*xb*C + 3*a~2x*D)
xHypergeometric2F1[2, 1 + n, 2 + n, (b*(c + d*x))/(bxc - a*d)])/(b*c - axd
)72 - (d"2*x(A*b~3 - a*(b"2*B - a*b*C + a~2*D))*Hypergeometric2F1[3, 1 + n,
2 + n, (bx(c + d*x))/(bxc - a*d)])/(b*c - a*d)~3))/(b~3%(1 + n))

3.31.3 Rubi [A] (verified)

Time = 0.76 (sec) , antiderivative size = 360, normalized size of antiderivative = 1.09,
number of steps used = 7, number of rules used = 7, Iﬁ‘;{g&?ggﬁ glilzlgs = 0.233, Rules used
= {2124, 25, 1193, 25, 27, 90, 78}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dr

/ (c+dz)" (A+ Bz + Cz? + Dz?)
(a+bx)3

l 2124

(c+da)" (— D Ne> | @eD+CUn+INa _ (2eC+BAE 4o (o o) Dz2+2Bc—Ad(1—n)+2(bC_‘“i)lf+“D)z>
(at+bx)? d
2(bc — ad)
(c+ dz)"*! (Ab® — a(a?D — abC + bv*B))
2b3(a + bz)?(bc — ad)

| 25

X

ES
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(c-Hdz) (_ dD(ygna?’ + (20D+C:§n+1))a2 3 (2¢C+Bz(n+1))a+2 (c_aTd>Dw2+2Bc_Ad(1_n)+2(bc—ad)b(gC—aD)w)
(a+bx)? dzx
2(bc — ad)
(c+ dz)"*! (Ab® — a(a®D — abC + b*B))
2b3(a + bzx)2(bc — ad)

| 1198
f (c+dz)™ (—dzD (n2 +5n+4) a3+bd (26D(3n+4)+0d (n2 +3n+2) ) a2-bv? (4Dc2 +4Cd(n+1)c+Bd2n(n+l)) a+b3 (2Cc2+2Bdnc—Ad2 (1 —n)n) +2b(bc—ad)2
_ B b3 (a+bzx)
bc—ad

2(bc — ad)
(c+dz)"*! (Ab® — a(a®D — abC + bB))
2b3(a + bx)?(bc — ad)

| 25

(ct+dx)™ (—d2D (n2+5n+4) a3+bd (2cD(3n+4)+Cd (n2+3n+2) P (4D02+4Cd(n+1)c+Bd2n(n+1)) a+b3 (2062 +2Bdnc—Ad? (1—n)n) +2b(bc—ad)2Dz)
f b3 (a+bx)
bc—ad

2(bc — ad)
(c+ dz)"*! (Ab® — a(a®D — abC + b*B))
2b3(a + bx)2(be — ad)

l 27

f (c+dz)™ (—d2 D (n2 +5n+4) a3+bd (2cD(3n+4)+Cd (n2+3n+2) ) a?—b2 (4Dc2+4Cd(n+1)c+Bd2n(n+1)) a+b3 (20c2+23dnc—Ad2 (l—n)n) +2b(bc—ad)2Dz)
a+bx
b3 (bc—ad)

2(bc — ad)
(c+ dz)"*! (Ab® — a(a®D — abC + bB))
2b3(a + bx)?(bc — ad)

| 90

(a3 (—d?) D (n?+5n+6)+a?bd(n+2)(6cD+Cd(n+1))—ab? (Bd?n(n+1)+6c2 D+4cCd(n+1)) +b3 (—Ad? (1—n)n+2Bcdn+2¢2C)) [ (ctdn)® gt

a+bx
b3 (bc—ad)
2(bc — ad)
(c+ dz)"*! (Ab® — a(a?D — abC + bv?B))
2b3(a + bx)2(bec — ad)
| 78
2D(bc—ad)2(c+da:)"+1 (c+d:c)"+1 Hypergeometric2F1 (1,n+1,n+2, %) (aS (—d2) D (n2+5n+6) +a2 bd(n-&-?)(60D+Cd(n+1))—ab2 (Bd2n(n+1)+662D-{
d(n+1) B (n+1)(bc—ad)
b3 (bc—ad)

2(bc -

(c+ dz)"*! (Ab® — a(a®D — abC + bB))
203(a + bz)?(bec — ad)

ES
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input‘Int[((c + d*x)"n*(A + Bkx + C#x~2 + D*x"3))/(a + b*x)"3,x]

output -1/2%((A*b~3 - ax(b~2*%B - a*b*xC + a~2+D))*(c + d*x)~(1 + n))/(b"3*(b*c - a
*d)*(a + bxx)~"2) + (-(((b"3*%(2*%B*xc - A*d*x(1 - n)) - a"3*d*D*(5 + n) - a*b”
2% (4%c*C + Bxd*(1 + n)) + a"2*b*(6%c*D + Cxd*(3 + n)))*(c + d*x)"(1 + n))/
(b"3*(b*xc — a*d)*(a + b*x))) + ((2*x(b*xc - a*xd) "2*D*(c + d*x)~(1 + n))/(dx*(
1 + n)) - ((b73*%(2%c™2%C + 2*xBxcxd*n — A*d"2%(1 - n)*n) - a~3*xd"2*D*(6 + 5
*n + n~2) + a”2*b*d*(2 + n)*(6*%c*D + C*d*x(1 + n)) - axb™2*(6xc”2+D + 4*cxC
*d*(1 + n) + Bxd"2*n*(1 + n)))*(c + d*x)~(1 + n)+*Hypergeometric2F1[1, 1 +

n, 2 + n, (bx(c + d*x))/(b*c - a*d)])/((bxc - a*d)*(1 + n)))/(b"3*(b*c - a
*d)) )/ (2x(b*c - a*d))

3.31.3.1 Defintions of rubi rules used

e

rule 25LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

~—

ruk327/Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 78 Int[((a_) + (b_.)*(x_)) (@ )*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[(b
*c — axd) nx((a + b*x)"(m + 1)/(b"(n + 1)*(m + 1)))+*Hypergeometric2F1[-n, m
+ 1, m+ 2, (-d)*((a + b*x)/(bxc - a*d))], x] /; FreeQ[{a, b, c, d, m}, x]
&% !IntegerQ[m] && IntegerQ[n]

rule 90 Int[((a_.) + (b_)*(x_))*((c_.) + (d_.)*(x_))"(a_.)*((e_.) + (£_)*(x))"(p
_.), x_] > Simp[b*(c + d*x)"(n + 1)*((e + £f*x)"(p + 1)/(d*f*x(n + p + 2))),
x] + Simp[(axd*f*(n + p + 2) - bx(dxex(n + 1) + c*xfx(p + 1)))/(d*fx(n + p

+ 2)) Int[(c + d*x)"n*(e + f*x)"p, x], x] /; FreeQ[{a, b, c, d, e, f, n,
P}, x] && NeQ[n + p + 2, 0]

ES




rule 1193

rule 2124

input

output

input

output
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Int[((d_.) + (e_)*(x_))"(m )*((f_.) + (g_)*(x_)) (@ )*((a_.) + (b_.)*(x_)
+ (c_)*(x_)"2)"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[(a + b*x
+ c*x72)7p, d + exx, x], R = PolynomialRemainder[(a + b*x + c*xx~2)7p, 4 +

exx, x]}, Simp[R*(d + exx)"(m + 1)*((f + gxx)"(n + 1)/((m + 1) *(e*f - d*xg))

), x] + Simp[1/((m + 1)*(exf - d*g)) Int[(d + e*x)"(m + 1)*(f + g*x) n*Ex

pandToSum[(m + 1)*(e*f - d*g)*Qx - g*R*x(m + n + 2), x], x], x]] /; FreeQ[{a

, b, c, d, e, £, g, n}, x] && IGtQ[p, 0] && ILtQ[2*m, -2] && !IntegerQ[n]

&& '(EqQ[m, -2] && EqQlp, 1] && EqQ[2*c*d - bxe, 0])

Int[(Px_)*((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :
> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + b*xx, x]}, Simp[R*(a + b*x)"(m + D*((c + d*x)"(n + 1)/((m + 1)*(b*c -
axd))), x] + Simp[1/((m + 1)*(b*c - a*xd)) Int[(a + b*x)"(m + 1)*(c + d*x
) "n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*R*x(m + n + 2), x], x], x]] /; Fr
eeQ[{a, b, c, d, n}, x] && PolyQ[Px, x] && LtQ[m, -1] && (IntegerQ[m] || !
ILtQ[n, -11)

3.31.4 Maple [F]

/(dx+c)"(Dx3+Cx2+Bx+A)

3 dz
(bx + a)

‘int((d*x+c)‘n*(D*x‘3+C*x‘2+B*x+A)/(b*x+a)‘3,x)

Lint((d*x+c)*n*(D*x‘3+C*x“2+B*x+A)/(b*x+a)*3,x)

3.31.5 Fricas [F]

/ (c+dx)" (A+ Bz + Cx? + Dz?) i — / (capitalDz® + Cz? + Bz + A)(dz + ¢)"

(a + bz)? (bx + a)®

dz

-

Lintegrate((d*x+c)‘n*(D*x‘3+C*x‘2+B*x+A)/(b*x+a)‘3,x, algorithm="fricas")

~—

‘integral((D*x“S + C*x72 + Bxx + A)*(d*x + c)"n/(b"3*x"3 + 3*axb”2*x"2 + 3%
a~2%b*x + a~3), x)

N\

-

(c+dz)" (A+Bz+Cz2+Dx3) dr

331 [ s
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3.31.6 Sympy [F]

/ (c+dx)" (A+ Bz + Cz? + Da?) o — / (c+dx)" (A+ Bz + Cz? + Da?
(a + bx)? (a + bz)®

)dx

input Lintegrate ((d*x+c) **n* (D*x**3+Ckxr*2+B*x+A) / (bkx+a) **3,x)

outputLIntegral((c + dxx)**nx (A + Bxx + Cxx**2 + D*x**3)/(a + b*x)**3, x)

3.31.7 Maxima [F]

/ (c+ dx)" (A + Bz + Cz? + Da?3) e — / (Dz® + Cz% + Bz + A)(dz +¢)"
(a + bx)? (bz + a)®

dz

p
inputLintegrate((d*x+c)“n*(D*x‘3+C*x‘2+B*x+A)/(b*x+a)“3,x, algorithm="maxima")

-/

outputtintegrate((D*x‘S + Cxx~2 + Bkx + A)*(d*x + c)"n/(b*x + a)~3, x)

3.31.8 Giac [F]

/ (c+dz)" (A+ Bz + Cx? + Dz3) dp — / (Dz3 + Cx? + Bz + A)(dz + ¢)"
(a+bx)3 B (bz + a)®

dz

inputtintegrate((d*x+c)‘n*(D*x‘3+C*x‘2+B*x+A)/(b*x+a)‘3,x, algorithm="giac")

outputLintegrate((D*x‘S + C*xx"2 + B*x + A)*(d*x + c)"n/(b*x + a)~3, x)

ES
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3.31.9 Mupad [F(-1)]

Timed out.

dz

/(c+dx)"(A—|—Bz+Cm2+D:c3) dx_/(c+dm)n(A+Bm+C:cz+w3D)
(a+bx)3 B (a+bx)®

inputtint(((c + d*x) n*x(A + B*x + C*x"2 + x"3*D))/(a + b*x)"3,x)

output Lint(((c + d*x) "n*(A + Bxx + Cxx"2 + x"3*D))/(a + b*x)"3, x)

ES
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3.32 [(a+ bx)™(A + Bz)(c+ dz)" dx

3.32.1 Optimalresult . . . . . . .. . ... 265]
3.32.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 265
3.32.3 Rubi [A] (verified) . . . . . ... .. 260
3.324 Maple [F] . . . . . o o 2671
3.32.5 Fricas [F] . . . . . o o o 267
3.32.6 Sympy [F(-2)] . . . . 268]
3.32.7 Maxima [F] . . . . . ... 268
3.32.8 Giac [F] . . . o o 268
3.32.9 Mupad [F(-1)] . . . . o 269

3.32.1 Optimal result

Integrand size = 20, antiderivative size = 141

m n o Bla+bz)"*™(c+ dx)*m
/(a+bx) (A Ba)(e+da)" do = 2000 LS
N (Abd(2 +m +n) — B(be(1 +m) + ad(1 + n)))(a + bz) T (c + dz)" (%) - Hypergeometric2F1
b2d(1+m)(2+m+n)

output ‘ Bx (b*x+a) ~ (1+m) * (d*x+c) ~ (1+n) /b/d/ (2+m+n) + (Axb*d* (2+m+n) -B* (b*c* (1+m) +a*xd*
‘(1+n)))*(b*x+a)‘(1+m)*(d*x+c)‘n*hypergeom([—n, 1+m], [2+m] ,-d* (b*x+a) / (-a*d
‘ +bxc))/b~2/d/ (1+4m) / (2+m+n) / ((b* (d*x+c) / (-a*d+b*c) ) “n)

N

3.32.2 Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 117, normalized size of antiderivative = 0.83

/ (a+ b2)™(A + Bz)(c + dz)" dz

(6Be(14+m)+aBd(1+n)—Abd(24+m+n)) ( bézfzz) ) " Hypergeometric2F'1 <1+m,—n,2+m,

1+m

(a + bx)*™(c + dz)” <bB(c +dz) —

b2d(2 + m + n)

inputtlntegrate[(a + b*x) “m*x (A + B*x)*(c + d*x)"n,x] J

3.32. [(a+bz)™(A+ Bz)(c+dz)"dx
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output‘ ((a + bxx)~(1 + m)*(c + d*x) " nx(b*Bx(c + d*x) - ((b*Bxc*(1 + m) + a*Bxd*(1 ‘
‘ + n) - A*¥b*d*(2 + m + n))*Hypergeometric2F1[1 + m, -n, 2 + m, (d*(a + b*x ‘
‘))/(-(b*C) + a*d)])/((1 + m)*((b*(c + d*x))/(bxc - a*d))"n)))/(b"2*d*(2 + ‘
‘m + n)) ‘

3.32.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 137, normalized size of antiderivative = 0.97,
_ _ o number of rules __

number of steps used = 3, number of rules used = 3, integrand size 0.150, Rules used

= {90, 80, 79}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (A + Bz)(a + bz)™ (c + do)" dz

| 90

> /(a + bz)™(c + dx)"dx +

| 80

(c + da)® (b(c-l—da:))_" (A— B(ad(n + 1) + be(m + 1)) /(a+

B(a + bx)™* ! (c + dz)"t!
bd(m +n +2)

4 B(ad(n + 1) + be(m + 1))
( B bd(m +n + 2)

bc — ad bd(m +n + 2)
bc bdr \" B(a + bz)™ ! (c + dx)" 1
m
bz) (bc—ad+bc—ad> de + bd(m +n + 2)

| 7

(a-+ba)™ (e + doy" (Yeta)) B (4 — Bladim et ) ) Hypergeometric2F1 (m + 1, —n, m + 2, — at23) )

bd(m+n+2) bc—ad
b(m+1)
B(a + bx)™* ! (c + dx)"H!
bd(m +n +2)

input‘ Int[(a + b*x) “m*x(A + B*x)*(c + d*x)"n,x] ‘

output‘ (Bx(a + b*x)"(1 + m)*(c + d*x)~(1 + n))/(b*d*(2 + m + n)) + ((A - (Bx(b*cx*
\(1 + m) + a*d*(1 + n)))/(bxd*(2 + m + n)))*(a + b*x)~(1 + m)*(c + d*x) “n*H
‘ypergeometric2F1 [1+m, -n, 2 +m, -((d*x(a + b*x))/(b*xc - a*d))])/(bx(1 +
‘m)*((b*(c + d*x))/(b*c - a*d))n)

N

3.32. [(a+bz)™(A+ Bz)(c+dz)"dx



rule 79

rule 80

rule 90
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3.32.3.1 Defintions of rubi rules used

Int[((a_) + (b_.)*(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((

a+ b*xx)"(m + 1)/(bx(m + 1)*(b/(b*c - a*d)) n))*Hypergeometric2F1[-n, m + 1
,m+ 2, (-A)*((a + b*x)/(bxc - axd))], x] /; FreeQ[{a, b, ¢, d, m, n}, x]

&& !'IntegerQ[m] &% !IntegerQ[n] && GtQ[b/(bxc - a*d), 0] && (RationalQ[m]
|| !'(RationalQ[n] && GtQ[-d/(b*c - axd), 0]))

Int[((a_) + (b_.)*(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[(c
+ dx*x) “FracPart[n]/((b/(b*xc - a*d)) “IntPart[n]*(b*x((c + d*x)/(b*c - a*d)))
“FracPart[n]) Int[(a + b*x) m*Simp[b*(c/(bxc - a*d)) + b*d*(x/(b*c - a*d)
), x1°n, x], x] /; FreeQ[{a, b, ¢, d, m, n}, x] & !IntegerQ[m] && !Integ
erQ[n] && (RationalQ[m] || !SimplerQ[n + 1, m + 1])

Int[((a_.) + (b_)*(x_))*((c_.) + (@_)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p
), x_] :> Simp[b*(c + d*x)"(n + 1)*x((e + £xx)"(p + 1)/(d*f*(n + p + 2))),
x] + Simp[(a*xd*f*(n + p + 2) - bx(d*xe*(n + 1) + cxf*x(p + 1)))/(d*f*(n + p

+ 2)) Int[(c + d*x)"n*(e + f*x)"p, x], x] /; FreeQ[{a, b, c, d, e, f, n,

p}, x] && NeQ[n + p + 2, 0]

3.32.4 Maple [F]

/ (bz +a)™ (Bz + A) (dz +¢)" dx

input Lint ((b*x+a) “m* (Bkx+A) * (d*x+c) "n,x)

output

input

N

N

int ((b*x+a) “m* (Bxx+A) * (d*x+c) "n,x)

3.32.5 Fricas [F]

/ (a+ b2)™(A + Ba)(c + da)" dz = / (Bz + A)(bz + a)"(dz + )" do

-

integrate ((b*x+a) “m* (B*x+A)* (d*x+c) "n,x, algorithm="fricas")

outputLintegral((B*x + A)*(b*x + a)"mx(d*x + c)"n, x)

3.32. [(a+bz)™(A+ Bz)(c+dz)"dx
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3.32.6 Sympy [F(-2)]

Exception generated.

/ (a + bx)™ (A + Bz)(c + dz)" dx = Exception raised: HeuristicGCDFailed

input Lintegrate ((bxx+a) **m* (B*x+A) * (d*x+c) **n,X)

output‘Exception raised: HeuristicGCDFailed >> no luck

3.32.7 Maxima [F]

/ (a+ b2)™(A + Ba)(c + da)" dz = / (Bz + A)(bz + a)"(dz + )" do

input Lintegrate ((b*x+a) “m* (B*x+A) * (d*x+c) "n,x, algorithm="maxima")

-/

outputtintegrate((B*x + M) x(b*x + a) m*(d*x + c)”n, x)

3.32.8 Giac [F]

/(a + bx)™(A+ Bz)(c+dz)" dzx = / (Bz + A)(bz + a)™(dz + ¢)" dx

inputtintegrate((b*x+a)‘m*(B*x+A)*(d*x+c)‘n,x, algorithm="giac")

output Lintegrate ((Bxx + A)x(b*x + a) m*(d*x + c)"n, x)

3.32. [(a+bz)™(A+ Bz)(c+dz)"dx
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3.32.9 Mupad [F(-1)]

Timed out.

/(a + b2)™(A + Bz)(c + dz)" dz = /(A+ Bg) (a+b2)" (c +dz)" dz

input Lint((A + B*x)*(a + b*x) "m*(c + d*x)"n,x)

outputLint((A + Bxx)*(a + b*x) m*(c + d*x)"n, x)

3.32. [(a+bz)™(A+ Bz)(c+dz)"dx
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3.33 [(a+bz)™(c+dz)" (A+ Bz + Cx?) dz

3.33.1 Optimal result . . . . .. ... ... ... 2770
3.33.2 Mathematica [A] (verified) . . . . . ... ... ... L oo 271]
3.33.3 Rubi [A] (verified) . . . . . ... .. 271]
3.334 Maple [F] . . . . . o o 273
3.33.5 Fricas [F] . . . . . o o o 273
3.33.6 Sympy [F(-2)] . . . . o 274
3.33.7 Maxima [F] . . . . . .. 274
3.33.8 Giac [F] . . . . . o 274
3.33.9 Mupad [F(-1)] . . . . o 275

3.33.1 Optimal result

Integrand size = 25, antiderivative size = 268

/(a + bz)™(c + dz)" (A + Bz + Cz”) dz
(aCd(4 +m +2n) + b(cC(2 + m) — Bd(3 + m +n)))(a + bx)**™(c + dz)'*"

b2d?(24+m+n)(3+m+n)
C(a+ bz)*™(c + dz)'*"
b2d(3 +m + n)
(d(2 +m +n) (abcC(2 +m) + a?Cd(1 + n) — Ab*d(3 + m + n)) — (be(1 +m) + ad(1 + n))(aCd(4 +

b3d?

output | — (a*C*d* (4+m+2*n) +b* (c*xC* (2+m) -B*d* (3+m+n) ) ) * (b*x+a) ~ (1+m) * (d*x+c) ~(1+n) /b
~2/d4"2/ (2+m+n) / (3+m+n) +C* (b*x+a) ~ (2+m) * (d*x+c) ~(1+n) /b~2/d/ (3+m+n) - (d* (2+m
+n) * (a*xb*c*C* (2+m) +a~2*C*d* (1+n) —A*b~2xd* (3+m+n) ) - (b*c* (1+m) +a*d* (1+n) ) *(a
*C*d* (4+m+2*n) +b* (c*kC* (2+m) -Bxd* (3+m+n) ) ) ) * (bkx+a) ~ (1+m) * (d*x+c) “n*hyperge
om([-n, 1+m], [2+m] ,-d*(b*x+a)/(-a*d+b*xc))/b"3/d~2/(1+m)/(2+m+n)/(3+m+n)/ ((
bx (d*x+c) / (-a*d+b*c)) "n)

333  [(a+bz)™(c+dz)" (A+ Bz + Cz?) dz
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3.33.2 Mathematica [A] (verified)

Time = 0.19 (sec) , antiderivative size = 187, normalized size of antiderivative = 0.70

/(a + br)™(c + dz)" (A+ Bz + Cz®) dz

(a + bx)*™(c + dx)" (%) ) (C(bc — ad)? Hypergeometric2F1 (1 +m,—2—n,2+m, %) +b

;
input | Integrate[(a + b*x) m*(c + d*x) nx(A + Bxx + C*x~2),x]

output ((a + b*x)~(1 + m)*(c + d*x) “n*(C*(bxc - axd) 2xHypergeometric2F1[1 + m, -
2 -n, 2+ m, (dx(a + b*x))/(-(b*c) + a*d)] + bx(-((b*c - axd)*(2%c*xC - B*
d) *Hypergeometric2F1[1 + m, -1 - n, 2 + m, (d*(a + b*x))/(-(bxc) + a*d)])
+ b*(c”2+%C - Bxc*d + Axd"2)*Hypergeometric2F1[1 + m, -n, 2 + m, (d*x(a + b*
x))/(=(b*c) + axd)])))/(b~3*xd"2*x(1 + m)*((b*x(c + d*x))/(b*c - a*d)) "n)

3.33.3 Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 257, normalized size of antiderivative = 0.96,
number of steps used = 5, number of rules used = 5, nllrllltrgéggr?(g 1;1ilzlgs = 0.200, Rules used
= {1194, 25, 90, 80, 79}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/@+w@mQA+Bx+Cﬁ)@+dmmm

l 1194

[ —(a+bz)™(c+ dz)" (Cd(n + 1)a® + bcC(m + 2)a — Ab%d(m + n + 3) + b(bcC(m + 2) — bBd(m + n + 3) + a
b2d(m +n + 3)
C(a+ bx)™*2(c + dz)"+1
b2d(m +n + 3)

l 25

C(a+ bx)™*2(c + dz)"H!
b2d(m +n + 3) B
[(a+bz)™(c+ dz)" (Cd(n+ 1)a? + beC(m + 2)a — Ab?d(m + n + 3) + b(beC(m + 2) — bBd(m + n + 3) + aC
b2d(m +n+3)

333  [(a+bz)™(c+dz)" (A+ Bz + Cz?) dz
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| 90

C(a+bz)"+?(c+ da)™t*
b2d(m+n+3)
(a2 Cd(n+1) — (ad(n+1)+bc(m+1))(aCd(r(r;(—l—ni'ri;l;i)ngBd(m+n+3)+bcC’(m+2)) + abeC(m +2) — Ab? d(m +n + 3)> f (a4
b2d(m +n + 3)
| 80

C(a + bx)™*2(c + dz)"*!

b2d(m +n + 3)
n [ b(ct+dx -n ad(n be(m aCd(m+2n —bBd(m+n beC(m ‘
(c+do)" (42)) " (a2Cd(n + 1) — (climEl)tbelm ) eCdlmdn i) Ipd(mins$)+eClmtD) 4 gheC(m +2) — A

bc—ad
b2d(m +n
l 79

C(a+ bx)™*?(c + dx)" ™
b2d(m+n+3)
(a+bz)™ ! (c+dx)™ ( betan) ) " Hypergeometric2F 1 <m+1,—n,m+2,— datba) ) (azcd(zz-l)_ ;ad(n+1>+bc(m+1>><a0d(7;(+7ji:i)2 SbBd(minys)
m+1
b2d(m +n+3)
input‘ Int[(a + b*x) “m*(c + d*x) n*(A + B*x + Cxx~2),x]
output | (Cx(a + b*x)~(2 + m)*(c + d*x)"(1 + n))/(b"2*d*(3 + m + n)) - (((b*xcxCx(2
+ m) - b*Bkd*(3 + m + n) + a*C*d*(4 + m + 2*n))*(a + b*x)~(1 + m)*(c + d*x
)>(1 + n))/(d*(2 + m + n)) + ((axb*c*C*x(2 + m) + a~2xCxd*(1 + n) - A*b~2*d
¥(3+m+n) - ((bxckx(1 + m) + axd*x(1 + n))*(b*cxC*x(2 + m) — b*xBxd*(3 + m
+ n) + a*Cxd*(4 + m + 2*n)))/(d*(2 + m + n)))*(a + b*x)"(1 + m)*(c + d*x)~
nxHypergeometric2F1[1 + m, -n, 2 + m, -((d*(a + b*x))/(b*c - a*d))])/(bx(1
+ m)*((b*(c + d*x))/(b*c - a*xd))"n))/(b~2*%d*(3 + m + n))
3.33.3.1 Defintions of rubi rules used
rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

rule 79 Int[((a_) + (b_.)*(x_))"(@_)*((c_) + (d_.)*(x_))"(n_), x_Symboll :> Simp[((

a+ b*xx)"(m + 1)/(bx(m + 1)*(b/(b*c - a*d)) n))*Hypergeometric2F1i[-n, m + 1
, m+ 2, (-d)*((a + b*x)/(b*c - axd))], x] /; FreeQ[{a, b, ¢, d, m, n}, x]

&% 'IntegerQ[m] &% 'IntegerQ[n] && GtQ[b/(b*c - axd), 0] && (RationalQ[m]
|| !'(RationalQ[n] && GtQ[-d/(bxc - a*d), 0]))

333  [(a+bz)™(c+dz)" (A+ Bz + Cz?) dz
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rule 80 Int[((a_) + (b_.)*(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol]l :> Simpl[(c
+ d*x) “FracPart[n]/((b/(b*c - a*d)) IntPart[n]*(b*x((c + d*x)/(b*c - a*xd)))
“FracPart[n]) Int[(a + b*x) m*Simp[b*(c/(bxc - a*d)) + b*d*(x/(b*c - axd)
), x]°n, x], x] /; FreeQ[{a, b, ¢, d, m, n}, x] & !IntegerQ[m] && !Integ
erQ[n] && (RationalQ[m] || !SimplerQ[n + 1, m + 1])

rule 90 Int[((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))"(n_.)*x((e_.) + (£_.)*(x_))"(p
_.), x_]1 > Simp[b*(c + d*x)"(n + 1)*((e + £xx)"(p + 1)/(d*fx(n + p + 2))),

x] + Simp[(axd*fx(n + p + 2) - bx(d*e*x(n + 1) + cxf*x(p + 1)))/(d*fx(n + p

+ 2)) Int[(c + d*x)"n*x(e + f*x)7p, x], x] /; FreeQ[{a, b, c, 4, e, f, n,

p}, x] && NeQ[n + p + 2, 0]

rule 1194 Int[((d_.) + (e_.)*(x_))"(m_)*((f_.) + (g_.)*(x_))"(n_)*((a_.) + (b_.)*(x_)

+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[c”p*(d + exx)"(m + 2xp)*((f + gkx
)"(n + 1)/(gxe~(2*xp)*(m + n + 2xp + 1))), x] + Simp[1/(gxe~(2*p)*(m + n + 2
*p + 1))  Int[(d + exx) mx(f + g*x) “n*ExpandToSum[gx(m + n + 2*p + 1)*(e”(
2xp)*(a + b*x + c*x"2)7p - c"px(d + exx) " (2%p)) - c px(exf - d*g)*(m + 2%p)
*(d + exx)~(2xp - 1), x], x], x] /; FreeQl{a, b, c, d, e, £, g}, x] && IGtQ
[p, 0] & !IntegerQ[m] && !IntegerQ[n] && NeQ[m + n + 2%p + 1, 0]

3.33.4 Maple [F]

/(bx +a)" (dz+c)" (Ca*+ Bz + A)dx

-

input | int ((b*x+a) “m* (d*x+c) “n* (Ckxx~2+B*x+A) ,x)

N\

output‘int((b*x+a)‘m*(d*x+c)”n*(C*x”2+B*X+A),X)

3.33.5 Fricas [F]

/(a +bz)™(c + dz)" (A+ Bz + C1?) dz = / (Cz* + Bz + A) (bz + a)™(dz + ¢)" dz

p
inputLintegrate((b*x+a)‘m*(d*x+c)‘n*(C*x‘2+B*x+A),x, algorithm="fricas")

~—

333  [(a+bz)™(c+dz)" (A+ Bz + Cz?) dz
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output Lintegral((C*x’Q + Bxx + A)*(b*x + a)“m*(d*x + c)"n, x)

3.33.6 Sympy [F(-2)]

Exception generated.

/ (a+bz)™(c+ dz)" (A + Bz + Cz®) dx = Exception raised: HeuristicGCDFailed

input Lintegrate ((b*xx+a) **km* (d*x+c) **xn* (Cxx*k*k2+B*x+A) ,x)

outputLException raised: HeuristicGCDFailed >> no luck

3.33.7 Maxima [F]

/(a +bz)™(c + dz)" (A+ Bz + Cz?) dz = / (Cz* + Bz + A) (bz + a)™(dz + ¢)" dz

B
input Lintegrate ((b*x+a) “m* (d*x+c) “n* (C*x~2+B*x+A) ,x, algorithm="maxima")

-/

output Lintegrate((C*x? + B*x + A)*(b*x + a) m*(d*x + c)”n, x)

3.33.8 Giac [F]

/(a +bz)™(c + dz)" (A+ Bz + Cz?) dz = / (Cz* + Bz + A)(bz +a)"(dz + ¢)" dz

input Lintegrate ((b*x+a) “m* (d*x+c) “n* (Ckx~2+B*x+A) ,x, algorithm="giac")

p
output tintegrate((C*x’? + Bxx + A)*(b*x + a) m*(d*x + c)"n, x)

e—

333  [(a+bz)™(c+dz)" (A+ Bz + Cz?) dz
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3.33.9 Mupad [F(-1)]

Timed out.

/(a+bx)m(c+dx)" (A+ Bz + C2?) dz = /(a+bx)m(c+dx)" (Cz*+ Bz +A) dz

inputtint((a + b*x) m*(c + d*x) " n*(A + Bxx + C*x~2),x)

Outputtint((a + b*x) “m*(c + d*x)"n*(A + Bxx + C*x"2), x)

333  [(a+bz)™(c+dz)" (A+ Bz + Cz?) dz
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3.34 [(a+bx)™(c+dz)" (A + Bz + Cz? + Dz?) dx

3.34.1 Optimal result . . . . . . . . . . ... 2776
3.34.2 Mathematica [A] (verified) . . . . . . . . ... . L 27T
3.34.3 Rubi [A] (verified) . . . . .. .. .. ... 27Tl
3344 Maple [F] . . . . . . . 280
3.34.5 Fricas [F] . . . . . . o 28]
3.34.6 Sympy [F(-2)] . . . . o 2831
3.34.7 Maxima [F] . . . . . . 28]
3.34.8 Giac [F] . . . . . o 2821
3.34.9 Mupad [F(-1)] . . . . oo

3.34.1 Optimal result

Integrand size = 30, antiderivative size = 610

/(a + br)™(c + dz)" (A+ Bz + Cz® + Dz°) dz

(a*d*D(m? + m(8 + 3n) + 3(6 + 5n + n?)) + b*(c*D(6 + 5m + m?) — cCd(2 + m)(4 + m + n) + Bd?(1
PP (2

(adD(9 + 2m + 3n) + b(cD(3 + m) — Cd(4 + m + n)))(a + bx)*™(c + dx)*"
b3d?(3+m+n)(4+m+n)
D(a + bx)¥*™(c + dz)*"
b¥d(4+m+n)

(d(2+m+n) (a3d®?D(1 + n)(6 + m + 2n) + ab’*c(2 + m)(cD(3 + m) — Cd(4 +m + n)) + Ab3d*(12 -

_|_

output | (a~2*d~2*D* (m~2+m* (8+3*n) +3*n"2+15%n+18) +b~2% (c~2*D* (m~2+5*m+6) —c*C*xd* (2+m
) * (4+m+n) +B*d"2% (12+m~2+7*n+n"2+m* (7+2*n) ) ) +a*b*d* (c*xD* (2+m) * (6+m+3*n) -C*d
* (m~2+m* (8+3*n) +2%n"2+12*n+16) ) ) * (b*x+a) ~ (1+m) * (d*x+c) ~(1+n) /b~3/d~3/ (2+m+
n)/ (3+m+n) / (4+m+n) - (a*d*D* (9+2*m+3*n) +b* (c*D* (3+m) —~C*kd* (4+m+n) ) ) * (b*x+a) ~ (
2+4m) * (d*x+c) ~(1+n) /b~3/d"2/ (3+m+n) / (4+m+n) +D* (b*x+a) ~ (3+m) * (d*x+c) ~(1+n) /b
~3/4/ (4+m+n)+(d* (2+m+n) * (a~3*d~2*D* (1+n) * (6+m+2*n) +a*b~2*c* (2+m) * (c*D* (3+m
) —Cxd* (4+m+n) ) +A*b~3*d~2* (12+m~2+7*n+n"2+m* (7+2+*n) ) —a~2*b*d* (Cxd* (1+n) * (4+
m+n) —c*D* (2+m) * (6+m+3#*n) ) ) - (b*c* (1+m) +a*xd* (1+n) ) * (a~2*d~2*D* (m~2+m* (8+3*n)
+3*n"2+15%n+18) +b~2* (¢~ 2*D* (m~2+5*m+6) —c*C*d* (2+m) * (4+m+n) +B*d "~ 2% (12+m~2+7
*n+n~2+m* (7+2%n) ) ) +axbxd* (c*D* (2+m) * (6+m+3*n) —Ckd* (m~2+m* (8+3*n) +2+n"2+12%
n+16))))* (bxx+a) ~ (1+m) * (d*x+c) “n*hypergeom([-n, 1+m], [2+m],-d*(b*x+a)/(-a*
d+b*c))/b~4/d"3/(1+m)/ (2+m+n) / (3+m+n) / (4+m+n) / ((b* (d*x+c) / (-a*d+b*c)) “n)

334. [(a+bz)™(c+dz)" (A+ Bz + Cz* + Dz?) dzx
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3.34.2 Mathematica [A] (verified)

Time = 0.24 (sec) , antiderivative size = 254, normalized size of antiderivative = 0.42

/(a + br)™(c + dz)" (A+ Bz + Cz® + Dz®) dz

(a+ bx)"™(c + dz)™ (%) ) ((bc — ad)3 D Hypergeometric2F1 (1 +m,—3 —n,2+m, —Ci(l‘f:f:g) +t

;
input Integrate[(a + b*x) m*(c + d*x) n*(A + Bxx + Cxx~2 + D*x"3),x]

output ((a + b*x)~(1 + m)*(c + d*x) n*((b*c - a*d) 3*DxHypergeometric2F1[1 + m, -
3-mn, 2 +m, (d*(a + b*x))/(-(b*c) + a*d)] + b*(bkc - a*d)"2x(C*d - 3*cxD
)*Hypergeometric2F1[1 + m, -2 - n, 2 + m, (d*(a + b*x))/(-(b*c) + axd)] +
b~2* (b*c - axd)*(-2%c*Cxd + B*d~2 + 3%c”~2xD)*Hypergeometric2F1[1 + m, -1 -
n, 2 +m, (d*x(a + b*x))/(-(b*c) + a*d)] + b~3*%(c"2*Cxd - B*c*d~2 + A*d"3
- c~3#D) *Hypergeometric2F1[1 + m, -n, 2 + m, (d*(a + b*x))/(-(bxc) + a*d)]
))/ (b”4*d"3*(1 + m)*((b*(c + d*x))/(b*c - a*d))"n)

3.34.3 Rubi [A] (verified)

Time = 1.04 (sec) , antiderivative size = 591, normalized size of antiderivative = 0.97,
number of steps used = 6, number of rules used = 6, Bumber of rules _ 934 Ryles used

integrand size
= {2125, 1194, 27, 90, 80, 79}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(a +b2)™(c + dz)" (A + Bz + Cz® + Dz?) dx

l 2125

[(a+bz)™(c+ dz)" (Ad(m + n + 4)b* — (beD(m + 3) — bCd(m + n + 4) + adD(2m + 3n + 9))z*b? — (dD(m -
bdd(m+n+4)

D(a + bx)™+3(c + dz)"*!
bdd(m+n+4)

l 1194

334. [(a+bz)™(c+dz)" (A+ Bz + Cz* + Dz?) dzx
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J b2(a+bz)™ (c+dz)™ (d2 D(n+1)(m+2n+6)a®—bd(Cd(n+1)(m+n+4)—cD(m+2)(m+3n+6))a’+bZc(m+2) (cD(m+3)—Cd(m+n+4))a+Ab3d

D(a + bz)™*3(c + dx)" !
bdd(m+n+4)

l27

J(a+bz)™ (c+dz)™ (d2 D(n+1)(m+2n+6)a® —bd(Cd(n+1) (m+n+4)—cD(m+2) (m+3n+6))a2+b%c(m+2) (cD(m+3)—Cd(m+n+4))a+ Ab3d2 (1

D(a + bz)™*3(c + dx)"+?
bdd(m+n+4)

| 90

<a3d2D(n+l)(m+2n+6)— (ad("+1)+bc(m+1))(a2d2D(m2+m(3n+8)+3(n2+5n+6>)+abd(cD(m+2)(m+3n+6)—Cd(m2+1:((7ii4;8-z;_)2(n2+6n+8)))+b2‘
D(a + bz)™*3(c + dz)"+!
bdd(m+n+4)

| 80

—-n aa(n c(m a2 2 m2 m(on n2 n a C. m m n - m2 m(on
(C+dz)"(7b£ztjfl)) (a3d2D(n+1)(m+2n+6)—( d(n+1)+be(m+1)) (a? @D (m? +m(3n+8)+3(n +5n+6) ) +abd(cD(m+2) (m+3n+6)—Cd( +d(<:;++7
D(a + bx)™+3(c + dz)"*!
b3d(m +n +4)

| 79

(a+bz)™ 1 (ctdz)ntl (a2d2D (m2+m(3n+8)+3 (n2+5n+6) ) +abd (cD(m+2)(m+3n+6)—Cd (m2+m(3n+8)+2 (n2+6n+8) ) ) +b2 (Bd2 (m2+m(2n+7)+n2+77
d(m+n+2)

D(a + bz)™*3(c + dz)"!
bdd(m+n+4)

-

input LInt[(a + b*x) "m*(c + d*x) n*(A + B¥x + C*x~2 + D*x73),x]

~—

334. [(a+bz)™(c+dz)" (A+ Bz + Cz* + Dz?) dzx
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rule 27

rule 79

rule 80
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(Dx(a + b*x)~(3 + m)*(c + d*x)~(1 + n))/(b"3*d*(4 + m + n)) + (=(((b*c*D*(
3 +m) - bxCxd*(4 + m + n) + axd*D*x(9 + 2*m + 3*n))*(a + b*x)~(2 + m)*(c +
d*x)~(1 + n))/(d*(3 + m + n))) + (((a"2*%d"2*D*(m~2 + m*(8 + 3*n) + 3*(6 +
5%¥n + n72)) + b"2x(c"2*D*(6 + 5%m + m~2) - cxCxd*x(2 + m)*(4 + m + n) + Bx
d"2%(12 + m™2 + 7*n + n~2 + m*(7 + 2%n))) + a*xb*xd*(cxD*(2 + m)*(6 + m + 3%
n) - Cxdx(m~2 + m*(8 + 3*n) + 2*(8 + 6*%n + n"2))))*(a + b*x)~(1 + m)*(c +
d*x)"(1 + n))/(@*(2 + m + n)) + ((a"3*d"2*%D*(1 + n)*(6 + m + 2*n) + a*b™2%
ckx(2 + m)*(c*D*(3 + m) - Cxd*(4 + m + n)) + A*b~3*%d"2%(12 + m™2 + 7%n + n~
2 + m*x(7 + 2%n)) - a~2xbxd*x(C*d*(1 + n)*(4 + m + n) - c*xD*(2 + m)*(6 + m +
3*n)) - ((bxcx(1 + m) + axd*x(1 + n))*(a"2xd"2*xD*x(m"2 + m*(8 + 3*n) + 3*(6
+ 5%xn + n72)) + b 2x(c"2*D*(6 + 5*m + m~2) - c*xCkd*(2 + m)*(4 + m + n) +
B#d™2*(12 + m”™2 + 7*n + n~2 + m*(7 + 2*n))) + a*xbxd*x(cxD*(2 + m)*(6 + m +
3*n) - Cxd*(m~2 + m*(8 + 3*n) + 2%(8 + 6+%n + n"2)))))/(d*(2 + m + n)))*(a
+ b*x)~(1 + m)*(c + d*x) “n*Hypergeometric2F1[1 + m, -n, 2 + m, -((d*(a + b
*xx))/(b*c - a*d))])/(bx(1 + m)*((b*(c + d*x))/(b*c - a*d))"n))/(d*(3 + m +
n)))/(b~3*%d*(4 + m + n))

3.34.3.1 Defintions of rubi rules used

/Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)) " (m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((

a+ bxx)"(m + 1)/(bx(m + 1)*(b/(b*c - a*d)) n))*Hypergeometric2F1[-n, m + 1
,m+ 2, (-A)*((a + b*x)/(bxc - axd))], x] /; FreeQ[{a, b, c, d, m, n}, x]

&& !'IntegerQ[m] &% !IntegerQ[n] && GtQ[b/(bxc - a*d), 0] && (RationalQ[m]
|| '(RationalQ[n] && GtQ[-d/(b*c - a*d), 0]))

Int[((a_) + (b_.)*(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[(c
+ d*x) “FracPart[n]/((b/(b*c - a*d)) IntPart[n]*(b*x((c + d*x)/(b*xc - axd)))
“FracPart[n]) Int[(a + b*x) m*Simp[b*(c/(bxc - a*d)) + b*d*(x/(b*c - a*d)
), x1°n, x], x] /; FreeQ[{a, b, ¢, d, m, n}, x] & !IntegerQ[m] && !Integ
erQ[n] && (RationalQ[m] || !SimplerQ[n + 1, m + 1])

334. [(a+bz)™(c+dz)" (A+ Bz + Cz* + Dz?) dzx
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rule 90 Int[((a_.) + (b_)*(x_))*((c_.) + (d_.)*(x_))"(a_.)*((e_.) + (£_)*(x))"(p
), x_1 > Simp[b*(c + d*x)"(n + 1)*((e + £*x)~(p + 1)/(d*f*x(n + p + 2))),
x] + Simp[(axd*f*(n + p + 2) - bx(dxex(n + 1) + cxfx(p + 1)))/(d*fx(n + p

+ 2)) Int[(c + d*x)"n*(e + f*x)"p, x], x] /; FreeQ[{a, b, c, d, e, f, n,

p}, x] && NeQ[n + p + 2, 0]

rule 1194 Int [((d_.) + (e_.)*(x_))"(m_)*((£f_.) + (g_.)*(x_)) " (n_)*((a_.) + (b_.)*(x_)

+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[c”p*(d + exx)”"(m + 2*xp)*((f + g*x
)"(m + 1)/(gxe”(2*%p)*(m + n + 2%p + 1))), x] + Simp[1/(g*xe~(2*p)*(m + n + 2
*p + 1))  Int[(d + e*x) m*(f + g*x) n*ExpandToSum[gx(m + n + 2*p + 1)*(e”(
2¥p)*(a + b*x + c*xx"2)"p - cpx(d + exx)"(2%p)) - c p*x(exf - dxg)*(m + 2*p)
*(d + exx)~(2xp - 1), x], x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && IGtQ
[p, 0] & !'IntegerQ[m] && !IntegerQ[n] && NeQ[m + n + 2%p + 1, 0]

rule 2125 Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symboll

:> With[{q = Expon[Px, x], k = Coeff[Px, x, Expon[Px, x]]1}, Simp[k*(a + b#*x
)o(m + q)*((c + d*x)"(n + 1)/(d*b"q*(m + n + q + 1))), x] + Simp[1/(d*b~g*(

m+n+q+ 1)) Int[(a + b*x)“m*(c + d*x) n*ExpandToSum[d*b~g*(m + n + q
+ 1)*#Px - d*kx(m + n + q + 1)*(a + b*x)"q - k*(b*c - axd)*(m + q)*(a + b*x)
“(q-1), x], x], x] /; NeQ[m + n + q + 1, 0]] /; FreeQ[{a, b, c, d, m, n},
x] && PolyQ[Px, x]

3.34.4 Maple [F]

/(bx +a)" (dz+0)" (D2’ + C2*+ Bz + A) dz

input \ int ((b*x+a) “m* (d*x+c) “n* (D*xx~3+C*x~2+B*x+A) ,x)

outputLint((b*x+a)“m*(d*x+c)”n*(D*x”3+C*x“2+B*x+A),x)

334. [(a+bz)™(c+dz)" (A+ Bz + Cz* + Dz?) dzx
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3.34.5 Fricas [F]

/(a + bx)™(c + dz)" (A+ Bz + Cz® + Dz°) dz

= / (capitalDz® + Cz* + Bz + A)(bx + a)™(dz + ¢)" dz

inputLintegrate((b*x+a)“m*(d*x+c)‘n*(D*x‘3+C*x‘2+B*x+A),x, algorithm="fricas")

outputLintegral((D*x‘B + C*x”2 + B#x + A)*(b*x + a) m*(d*x + c)”n, x)

3.34.6 Sympy [F(-2)]

Exception generated.

/ (a+ bz)™(c+ dz)" (A+ Bz + Cz® + Dz*) dx = Exception raised: HeuristicGCDFailed

input Lintegrate ((b¥x+a) *km* (dkx+C) **knk (Dxxk*3+CkxH*2+Bkx+A) , x)

outputLException raised: HeuristicGCDFailed >> no luck

3.34.7 Maxima [F]

/(a +bz)™(c+ dz)" (A+ Bz + Cz* + D1°) dz

= / (Dz® + C2® + Bz + A) (bx + a)" (dz + ¢)" dz

input Lintegrate ((b*x+a) “m* (d*x+c) “n* (D*x~3+C*x~2+B*x+A) ,x, algorithm="maxima")

outputtintegrate((D*x“S + C*x72 + B*x + A)*(b*x + a)“m*(d*x + c)7n, x)

334. [(a+bz)™(c+dz)" (A+ Bz + Cz* + Dz?) dzx
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3.34.8 Giac [F|

/(a + bz)™(c + dz)" (A+ Bz + Cz* + D1°) dz

= / (Dz? + Cz® + Bz + A) (bz + a)" (dz + ¢)" dz

input Lintegrate ((b*x+a) “m* (d*x+c) “n* (D*x~3+C*x~2+B*x+A) ,x, algorithm="giac")

outputLintegrate((D*x”s + C#x72 + B*x + A)*(b*x + a) m*(d*x + c)”n, x)

3.34.9 Mupad [F(-1)]
Timed out.

/(a +bz)™(c + dz)" (A+ Bz + Cz* + Dz®) dz

:/(a—i—bw)m(c—i-dx)" (A+ Bz+C3*+3°D) do

inputLint((a + b*x) “m*(c + d*x)"n*x(A + Bxx + C*x~2 + x"3%D),x)

output Lint((a + b*x) “m*(c + d*x) n*(A + B*x + C*x~2 + x"3*D), x)

334. [(a+bz)™(c+dz)" (A+ Bz + Cz* + Dz?) dzx
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.1.1 Mathematica and Rubi grading function

e ™

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)
(* GradeAntiderivative[result,optimal] returns*)

283
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(*» "F" if the result fails to integrate an expression that*)

(* is integrablex)

(*» "C" if result involves higher level functions than necessary*)
(* "B" if result is more than twice the size of the optimalx*)

(* antiderivative*)

(* "A" if result can be considered optimal*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];

expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];

leafCountOptimal = LeafCount [optimall];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimal];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not[FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
» (*ELSE*) (*result does not contains complezx*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
, (*ELSE*)

Result,leafC

leaf count

finalresult={"B","Leaf count is larger than twice the leaf count of optimal. $

]
]
, (*ELSE*) (*exzpnResult>ezpnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "<

3

finalresult={"F","Contains unresolved integral."}
1;

finalresult
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(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*¥1 = rational function*)

(*2 = algebraic function*)

(*3 = elementary function*)

(*4 = special function*)

(*5 = hyperpergeometric function*)

(%6 = appell function*)

(¥7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expn]],
If [Head [expn]===Power,
If [IntegerQ[expn[[2]]],
ExpnType [expn[[1]11],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn([[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType[expn[[2]]1],3]11],
If [Head[expn]l===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]l],4]1],
If [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],6]],
If [Head [expn]===RootSum,
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],71],
1f [Head [expn]===Integrate || Head[expn]===Int,
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],8]],
91111111111
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ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot ,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
Member(Q [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]

4.1.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000
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#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

#

see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)

local leaf_count_result,

leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu
fi;

leaf_count_optimal := leafcount(optimal);

ExpnType_result ExpnType (result) ;

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

# If result and optimal are mathematical expressions,

#
#
#
#
#
#
#

GradeAntiderivative[result,optimal] returns

IIFII

"CII
"BII

"AII

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check

#for "F" before calling this. But no harm of keeping it here.

#just in case.

if not type(result,freeof('int')) then

fi;

return "F","Result contains unresolved integral";

rsion issues

_optimal);
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if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s non g

else

return "B",cat("Both result and optimal contain complex but leaf count of

convert(leaf_count_result,string)," vs. $2 (",

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf_

end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then

print("result do not contain complex, this assumes optimal do not as well"

fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2%leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the lea
convert (leaf_count_result,string),"$ vs. $2(",
convert (leaf_count_optimal,string),")=",conver
fi;

f count of o

t (2xleaf_cou

fi;
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else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Or
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

algebraic function

= elementary function

= special function
hyperpergeometric function
= appell function

= rootsum function

= integrate function

H OH H H H H HE HE H KR
© 00 N O O W N
]

= unknown function

ExpnType := proc(expn)
if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if

4.1. Listing of Grading functions
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elif type(expn,' ~"') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType(op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction] := proc(func)
member (func, [
erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
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GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])
end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u),op(2..nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.1.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x*
def leaf count(expr):
#sympy do not have leaf count function. This is approrimation

return round(1.7«count_ ops(expr))

def is_sqrt(expr):
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if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erfi,
fresnels,fresnelc,Fi,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

def is _hypergeometric_ function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is atom(expn):
try:

if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):

return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
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return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1l
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(ezpn,’ ')
if isinstance(expn.args[l],Integer): #type(op(2,expn), integer’)
return expnType(expn.args[0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type(ezpn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") != —1:
ml = max(map(expnType, 1ist(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
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def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_optimal = leaf count(optimal)

#print("leaf _count_result=",leaf _count_result)
#print("leaf _count optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"
grade_ annotation =""
else:
if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex

if leaf count_result <= 2x«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larg

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =
else:

grade = "B"

nn

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(le

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

4.1. Listing of Grading functions

r(ExpnType_



CHAPTER 4. APPENDIX 295

‘ return grade, grade_ annotation ‘

4.1.4 SageMath grading function

s ™

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp integral e’ and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log_integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_vararg

debug=False;

def tree_size(expr):
r nnn
Return the tree size of this expression.

nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
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return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor’,'abs'
]
if debug:
if m:
print ("func ", func , " is elementary_ function")
else:
print ("func ", func , " is NOT elementary_function")

return m

def is_special_function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'Ei','Li",'Si'",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic__pi','exp__integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special _function")

return m
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def is _hypergeometric_ function(func):
return func.name() in ['hypergeometric','hypergeometric_ M','hypergeometric_ U']

def is_appell_function(func):
return func.name() in ['hypergeometric'| #[appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
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return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m2 = expnType(expn.operands()[1:]) #expnType(list(expn.args(1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,ml1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):
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if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_ antiderivative, result=",result)
print("Enter grade_ antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_optimal = tree_size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)

expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_|

if expnType_result <= expnType_ optimal:
if result.has(I):

if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =" "
else:

grade = "B"

_optimal)

‘optimal)

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger t

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade_ annotation ="
else:

grade = "B"

n

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(leaf

else:
grade = "C"
grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

xpnType_ rest

print("Before returning. grade=",grade, " grade_ annotation=",grade_ annotation)
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return grade, grade_ annotation
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